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To the RIGHT HoNovuRABLE the 


Lord C A R P E NT E R. 


MY LORD, 


HERE are many People in the World 

Fl 8 who are prepoſſeſſed with an Opinion, 
chat the Doctrine of Chances has a Ten- 
dency to promote Play, but they ſoon 
BC IE: wilt be undeceived, if they think fit to 
bool into the general Deſign of this 
Book: in the 3 mean time, it will not be improper to in- 
form them, that your Lordſhip is pleaſed to eſpouſe the 
Patronage of this ſecond Edition, which your ſtrict Pro- 
bity, and the diſtinguiſhed Character you bear in the 
World, would not have permitted, were not their Appre- 
henſions altogether groundleſs. 


A 2 Your 


Subject ; I flatter 


what. is now, with the greateſt Deferchce, — to 
your Judgment, by, 


Lot n does raſily peretives. that this Doane 


Beſides the Endowments of the Mind which you have 
in common with Thoſe whoſe natural Talents have been 
cultivated'by the beſt Education, you have chis particular 
Happineſs, that you underſtand, in an eminent Degree, the 
Principles of Political Arithmetic, the Nature of our Funds, 


the National Credit, and its Influence on public Affairs. 


As one Branch of this uſeful 2 extends to the 


Valuation of Annuities founded on the Contingencies of 


Life, and that I have made it my particular Care to facili- 
tate and i improve the Rules I have formerly given on that 


ſelf with a favourable Acceptance of 


* Mins i Lords 8 e 


* * Obedie tent and 


H umble age 


NX 


5 . Moire. 


_ 


DEDLOATION 


fo 4 2 P 


is ſo far from encouraging Plays that it is rather a Guard 


_ againſt it, by ſetting in a Sea Light, the Advantages and 
SY Diſadvantages of thoſe Games wherein Chance is concerned. 


wn, 


* I - # 


Philoſophical TranfaCtions, of what I now more largely 
treat of in this Book. The occaſion of my then undertaking 


ment of the Honourable Francis Robartes Eſq; who, upon occaſion of a 
French Tratt; called, L/Analyſe des Jeux de Hazard, iich had lately 
been publiſhed, was-pleaſed to propoſe to me ſome Problems o - br much greater 

Aculty than any he had found in that Book ; which having ſolved ts 
5 Satigfaction, he engaged me to methodize thoſe Problems, and to lay 
down the Rules which had led me to their Solution. After I had pro- 


ceeded thus far, it was enjoined me by the Royal Soci > communicate 
thereupon it was 


to them what I had diſcovered on this Subject, 
ordered to be publiſhed in the Tranſactions, no 75 much as a matter re- 
lating to Pho, but as containing « up general peculations not unworthy 
to be co 7 by the Lovers o Truth.” 

T had not at that time read any thi ng concerning this Subj edt, but 
Mr. Huygens's Book de Ratiocinus in Ludo Aleæ, and a Hel. 22 iſh 
Piece (which vas properly a Tranſlation of it) done by a very ingenious 
Gentleman, who, tho" capable of carrying. the matter a great deal far- 
ther, was contended to follow his Original ; adding only to it the com- 
_ putation of the Advantage of the Setter in the Play called Hazard, and 

ſome few things more. % for the French Book, I had run it over but 
curſorily, by reaſon I had obſerved that tbe Author chi efly inſiſted P 
the 


* This Preface was written in 1717. 


*A 


— Is 8 _ leur n Nears, 5 yo qe ber, a Sperimeih in the 


this Subject was chiefly owing to the Deſire and Encourage- 
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to of Peale f the aw abs 
I had ſaid in my Specimen, that "Mr Huygeps-was the 
bad Pubbted the Rules of this Calculation, iutendiag 
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was m e, ur , © bad a 
had confidered this matter before him, and a paſſage was cited againſt 
me out of Huygens's Preface, in which he ſaith, Sciendum vero quod 
jam pridem, inter Præſtantiſſimos tots Gallia Geometras, Calculus 
hic fuerit agitatus 3 ne quis indebitam mihi primæ Inventionis glo- 
riam hac ig re ttibuat. But what follows iniprediately after,” bad it 


Been Py miobt have cleared me from an Suſpigion of injuſtice. . 


The words are theſe, Cæterum illi difficillimis quibuſque Quæſtionibus 
fe invicem exercere Soliti, methodum Suam quiſque occultam reti- 
nuere, adeo ut a primis elementis hanc materiam evolvere mihi 
neceſſe fuerit. By which is appears,” Iba ri Mr. Huygens was nat 
the firft who had applied bhimſelf to thoſe forts of Qurſtions, he was ne- 
wvertheleſs the firft who bad publiſhed Rules for their. Solution; which is 


Such @ Tradh a: this is'may be' jefub to-feverale- end, the faſt of 


which. is, that. there: being" in the. World: ſeveral inguiſtive Perſons, 
who are defir aus ta kn, what foundation" they go upon, when they 
engage in Play, whether from a motive. of\ Gain, or barely Diver- 
fron, they may, by the- help of this or the like Trat, gratify their - 
curioſity, either by taking: the. pains to undexftand- what is here De- 
monſtrated, on elſe making. ſs. of the" Conclufons, and ta king it for 
granted that the Demonſtrations are igb e. 
Anetber. 1ſe to be made ꝙ this Hoctrins of Chances is, that it 
may ſerve in Conjunttion- with the other parts of the Mathematichs, 
as, a fit Introduction to. the Art of Reaſoning; ii being known by 
experience that nothing can contribute more to the attaining of' that 
Art; than the. confideration of a' lung Main o/ Conſequences, righthy- 
deduced from undaubted Principles; 'of which \this Bvok* affords many 
Examples. To this. may be added," that ſome of he Problems about 
Chance having a great appearance of Simphtity, the Mind is eafily drawn 
into a belief, that their Solution may be attained by the meer Strength 
of natural good Senje ; which generally proving otherwiſe, and tle Mij- 
takes cecaſiuned thereby: being nos unfrequent, tis preſumed that a Bao 
of this Kind, which. teaches to diſtinguiſh Truth from what ſeems . 
fo nearly to reſemble it, "vill" be look'd upon as a belp to good Rea- 
Jonng,. Fg 
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told Man ho bad well deſerved of the” Public ; but what Erben ſaid 
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PREFACE. Ali 


Anong the ſeveral Miſtakes that are commitird about Chance, one 
of the moſt common and leaſt ſſiuſpectad, is that which relates to Lot- 
teries. Thus, ſuppoſing a Libttery ioberein the proportion f the Blanks 
to the Prizes is as ſive to one ; lis very natural to conclude, that there- 
fore five Tickets are requi/ite for the Chance of a Prixe; and yet ir may 
be proved, Demonſtratively, that four Tickets are more than ſufficient for 
that purpoſe, which will be confirmed by often repeated Experience. In 
the like manner, ſuppoſing à Lottery wherein the proportion of the Blanks 
to thr Prizes is asThirty-nine to One, ( ſuch as\was the Lottery of 1710) 
it may be proved, that in twenty. eight Tickets, a Prize is as likely to 
be taken as not; which th it muy ſeem to contrauidt the common Notuns, 
is nevertheleſs grounded upon infnilible Demonſtration, 
MI ben the Play of the Reyal Oak was in uſe, ſome Perſons who loft 
conſiderably by it, had their Laſſes chiefly occaſioned by an. Argument of 
which they could not percei ve the Fallacy, The Odds againſt any par- 
ticular Paint of the Ball were One and Thirty to One, which intitled 
the Adventurers, in caſe they were wikners, to have thirty two Stakes 
returned, including their own ; inſtead of which they having but Eight 
and Twenty, it was very plain that on the fingle account of the dijad- 
vantage of the Play, they 2 one eighth part of all the Money they play u 
"for. But the Maſter of the Ball maintained that they had no reaſon to 
complain; fince be would undertake that any particular point of the Ball 
ſhould come up inTwo. and Twenty Throws of this he would offer to lay 
a Wager, and a&tually laid it when required. The ſeeming cuntradictiůon 
between the Odds of One and Thirty to One, and Twenty-two Throws for 
any Chance to come up, fo perplexed the Adventurers, that they begun to 
think the Advantage was on their fide ;, for which reaſon they play d on 
and continued to loſe. ky | N. L ah 

The Doctrine of Chances may lilewiſe be a help to cure a Kind of 
Superſtition, which bas been of long Peg in the World, viz. that there 
is in Play ſuch a thing as Luck, good or bad. T own there are great many 
judicious people, who without any other Affiftance than that of their own 
reaſon, are ſatisfied, that the Notion of Luck is meerly Chimerical ; yet 
I concetve that the ground they have to look upon it as ſuch, may ſtill be 
farther inforced from forme of the following Gonfiderations. 

Tf by jaying that a Man has had good Luck; nothing more was meant 
than that he has been generally a Gainer at play, the Expreſſion might 
be allowed as very proper in a ſhort way of ſpeaking : But if the Word 
Good Luck be underſtood to fignifie a certain predominant quality, ſo in- 

' wtherent in a Man, that he muſt win whenever be Plays, or at leaſt win 
ner than loſe, it may be denied that there is any ſuch thing in nature. 
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3 PREFACE. 


We Aſerters of Luck are very ſure from their own Experience, 


| that at ſome times they have been very Lucky, and that at other times 


they have had a prodigious Run of ill Luck againſt them, which abi 


it continued obliged them to be vrry cautious in engaging with the For- 
tunate ; but how Chance ſhould produce thoſe extraordinary Events, is 


aubat they cannot conceive : They would be glad, for Inſtance, to be Sa- 


be diſtributed equally, whereby Luck would certainly be annihilated ; 
would it be reaſonable in this Caſe. to attribute the Events of Play to 


the Piece, is it proba 


tisfied, how they could loſe Fifteen Games together at Piquet, ill 
Luck had not ſtrungely prevailed againſt them. But if they will be 
pleaſed to confider the Rules deliver'd in this Book, they © will ſee, 
that though the Odds againſt their hojing o many ti mes together be very 
great, via. 32767 to 1, yet that the Poſſibility of it is not deſtroy d by 
the greatneſs of the Odds, there being One Chance in 32768 that it may 
fo happen; from whence it follmws, that it was ftill poſſible to-come to paſs 
without the Intervention of what they Gs Ve 


call II Luck. 

Befides, This. Accident of loſing Fifteen times together at Piquet, is 
mo more to be imputed to ill Luck, than the Winning with one fingle 
Ticket the higheſt Prixe, in a Lottery of 32768 Tickets, is to be im- 


puted to good Luck, fince the Chances in both Caſes are perfeftly equal. 


But if it be ſaid that Luck has been concerned in this latter 
the Anſwer will be eaſy ; for let us ſuppoſe Luck not exiſting, or at leaſt 


let us ſuppoſe its Influence to be ſuſpended, yet the higheſt Prize muſt fall 


into ſome Hand or other, not by Luck, ( for by the Hypotheſis that has 

been laid afide) _ the meer neceſſity of its falling {omecobere. 
Thoſe who contend far Luck, may, i they pleaſe, alledge other Caſes 

at Play, much more unlikely to bappen than the Winning or Loſing 


fifteen Games together, yet fill their Opinion will never receive any 
Addition of Strength from ſuch Suppoſitions : For, by the Rules of 


Chance, a time may be computed, in which thoſs Caſes may as pro- 
bably happen as not; nay, not only ſo, but a time may be computed in 
which there may be any proportion of Odds for their ſo happening. 

But ſuppoſing that Gain and Loſs were ſo fluctuating, as always to 


Chance alone? I think, on the contrary, it would be quite otherwiſe, 


for then there would be more reaſon to ſuſpet# that ſome unaccountable 


Fatality. did rule in it: Thus, if two. Perſons play at Croſs and Pile, 


and Chance alone be ſupposd to be concern d in regulating the fall 
1 that there ſbould be an Equality of Haul 2 


Craſſes? It is Five to Three that in four times there will. be an inequa- 
licy ; tis Eleven to Five in fix, 93 to 35 in Eight, and about 12 to 1 


in a hundred times: Wherefore Chance alone by its Nature conſtitutes 


the Inequalities of Play, and there is no need to have recourſe to Luck. 
o explain them. Further, 
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PREFACE. | v 


Further, The fame Arguments which explode the Notion of Luck, 


may, on the other fide, be uſeful in ſome Caſes to eſtabliſh @ due com- 


pariſon between Chance and Deſign: We may imagine Chance and De- 


zu to be, as it were, in tition with each other, for the production 
of home ſorts of Events, and may calculate what Probability there is, 
that thoſe Events ſhould be rather owing to one than to the other. To give 
a familiar Inſtance of this, Let us ſuppoſe: that two Packs of Prquet- 
Cards being ſent for, it ſhould be perceived that there is, from Top to 
Bottom, the fame Diſpofition of the Cards in both Packs ; Let us like- 


_ wiſe ſuppoſe that, ſome doubt arifing about this Di _— of the Cards, 


it ſhould be queſtioned whether it ought to' be attributed to Chance, or 
to the Malers Deſign : In this Caſe the Doctrine of Combinations de- 
cides the Queſtion, ſince it may be proved 7 its Rules, that there are 
the Odds of above 2631308 3 Millions of Millions of Millions of Millions 
to One, that the Cards were defignedly ſet in the Order in which they 
were found. 

From this laſt Conſideration wwe may learn, in many Caſes,. how: to 
diſtinguiſh the Events which are the effect of Chance, from thoſe which 
are produc'd by Deſign : The very Doctrine that finds Chance where it 
really is, being able to prove by a gradual Increaſe of Probability, till 
it arrive at Demonſtration, that where Uniformity, Order and Con- 


fancy reſide, there alſs reſide Choice and Deſign. 


Laſtly, One of the principal Uſes to which this Doctrine of Chances 
may be apply d, is the diſcovering of ſome Truths, which cannot fail of 
pleaſing the Mind, by their Generality and Simplicity; the aumirable 
Connexion of its Conſequences will increaſe the Pleaſure of the Diſcovery 


and the ſeeming Paradoxes wherewith it abounds, will afford very great 


matter of Surprize and Entertainment to the Inquijitive. A very re- 
markable Inſtance of this nature may be ſeen in the prodigious Advan- 
tage which the repetition of Odds will amount to; Thus, Supps/ing I play 
with an Adverſary whe allows me the Odds of 43 to 40, and agrees 
with me to play till 100. Stakes. are won or hft on either fide, on condi- 
tion that I give him an Equivalent for the Gain J am intitled to by 
the Advantage of my Odds; the Queſtion is, what I am to give him, 


on ſuppoſing we play a Guinea a Stabe: The Anſwer is 9g Guineas and 


above 18. Shillings *, which will ſeem almoſt incredible, conſidering the 


ſmallneſs of. the Odds of 4.3 to 40: Now let the Odds be in any Propor- 


tion given, and let the Number of Stakes be played for be never fo great, 


yet one general Conclufion will include all the poſſible Caſes, and the ap- 
plication of it to Numbers may be wrought in leſs than a Minute's time. 


1 
® Guintas were thin at 21. 6 4. 
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| chief. 


IT have exptaih'd, in my Introduction 0 the. following Treatiſe, the 
Babb. the 20 l ater of Chon depends ys, p Fu done itt 
in the plaineſt manner that oy” to the end it might be (as 


much as poſſible) of general L my ſelf that thoſe who art 
acquainted with Arithmetic —— . by the help of the In- 
a great Variety of Queſtions depending 


troduction alone, be able to Lier a 
on Chance: 7 wihh, Jor the Jake of ſome Gentlemen who hdwe been pleaſed 
fo ſubſcribe ro the printing of my Bool, that I could every where have been 


_ asplain as in;the Introduction; but this was hardly practicable, the In- 


vention of the greateſt part of the Rules being — owing to Algebra; 
yet Thave,as much as poſſible, endeavour d to deduce from the Algebraical 
Calculation ſeveral prattical Rules, the Truth of which may be uepend- 
ed upon, and which may be very uſeful to thoſe who: have contented Ne- 
fur to learn only common Arithmetict. 

On this occafion, I muſt take notice to fuck of my Readers as are 
fol vers d in Vulgar Arithmetick, that it would not be difficult for 
them to make themſelves Maſters, not only of all the practical Rules in 
this Book, but alſo of more uſeful Diſcoveries, if they would take the 
nal Pains 1 being acquainted with the bare Notation of Algebra, 
Sebich might be done in 5's bundredth part of the Time that 10 ent: in 
learning Yo write Short-hand. 

One of the principal Methods I have made uſe of in the follmoi ng 

Treatiſe, has been the Doctrine of Combinations, taten in a Senſe 


ſomewhat more extenſive, than as it is commonly underſtood: The No- 


tion of Combinations being ſo well fitted to the Calculation of Chance, 
that 1t naturally enters the Mind whenever any Attempt is made to- 
wards the Solution of a Problem of that kind. It was this that led 
me in courſe' to the Configeration of the Degrees of Skill in the Adven- 
turers at Play, and I have made uſe of it in moſt parts of this Book, 
as one of the Data that enter the Queſtion ; it being jo far from per- 
plexing the Calculati on, that on the contrary it is rather a Help and an 


Ornament to it: It is true, that this Degree of Skill is not to be known 


any other way than from Obſervation ; but if the ſame Obſervation 


conſtantly recur, tis ftrongly to be preſumed that near Eftimation of 


it may be made : However, to make the Calculation more preciſe, and 


to avoid cauſing any needleſs Scruples to thoſe who love Geometrical 
 Exatineſs, it will be eaſy, in the room of the word Skill, to ſubſtitute 


@ Greater or Leſs Proportion of Chances among the Adventurers, -ſo as 


* of them may be ſaid to have a certain N. umber f Chances Fo Win 


ngle Game. 
"7; be general Theorem invented by Sir Iſaac Newton for raifng a Dip. 


mal to any Power given, facilitates infinitely the e. of Combinations, 


repreſents ng 


5 PREFACE Vit 
ine in one View the Combination of all the Chances, that can 
| 1 Number of Times. *Tis by the help of that Theorem, 
joined with fume other Methods, that I have been able to find practical 
Rules for the folving à great Variety of difficult Queſtions, and to re- 
duce theDifficulty to a Angle Art thmetical Multiplication, whereof ſeveral 
Hſtancet may be ſeen in the 21/t Page of this Book. | | 
"Another Method I have made uſe of, is that of Infinite Series, which 
in many caſes will ſolve the Problems of Chance more naturally than 
Combinations. To give the Reader a Notion of this, we may ſuppoſe 
two Men at Play throwing a Die, each in their Turns, and that he 
be to be reputed the Winner who ſhall firſt throw an Ace: It is plain, / 
that the Solution of this Problem cannot fo properly be reduced to Com- 
binations, which ferve chiefly to determine the proportion of Chances be- 
tween the Gameſters, without any regard to the Priority of Play. *Tis 
convenient therefore to have recourſe to fome other Method, ſuch as the 


4 ollowing : Let us ſuppoſe that the fit Man, being willing to compound 
6 225 his Adverſary for -the Advantage he is intitled to from his firſt 
7 Fhrow, ſhould aſt. him «what Conſfderation he would allow to yield it to 


$ him; it may naturally be fuppoſed that the Anſwer would be one Sixth 
3 part of the Stake, there being but Five to One againſt him, and that 
£5 this Allowance would be thought a juſt Equivalent for yielding his Throw. 
| Zet us likewiſe ſuppoſe the een Man to require in his Turn to have 
2 one ſixth part of the remaining Stake for the Conſideration of his Thraw ; 
C which being granted, and the fit Man's Right returning in courſe, he 
9 may claim again one fixth part of the Remainder, and fo on alter- 
4 nately, till the whole Stake be exhauſted: But this not being to be done 
A till after an infinite number of Shares be thus taken on both Sides, it 
x belongs.to the Method of Infinite Series to affign to each Man what pro- 
9 portion f the Stake he ought to take at firſt, ſo as to anſwer exactiy 
| that fictitious Diviſion of the Stake in infinitum ; by means q, which 
2 it bill be found, that the Stabe ought to be divided between the contend- 
1 ing Parties into two parts, reſpectively proportional to the two Numbers 
6 and 5. By the like Method it would be found that i there were 
Three or more Adventurers playing on the conditions above deſcribed, 
each Man, according to the Situation be is in with reſpec? to Priority of 
7 Play, might take as his due ſuch part of the Stake, as is expreſſible by 
% the correſponding Term of the proportion of 6 to 5, continued to ſ many 
8 Terms as there are Gameſters ; which in the caſe of Three Gameſters, 
for Inſtance, would be the Numbers 6, 5, and 4 „ or their Pro- 
bortionals 36, 30, and 25. 
Another Advantage of the Method of Infinite Series is, that every 
Term of the Series. includes ſome particular Circumſtance wherein the 
N * : Ws Gameſiers 
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Gameſters may be found; which the other Methods do not; and that 4 
fe of its Steps are ſufficient to diſcover the Lau of its Proceſs. - The 
only. Difficulty. which attends this Method, being that of ſumming up 
fo many. of its Terms as are requifite for. the Solution of the Problem 
propojed : But it will be found by experience, that in the Series reſult- 
ing from the conſideration of moſt Caſes relating. to. Chance, the Terms 
of it will either conſtitute a Geometric Progreſſion, avhich by the known 
Methods is eafily ſummable; or elſe ſome other fort of Progreſſion, whoſe 
nature conſiſts in this, that every Term of it bas to à determinate num- | 4A 
ber of the preceding Terms, each being taken in order, ſome conſtant re- j 
lation; in which caſe I have contrived ſome eaſy. Theorems, not only for 
finding the Law 1 that Relation, but alſo for finding. the Sums re- 
uired ; as may be ſeen in ſeveral places of this Book, but particu- 
193, 194. larly from page 127 to page 128. 1 4 
Wird Advantage of the Method of Infinite Series is, that the So- 3 
lutions derived from it have à certain Generality and Elegancy, which i 
ſcarce any other Method can attain to z thoſe . Methods being always 
perplexed with various unknown Quantities, and the Solutions obtained 
I by them terminating commonly in particular Caſes. e 
1 There are other Sorts. of Series, which tho not properly infinite, yet 
„ are called Series, from the Regularity of the Terms whereof they are 
"14 a compoſed ; thoſe Terms following one another with a certain uniformity, 
which is always to be defined. Of this nature is the Theorem given 
by Sir Iſaac Newton, in the fifth Lemma of the. third Book of bis 
Principles, for drawing à Curve through any given number of. Points; 
of which the Demonſtration, gs well as of other things belonging to the 
ſame do tak may be hd from the firſt Propofition of Ji Metho- 3 
dus Differentialis, printed with ſome other of his Tratts, by the care of I 
my Intimate Friend, and very ſrilful Mathematician, Mr. W. Jones. 4 
The abovementioned Theorem be ng very uſeful in ſumming up any num- | f 
ber of Terms whoſe laſt Differences are equal, ( ſuch as are the Num- 3 
bers called Triangular, Pyramidal, &c. the Squares, the Cubes, or : 
| other Powers of Numbers in Arithmetic Progreſſion) I have ſhewn in , 
many places of this Book how it might be applicable to theſe Caſes. $ 
Aller having dwelt ſome time upon various Queſtions depending on the 4 
general Principle of Combinations, as laid down- in my Introduction, 
ME and upon ſome others depending on the Method of Infinite Series, I pro- 
| 
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ceed to treat of the Method of Combinations properly ſo called, which 
1 ſhew to be eafily deducible ow that more general Principle which 


{14 hath been before explained: Where it may be obſerved, that altho' the : 
I 1 aſe ore" 

Io N. B. The Numbers in the Margin, here and elſewhere, anſwer to the 

q preſent Edition. | 
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PREFACE. ix y 
Caſes it is applied to are particular, yet the Way of Reaſoning, 
and the Conſequences derived from it, are general ; that Method of 
Arguing about generals by. particular Examples, being in my opinion 
very convenient for eaſing the Reader's Imagination. | 

Having explained the common Rules of Combinations, and given a We- 
erem which may be of uſe for the Solution of fome Problems relating to that 
Subject, I lay dum a' new Theorem, which is properly a contraction of 
the former, whereby ſeveral Queſtions of Chance are reſolved with won- 
2 eaſe, tho the Solution might ſeem at firſt fight to be of inſuperable 

ifficulty. Nera = 

2 235 the Help of that Theorem ſo contracted, that I have been able 
to give a compleat Solution of the Problems of Pharaon and Baſlete, which 
was never done before me: 1 own that ſome great Mathematicians have 
before me taken the pains of calculating the Advantage of the Banker, 
in any circumſtance either of Cards remaining in his Hands, or of any 
number of times that the Card of the Ponte is contained in the Stoch: 
But till the curigſity of the I. 2 remained unſatisfied ; The Chief 
Queſtion, and by much the — cult, concerning Pharaon or Baſſete, 
being what it is that the Banker gets per Cent. of all the Money adven- 
9 tured at thoſe Games, which now I can certainly anſwer is very near 
1 | Three per Cent. at Pharaon, and Three fourths per Cent at Baſſete, as 
23 may be ſeenin my xxiii Problem, where the preciſe Advantage is calculated. 32. 

In the 24th and 25th Problems, I explain a new ſort of Algebra, 34, 35. 

2 whereby ſome Queſtions relating to Combinations are ſolved by ſo eaſy a 
2 Proceſs, that their ſolution is made in ſome meaſure an immediate con- 
YH ſequence of the Method of Notation. I will not pretend to ſay that this 
new Algebra, ts abſolutely neceſſary to the Solving of thoſe Queſtions which 
I make to depend on it, fince it appears that Mr. Monmort, Author of 
the Analyſe des Jeux de Hazard, and My. Nicholas Bernoully have ſolved, 
by another Method, many of the caſes therein propoſed: But I hope I ſhall 
not be thought guilty of too much Confidence, if I aſſure the Reader, that 
the Method I have followed has a degree 7 Simplicity, not to ſay 75 
Generality, which will hardly be attained by any other Steps than by 
thoſe I have taken. * 

The 29th Problem, propoſed to me, amongſt ſome others, by the Ho- 38. 
nourable Mr. Francis Robartes, I had ſolved in my Trat De menſura 
Sortis; It relates, as well as the 24th and 2 tb, to the Method of Com- 34, 35: 

I binations, and is made to depend on the ſame Principle. When I began 
3 or the firſt time to attempt its Solution, I had nothing elſe to guide me 
7 but the common Rules of Combinations, ſuch as they had been dali vered b 

2 Dr. Wallis and others ; which when J endeavoured to apply, I was fur- 
4 prized to find that my Calculation felled by degrees to an intolerable Bulk : 
E | a For 


- 


39. 


44. 


whether the Slut ion T was ſeeking for might not be deduced om A — ea- 
her canfiderdtions ; whereupon I happily fell upon the Methid I Ba- 


Por this reaſon T wax forced to turn my Vids another way, and be try 


"been 
mentioning, which as it led me to a very great Simplicity in the Solution, 


lool upon it to be an Improvement made to the Method of Combinations. 


The zoth Problem is the reverſe of the preceding; It contains a very 
remarkable Method of Salution, the Artifice of which confifts in changing 
an Arithmetic Progreſſion of Numbers into a Geometric one; this bei 
ahkvays to be done when the Numbers are large, and their Intervals 
T freely acknowledge that I have been indebted long ago for this uſeful Idea, 


to my nch reſpected Friend, That Excellent Mathematician Doctor Hal- 


ley, Secretary to the Royal * whom T have feen practiſe the thing 
on another occafion : For this and other Inſtructive Notions readily im- 
farted to me, during an uninterrupted Friendſbip of five and Twenty years, 
T return him my very hearty Thanks.” dy * | 

De 32 Problem, having in it a Mixture of the two Methods of Com- 
binations and Infinite Series, may be propoſed for a pattern of Solution, 
in ſome of the moſt difficult caſes that may occur in the Subject of Chance, 
and on this oecafion I muſt do that Fuſtice to Mr. Nicholas Bernoully, 
to own he had ſent me the Solution of this Problem before mine was Pub- 
liſhed ; which I had no ſooner received, but I communicated it to the 
Royal Society, and repreſented it as a Performance highly ts be commend - 
ed: Whereupon the Society order d that his Solution ſhould be Printed; 
which was accordingly done ſome time after in the Philoſophical Tranſ- 
actions, Numb. 341. where mine was alſo inſerted. _ 

The Problems which follow relate chiefly to the Duration of Play, or 
to the Method of determining what number of Games may probably be played 
out by two Adverſaries, before a certain number of Stakes agreed on be- 
taveen them be won or loft on either fide. This Subject affording a very 
great Variety of Curious Queſtions, of which every one has a degree of Dif- 
ficulty peculiar to it ſelf, I thought it neceſſary to divide it into ſeveral 
diſtinet Problems, and to illuſtrate their Solution with proper Examples. 

To theſe Queſtions may at firſt fight ſeem to have a very great degree 
of a1fficulty, yet I have ſome reaſon to believe, that the Steps I have taken 
to come at their Solution, will. eafily be followed by thoſe who have a com- 
petent ſkill in Algebra, and that the chief Method of proceeding therein 


will be underſtood by thoſe who are barely acquainted with the Elements of 
_ that Art. | | 


When I firſt began to attempt the general Solution of the Problem con- 


cerning the Duration of Play, there was nothing extant that could give 
me any light into that Subject; for altbo Mr. de Monmort, in the fir/t 


Edition of his Book, gives the Solution of this Problem, as limited to three 
| 5 | Stakes 
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Stakes to be uon or hoſt, and farther limited by the Suppoſition of an E- 
quality of Skill between the Adventurers ; yet be having given no De- 
monſtration of his Solution, and the Demonſtration when diſcovered 
being of very little uſe towards obtaining. the general Salutiam of the 
Problem, I was forced to try what. my dun Ehquiry would md to, 
which having been attended with Succeſs, the reſult of what I found was 
afterwards publiſhed in my Specimen before mentioned. | 

All the Problems which in my Specimen related to the Duration sf 
Play, have been kept entire in the following Treatiſe ; but the Method of 
Solution has received ſome Improvements by the new Diſcoveries I have 
made concerning the Nature of thoſe Series which reſult. from the Conſi- 
deration of” the Subject; however, the Principles of that Method having 
been laid down in my Specimen, I had nothing now to do, but to draw 
the Conſequences that were naturally deducible from them, 


* 


ADVERTISEMENT 
Concerning, this Second Edition. 
11 E Advantages which this ſecond Edition has over the firſt 


| are many; for 1, The Arithmetical Principles laid down in 
the Introduction of the firſt have been very much enlarged, and made 


much more eaſy, than they were; 2%, The Problems, of which the A 

Solution requires more Skill than can be derived from the Rules of * 

common Arithmetic, are treated in the cleareſt manner that the nature Y 

of the Subject will admit of; 35, The chief Queſtions which may relate 1 

to Lotteries are fully reſolved, ſuch as the following; What is the | I f 

| Chance of getting a certain number of Prizes with a determinate num- A 
I ber of Tickets? What is the Advantage or Diſadvantage of contrac- 9 
#114 ting about returning undrawn Tickets in caſe of Prizes, and how to 7 
I! | ; ſtate an Equality between the contending Parties? What Conſidera- 7 
| tion ought to be given in the beginning of a Lottery to have conti- * 
I! nually a new Chance ſupplied upon the determination of the old? 7 
{Wt 4 I have added the Solutions of ſome Problems relating to ſome Cir- 7 
Fl cumſtances of the Game of Quadrille, whereby is ſhewn, the Pro- A 
104 bability of forcing all the Trumps, and of judging whether it be ſafe 3 
ji: to undertake the Yole: 5, The Values of Chances in Raffling are 1 
0 more eaſily calculated than in the firſt Edition, on which occaſion vj 
1 this Queſtion has been added; Whether upon ſuppoſition of the Ad- 4 
| ll venturers being equal Contributors to a common ſtock, jt were bet- 1 
111 ter for the Caſter of the firſt Chance that there were many or few A 
0 þ Adventurers beſides himſelf, and the true Limitation of the Number | YZ 
| which would make that Chance as valuable as poffible ? 6, An eaſy 1 
. Method of eſtabliſhing at Hazard an Equality of Chance between the K : 


Caſter and the Setter: 7, This Queſtion is reſolved, What is at Ha- 
zard the Gain of the Box, or how many Mains, one with another, A 
are requiſite to make the Box- keeper be intitled to his Box-Money ? 1 
8, Some Problems concerning the Odds between two Players at Pi- 
quet according to the various Circumſtances of a Party of three 
Games, together with other Queſtions relating to that Play. qe, Some 
Queſtions relating to Vhiſt, as alſo the Reſolution of a Queſtion hi- 
therto unanſwered, vig. Whether one fade being Ezght of the Game, 
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a Advertiſement concerning this Second Edition. wii 
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and the other Nine, the Eight or the Nine have the beſt Chance? 100, 
Whether at any Game it be more ad vantageous to have the Odds in 
Chance, upon an Equality of Skill, or to have the Odds laid to, up- 
on an Equality of Chance? 11e, In this Book have been inſerted 
the principal Rules of a former Book of mine concerning the Values 
of Annuities for Life, whether upon one, two or more Lives; the 
Values of Reverſions, the Values of joint and ſucceſſive Lives ; Pro- 
babilities of Survivorſhip; Values of ExpeRations founded on the 
Contingency of the Duration of certain Lives for a limited Time: as 
alſo ſome Tables to facilitate the practice of the foregoing Rules. 
12%, The Method of calculating the Value of a perpetual Advow/or, 
according to the Age of the Incumbent. 13*, The Solution of a Queſ- 
tion which cannot fail of intereſting the Reader; it is, What reaſon- 
able Conjectures may be derived from Experiments, or what are the 
Odds that after a certain number of Experiments have been made con- 
cerning the happening or failing of Events, the Accidents of Contin- 
gency will not afterwards vary from thoſe of Obſervation beyond cer- 
tain Limits; which leads naturally to this Conſequence, that altho? 
Chance has very great Influence on ſome Events, yet that it very lit- 
tle diſturbs thoſe which in their natural Inſtitution were deſigned to 
happen according to fixt Laws, Chance vaniſhing as it were at long 
tun in reſpect to the 8 and Regularity of Order. 14, Altho” 
the Solution of the Queſtion laſt mentioned was intended to conclude 
my Work, yet two or three curious Problems have been added to it, 
on ſome particular Occaſions, 
Il I ſuppoſe it is not expected from me that I ſhould anſwer the Ob- 
jections which a late anonymous Author has made againſt what I for- 
merly writ concerning the Values of Lives; for he having declared 
more than once that he had never read my Book, but that what he 
had cited out of it, was from the Citation of others, I think he has 
thereby ſufficiently anſwered himſelf, for which reaſon I'll content 
my ſelf with telling him, that he neither underſtands what he would 
confute, nor knows what he would eſtabliſh. 

There is in the World a Gentleman of an older Date, who in the 
year 1726 did aſſure the Public that he could calculate the Values of 
Lives if he would, but that he would not, becauſe the Obſervations 
then extant about the probable Duration of Lives were ſo uncertain 
and ſo few, that he could not rely upon them, but that as ſoon as he 
had procured from ahe Pariſh Clerks, the Bills of Mortality for a 
competent number of years, he would then ſhew what he is capable 
of; but as he was diffident he could not live ſo long, He, to make 
ſome compenſation for the uncertainty of his Life, did communicate 
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is the Public a mbit valuable Stcret, by Beclzring chat the beft M 


thod he could pro p prot rey for the: raked bogs Eives, was to 
conſidet il hiri/alf,, What numbet of yeats certain'is equivalent to 
the Fife pes rp des having always regard te the A 


and 


tell you the reſt: What pity it is, that after ſo rare an Expedient for 


calculatimg a ſingle Life, 


does not clearly follow, that becauſe a god Phyſiognomiſt can gueſs 
at the Value of one Life, he can alſo gueſs at the Value of two or 
three joint Lives,” or at the longeſt of then; il is to be hoped that 
ſome time or other, there will bis found ſome ingenious Perſon who 
will improve ſo uſeful a Hint, and { profdente . what he had ſo ' Happily 
F 4 5 
Pape one word to add, which 3 is, that the Tables I have Printed 
in this Book concerning the: Values of Lives, bei à ſuppoſi- 
tion of an Intereſf of 5 per Cent. may be thought — to be well 
fitted to the preſent Time: to which I anſwer, A, That in the Body 
of my Book J have given Rules for calculating the Values of Lives for 
any rate of Intereſt ; ſecondly, That thoſe Tables were originally com- 
poſed when Intereſt was at five per Cent. Thirdly, that a Man by pur- 
chaſing a Life at a certain price, may, without offending the Law, make 
5 per Cent. of his Money or upwards : Laſtly, that I intend ſhortly to 
oubliſh a little Pocket-Book, containing Tables for readily eſtimating 
the Values of Single and Combined Lives, for an Intereſt both of 5 
and 4 per Cent. wherein I ſhall endeavour to prove, that the rate of 
Intereſt which a Man ought to value his' Money at, when he pur- 
chaſes a Life, is not to be regulated by the Intereſt he can make, 


by placing his Money in the Funds. 


The moſt remarkable Errata, are as follows : 


Pag. 83. Lin. 19. for 6 Matadors, read 3 Matadors. 
Pag. 113. Lin. 2. for Cylinder, read Priſm. 


Pag. 152. Lin, 7, from the Bottom, fill up the Blank by writing 
XVI11th, 
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has not been pleaſed to conſider with bin- 
Flt, what muſt be the Method of caleulating combined Lives; for it 
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INTRODUCTION. 
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H E. Probability of an Event is greater or less, 
according to the number of Chances by which 
, It may happen, compared with the whole num- 

ber l. Chances by Which it may either happen 

or 

2. Wherefore;- if we conſtitute a Fraction 

} whereof the Numerator be the number of Chances 

alt Event may happen, and the Denominator the number 

Chances whereby K may either happen or fail, that Fraction 

be 1 of happening. ky 


2 The DocTring of Cnancns. 7 


if an Event has 3 Chances to ha 7M. 2 to E 
tion * Will fitly repreſent theProb abi 
be taken, to be the meaſure of  _ FRE 
Ib ame thing may be faid-of the Probatiicy af fins hich. 
will 1 be . by a Fraction. whoſe Numezator is the 
number bf Chances whereby it may "Bal „ ator the 
whole number of Chances, both ud its * 40+ falling; thus 
the Probability of the failing of that Eventigeh has. 7 2 al a 
fail and 3 to happen will be meaſur d by the Fraftion =) "a 
1 The Fractions which repreſent. the Probgbiljzics af * 
g. being added r theit dum i always be equal to 
Unity, Bice the Sim of Numerators wilt be equal td their 
common Denominator; 3 now it being a certainty that an Event will 
either happen or fail, it follows that Certainty which may be con- 
ceived under the notion of an lafixitety great degree: of Probability, 
is fitly ee by Unity. 

"Theſe mi 2 will taſily de apprehended, if it be cenfider'd, chr 
the word Probability includes a double Idea; firſt, of the number af. 
Chances whereby an Event may happen; ſecondly, of the number 
of Chances whereby it may either er happen or fail. 

If I ſay that I 56.6 three Chances to win any Sum of Money, it: 
is impoſtible from that bare aſſertion to judge whether I am like to 
abtain it z but if I add that the namber of Chances Ether to obtain 
it, or td mifſs it, is. five in all, from hence will enſus a c riſon 

between the Chances that favour me, and the whole number of x 
| Chances that are fer of againſt me, whereby a true judgment will be. i - 
formed of my Probability of ſucceſs : from whence it neceſlarily 6: 
follows- that it is the comparative magnitude of the number of f 
Chances to happen, in reſpect to the whole number of Chances. 
either to happen or to „which is the true meaſure of Proba- 
bility. 

4 If upon the happeni of an Event, I be intitled to a Sum of: 
Money, my Expectation of obtaining. that. Sum has 4 determinate 
value fore. the ning of the Event, 

Thus, if I am to have 10 L. in caſe of the happening of an Event 
which has. an equal Probability of happening and failing, my Ex- 
pectation before the happening of the Event is worth py Fam. 
hug in the ſame circumſtances as he who 5 an — Play ven- 

either to have 10, or to loſe his ow he who ventures 1 
= 2 an equal Play, is poſſeſſur of 5 L. "Sug the deciſion 2 the # 
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The Docrains of Cnances. 3 
Play ; therefore wy ExpeRation in the caſe above-mentioned muſt 


alſo be worth 

5. In all In Expectation of obtaining any Sum is eſtimated 
- by e the Abe tf of the gum expected by the Fraction which 
3 Probability of obtaining it. 
Thus, if I have 3 Chances in 5 to Obtain 100 l. I fay that the 


preſent value of my Expectation is the product of 100 l. by the frac- 
tion 17 , and conſequently that my Expectation is worth 60. 


For ſuppoſing that an Event may equally happen to any one of 
$ different fork; and that the Perſon to whom it ha pens ſhould 
in conſequence of it obtain the Sum of 100 L. it is that the 
right which each of them in particular has upon the Sum expected 


» = of 100 L. which right is founded in this, that if the five Per- 


ſons concerned in the happening of the Event, ſhould agree not to 
ſtand the Chance of it, but to divide e expected among them- 


ſelves, then each of them muſt have 7 of 100 L. for his preten- 


ſion. Now whether they agree to divide that ſum equally among 
themſelves, or rather chuſe to ſtand the Chance of the Event, no 
-one has thereby any advantage or diſadvantage, ſince they are all 
upon 5 equal foot, and conſequently each Perſon's expectation is 


worth — of 1001. Let us ſuppoſe farther, that two of the five 


Perſons concerned in the happening of the Event, ſhould be willing 
to reſign their Chance to one of the other three, then the Perſon to 
whom thoſe two Chances are thus reſigned has now three Chances 
that favour him, and conſequently has now a right triple of that 
which he had before, and therefore his — is now worth 


21 100 L. 


Now if we conſider that the fraction 12 the Probability 
of obtaining the Sum of 100 L., and that - of 100, is the fame 


thing as + multiply'd by 100, we muſt —.— fall into this con- 


cluſion, which has been laid down as a principle, that the value of 
the Expectation of any Sum, is determined by multiplying the Sum 


expected by the Probability of obtaining it. 


This manner of reaſoning, tho deduced from a particular caſe 


caſe eaſily be perceived to be general, and applicable to any other 
ca 
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"1p fot £0 | Conoriany..” . 118 | Eo 
A uit Gas ede it nereſſaribhy follows that: 4s the Value of. ___- 

an E tion be given, as alſo the Value ee 11 
then de the firſt value by the ſecond, the quotient will expreſs the 1 
obtaining tlię Sum z thus if I. have an Ex- 6 


North 68 L. 420 that the Sum Which 1 may de worth W 


tion | 
00. the Probability of obtaining it will be expreſt by - this qu On 


of 60 divided by 100, that is by the fraction or . 


100 


6. The Riſk of lofing any Sum is the. reverſe of Bap pectation, | 
and the true meaſure of it, is the product of the an adventured, 
multiply d by. the Probability of the Loſs. 

J. Advantage or Diſadvantage in Play, reſults Gon: the combi. 
nation LE the ſeveral Be of the Gameſters, and of their ſeve- 
ral Riſks. x7 

Thus ſuppoſing that A and B play te ogether, that 4 bas depoſited 
51. and B 3 L. that the f. 0 ances which A has to win 
is 4, and the number of Chances which B has to win is 2, and that 
it were required in this circumſtance to determine the advantage or 
diſadvantage of the Adventurers, we may reaſon in this manner: 
Since the whole Sum e is 8, and that the Probability which 


A has of getting it is -, it follows that the Expectation of A upon 
the whole Sum depoſited is 8x = == . and for = fame reaſon 


the Expectation of B upon that lr depoſited is8 x —= 2—. 


Now, if from the reſpective Expectations which the e 
have upon the whole ſum depoſited, be ſubtracted the particular Sums 
which they depoſit, that is their own Stakes, there will remain the 
Advantage or Diſadvantage of either, according as the difference is 
poſitive or negative, 


And therefore, if from &7 „ Which is the Expectation of A upon 
the whole Sum depoſited, 5 "which is his own Stake, be ſubtraCted, 
there will remain — for his advantage ; likewiſe if from 2— which 
is the Expectation of B. 3 which is his own Stake be ſubtracted, 
there will remain _ TY „which being negative ſhews that his Diſ- 
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advantage is —- 


Theſe concluſions may alſo be derived from another conkideration; 3 '* 
for if from the Expectation which either Adventurer has upon the 
gum 
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The. Docriien of ChANCEVSG. 5 


Sum depoſited by his Adverſary, be ſubtracted the Riſk. of what he 
himſelf depoſits, there will 1i ewile remain His Advantage or Dif- 
advantage, according as the difference is pofitive/or negative. 

5 Ius 1 in the Feria caſe, the Stake of B being 3, and the Pro- 


bablley which 4 has. of winning it, being EN 4 the Expectation of 


A A gb Stake 18 3 * 2 moveover che stake of A be- 
ing 5, afd the Probability oFlofing it, being + S his Riſk ought to 
be eſtim ated. by 5 * = = 14 ;  wherefore, Af from the Expecta- 


tion 2, the Riſk, 1 be ſubtracted. there will remain x, as. before 
for the Advantage e of ; A; and by the fame way of proceecang, the 
Diſadvantage of B will be found to be 4 e | 

It is very carefully to be obſerved, that what is bete call'd Aan 


tage or Diſadvantage, and which may properly be call'd Gain or 


Loſs, is always eſtimated before the Event is come to paſs; and altho 
it be not cuſtomary to call that Gain or Loſs which is to be derived 
from an Event not yet determined, nevertheleſs in the Doctrine of 
Chances, that appellation is equivalent to what in common diſcourſe 
is call d Gain or Loſs. 

For in the ſame manner as that he who ventures a Guinea in an 
equal Game may, before the determination of the Play, be ſaid to be 
poſſeſſor of that Guinea, and may, in conſideration of that Sum, 
reſign his place to another; ſo he may be ſaid to be a Gainer or 
Loſer, who would get ſome Profit, or ſuffer ſome Lofs, if he would 
ſell his Expectation upon equitable terms, and ſecure his own Stake 
for a Sum equal to the Riſk of loſing it. 

8. If the obtaining of any Sum requires the happening of ſeveral 

Events that are independent on each other, then the Value of the 
Expectation of that Sum is found by multiplying together the ſeveral 
Probabilities of happening, and again 1 N the product by the 
Value of the Sum expected. 
Thus ſuppoſing that in order to obtain =” two Events muſt 
happen; the firſt whereof has 3 Chances to happen, and 2 to fail, 
the ſecond has 4 Chances to happen, and 5 to fail, and I would 
know the value of that Expectation ; I ſay, 


The Probability of the firſt's happening is , the Probability of 
the ſecond's happening i 18 + ; now b theſe two Probabili- 
ties together, the product will be * or >] and this product being 
| again 


E 


The Docrrint of Ciranons, 


again multiply a by go, the new prada will bet or 24, ther 
fore that Expectation is worth 24 

The Demonſtration of this — T * > is be oonerd. 
that ſuppoſing the firſt Event had hap nd, en:that Expectation 
depending now intirely upon the ſec would before the determi- 


nation of the ſecond, be found 16'be eracty worth «9045+ or 


9 
40. (by Art. 5 We may therefore look upon the pening of the 
firſt, as a condition of obtaining an Expectation horn 40 L but 


the Probability of the firſt's happening bas been ſuppoſed =, where- 


fore the A ſought for, is to be eſtimated by 2 x 40, or 


by - = * 4 x 90, that is by the product of the two Probabilities 
of happening multiply'd by the .Sum expected, 

And likewiſe, if an Expectation depends on the happening of one 
Event, and the failing of another, then its Value will be the product 
of the Probability of the firſt's bappening by the Probability of the 
ſecond's failing, ffs of that again by the Value of the Sum ex- 
- pected. 

And again, if an Expectation depends on the failing of two Events, 
the Rule will be the fame, for that Expectation will be found by 
multiplying together the two Probabilities of failing, and multiply- 
ing that again by the Value of the Sum 


And the ſame Rule is applicable to the bappening or failing of as 
e Events as may be aſſigned. 


COROLLARY. 


IF we make abſtraction of the Value of the Sum to . d, 
the bare Probability of obtaining it, will be the product of the ſe- 
veral Probabilities of happening, which S appears * this 
8th Art. and from the Corollary to the 4h. 

Hitherto, I have confin'd myſelf to the conſideration of Hogs 
independent ; but for fear that in what is to be ſaid afterwards, the 
terms independent or dependent might occaſion ſome obſcurity, it 
will be neceſſary, before I proceed any farther, to ſettle intirely the 
notion of thoſe terms. 

Two Events are independent, when they have no connexion one 
with the other, and that the happening of one neither forwards nor 
obſtructs the happening of the other. 

Two Events are dependent, when they are ſo connected together as 


that the Probability either's happening is alter d by the „ 
of the other. 
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The Doctrine of CHances. 7 
In order to iluſtrate this, it will not be amiſs to propoſe the two 
following caſy Problemes. $1 
re. Sappoſe there is a heap of 13 Cards of one colour, and an- 
other heap of 13 Cards of another colour, what is the Probability 
that taking two Carls at a venture out of each heap, I fhall take the 
two Aces? 


The Probability of taking the Ace out of the firſt heap is 51 3 
now it being very plain that the taking or not taking the Ace out of 
the firſt heap has no influence in the taking or not taking the Ace 
out of the ſecond, it follows, that ſuppoſing that Ace taken out, 
the Probability of taking the Ace out of the ſecond will alſo be 1 th 
and therefore, thoſe two Events being independent, the Probability 


of their both happening will be — x — = — . 


2 1569 62367 
a2. Suppole that out of one fingle of 13 Cards of one colour, 
it ſhould be undertaken to take out the Ace in the firſt place, and 
then the Deux; and that it were required to aſſign the Probability 


of doing it, we are to confider that the Probability of the Aces 
being in the firſt place be 175 , and that the Probability of the Deux's 
being in the ſecond place, would alfo be 154 if that ſecond Event 
were conſider d in itfelf without any relation to the firſt ; yet that 
the Ace being ſuppoſed as taken out at firſt, there will remain but 


12 Cards in the heap, and therefore that upon the ſuppoſition of the 
Ace being taken out at firſt, the Probability of the Deux's being next 


taken will be alter d, and become ; and therefore, we may con- 
clade that thofe two Events are dependent, and that the Probability 
of their both happening will be wry Xx —— = = E 

- From whence jt may be infer'd that the Probability of the hap- 
pening of two Events dependent, is. the product of the Probability 
of the happening of one of them, by the Probability which the 
other will have of happening, when the firſt ſhall have been conſi- 
der d as having happen d; and the fame Rule will extend to the hap- 
pening of as many Events as may be aſſign d. 

9. But to determine in the eaſieſt manner poſſible, the Probability 
ndent, it will be convenient 
to diſtinguiſh by thought the order of thoſe Events, and to ſuppoſe 
one of them to be the firſt, another to be the ſecond, and ſo on: 
which being done, the Probability of the happening of the firſt may 
be look d upon as independent, the Probability of the happening of 
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the ſecond, is to be determin'd from the fu 


of a greater degree of difficulty 
E ates +" transfer'd to 5K place, e 


pectations kilns upon the 


and that I be intitled to 90 L. in oſs the firſt hap 
other like Sum of go L. in caſe” the ee dapper 


ef obtaining it being — 


worth 547 ＋ 40L =94 5 
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W Dooviine of Ciincn 

ppoſition of the firſt's 
having. happen'd, the Probability of the third's happening, is to be 
determin'd from the (ſuppoſition of the firſt's and ſecond's having 


happened, and ſo on: then the Probability of the happening of them 


all will be the product of the Multiplication of the ſeveral \Frobabili ; 


ties which have been determined in the manner preſerib' d. 


We. had ſeen before how to determine the Probability of the ha . 


pening or failing of as many Events independent as may be aſſign 

we have ſeen likewiſe in the ding Article how to 7% the 
Probability: of the happening of as many Events dependent as may 
be aſſign'd; bat in the caſe of 
the Probability of the 8 


pening of ſomè of them, and at the ſame 
time the Probability of 


e oo fome others, is a diſquiſition 


1 . : 


10. If T have ſeveral Expectations upon ſeveral ſeveral 8ums, it is very 

evident that my Expectation npon the whole is the Sum of che Ex- 

ticulars. 

Thus ſuppoſe two Events ſuch, that the firſt may We Se to 

happen and 2 to fail, and the ſecond 4 Chances to to fappes 128 4 to fail, 
pens, an to an- 


would know the Value of my Ex n upon the whole: I ſay, 
The Sum expected i m the firſt caſe rk 90. and the Probability 


, It follows that my Expectation on that 
account, is worth 90 x Fo = 54; and again the Sum expected i in 


the ſecond caſe being go, and the Probability of obtaining it being 


4 


= it follows that my Expectation of that ſecond Sum is worth 


90 15 = 40; and therefore my' en upon the Whole is 


But if I am to have 90k. once for all for the haj ning of one 
or the other of the two afdre· mentioned Events, the method of pro- 
ceſs in determining the value of my Expectation will be ſomewhat 
alter d for altho my Expectation off the firſt Event be worth 54 L. 
as it was in the preceding Example, 75 I- confider that: my Expec- 
tation of the ſecond: will ceaſe upon the happening 


of Events deperident, how to determine 


of the firſt, and 


ich for that reaſon will be mp, — 


8 ald and that 1 


chat therefore this Expectation takes place only in in oe the firſt does 
happen to fail. Now the Probability. of the firſt's failing is . ; and 
fuppoling. it has faild, then 7 Expectation will be 40 where- 


fore 


We Doerning of Cutincts. . 9 
fore — Vein g the meaſure of the Probability of my obtaining an 
Expectation worth 40 L., it follows that this Expectation (to N 


it before the time of the firſt's being determin d) will be worth 40 7 


== 16, and therefore my Expetiation upon the whole is worth 
41. + 16 L. — 70 L. 

If that which was call'd the 2 Event be now conſider'd as 
the firſt, and that which was call'd the firſt be now conſider d as the 
ſecond, 'the concluſion will be the ſame as before. 

In order to make the preceding Rules familiar, it will be conve- 
nient to apply them to the Solution of ſome eaſy caſes, Such as 


are the * 
| CASE. It 


To 7 fd the Probability of throwing an Ace in two throws. 


- SOLUTION. 
The Probl of - throwing an Ace the firſt time is; where- 


6 
fore g is the firſt part of the Probability required. 

N che Ace be miſſed the firſt time, ſtill it may be ee on the 
ſecond, but the Probability of miſſing it the firſt time is — , and 


the Probability of throwing it the ſecond time is — ; wherefore the 


Probability of miſſing it the firſt time and throwing it the ſecond, is 
— x —— = : and this is the ſecond part of the Probability re- 
.quired, and therefore the Probability required is in all — — = 
Il | 


To this caſe is analogous a queſtion commonly propoſed about 
throwing with two Dice either fix or ſeven in two throws, which 
will be eaſily folv'd, provided it be known that Seven has 6 Chances 
to come up, and Six 5 Chances, and that the whole number of 
Chances in two Dice is 36 ; for the number of Chances for throw- - 
ing fix or ſeven being 11, it N that the Probability of throwing 


either Chance the firſt time is * but if both are miſſed the firſt 
time, {till either may be thrown the ſecond time, but the Proba- 
bility of miſſing both the firſt time is * a gi the Proba- 


bility. of throwing either of them on the ſecond is —— 4 — ; wherefore 
the Probability of miſſing both of them the firſt time, and throw- 
O ing 


N — _ — 4 . 
_ —_ 
* — 2 « 
— ® + n= — — 
— 2 by — — 
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ing either of them. the ſecond time is 25 1 35. ks Ti 


hens ch lag wn : K * 
the Probbity of the c is ef. Ain , 


1296 * 


CASE IE. 


7 fed the Probability of throwing « an : Ace in Uhr throws 


75 


Sea Dake: N 210 
The Probabiliy of throwing an Ace the firſt timesis ＋ 2 


is the firſt part of the Probability required. 
If the Ace be miſſed the firſt time, ſtill it may be thrown in the 
two — throws; but the Probability of mifling it the firſt 


time is , and the n of throwing it in the two remain- 


ing times is (by Caſe 1") == 8. And therefore the Probability of 
miſſing it the firſt 1 and throwing i it in the two remaining times 


is * == >, which is the ſecond eee 


required; . the Probability required will be — + 


on 
"216 * 


= 1 


CASE III. 


7 fnd the Probability of throwing an Ace in four throws. 


4 AY 


The Probability of throwing an Ace the firſt time is — , which. 


is the firſt part of the Probability required. 
* the Ace be miſs d the firſt time, of which the Probability is 


_ , there remains the MY of throwing it in three times, 
which (by Caſe 30% is — 


b Mts. he = 2 
is =" * = 7556 » Which is the ſecond part of the Proba 


big required, and therefore the Probability required is in the. Wy 


— + Ae = = = , and the Probability of the contrary 


1266 7206 1 


I . 


; Wherefore the Probability of miſſing 
the Ace the firſt time, and throwing it in the three remaining times 


It 


The DocTRINE of CHANCES. 11 
It is remarkable, that he who undertakes to throw an Ace in four 
throws, has juſt the fame advantage of his adverſary, as he who 
undertakes with two Dice that fix or ſeven ſhall come up in two 
throws, the odds in either caſe being 671 to 62 5; whereupon it 
will not be amiſs to ſhew how to determine eaſily the Gain of one 
Party from the Superiority of Chances he has over his adverſary, 


upon ſuppoſition that each ſtake is equal, and denominated by 


unity. For although this is a particular caſe of what has been ex- 
plain'd in the 7th Article; yet as it is convenient to have the Rule 
ready at hand, and that it be eaſily remember'd, I ſhall ſet it down 
here; let therefore the odds be univerſally expreſs d by the ratio of 


a to b, then the reſpective Probabilities of winning being —— » 
and —_ the right of the firſt upon the Stake of the ſecond is 


ET x 1, and likewiſe the right of the ſecond upon the Stake of 


a—b 
a 


the firſt is —— x 1, and therefore the Gain of the firſt is 5x11 
or barely <>, and conſequently the Gain of him who under- 


a+ b 
takes that ſix or ſeven ſhall come up in two throws, or who under- 


R | % G7t—62g 45 
takes to fling an Ace in four throws is Werz, = gg that 


is nearly — part of his adverfary's Stake. 


| CASE 1v* 
To find the Probability of throwing two Aces in two throws. 


| SOLUTION. 
It is plain (by the 8th Art.) that the Probability required is 
1 I : | 


N 
82 Ys | 
To find the Probability of throwing two Aces in three throws. 


| SOLUTION. | 
If an Ace be thrown the firſt time, then it will only be required 
to throw it once in two throws, but the Probability of throwing 


it the firſt time is — „and the Probability of throwing it once in 


two throws (by the firſt caſe) 1s 38 ; wherefore the Probability of 
 & Fas throwing 


— — — 
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- throwing it the firſt time, and then t throwing it once in the two 


remaining times is * 5 == — > And this is equal. to the 


firſt part of the Probability required, 
If the Ace be miſs'd the ff time, ſtill there remains the Proba 
bility of throwing it twice together, but the Probability of miſſing 


it the firſt time is + , and the Denen of throwing it twice 


together is (by the 4 Caſe) = = therefore the Probability of 


both Events == + x7 = and this is the ſecond part of 


the Probability required, therefore the whole Probability required 
2 r | f 53-2 


132 216 — 216 * 


CASE vi. 


To find the Probability of throwing two Aces in fours throws. 


2 


If an Ace be thrown the firſt time, no more will be requir'd 
than throwing it again in three throws; but the Probability of 


throwing an Ace the firſt time is — , and the Probability of throw- 
ing it in three times is — (by the 24 Caſe;) wherefore the Pro- 


bability of both us is * ans — == tft part of 
the Probability required, 


If the Ace * miſs'd the firſt time, ſtill there will remain the 


Probability of throwing two Aces in three throws, but the Proba- 


bality of miſſing the Ace the firſt time is , and the Probability 


of 


of throwing it twice in three throws is —7 » (by the 5th Cafe;) 


wherefore the Probability of both 8 18 — X = = — —— 


== 24 part of the Probability required, and therefore the Probability 
91 1 2 "ITE" 
required == _ 1296 L 1296 — 1296 * 


And by the ſame way of reaſoning we may gradually find the 
Probability of throwing an Ace as many times as ſhall be demanded, 
in any given number of throws. 

If inſtead of employing figures in the Solutions of the foregoing 
Caſes, we employ algebraic Characters, we ſhall readily perceive a 
moſt regular order in thoſe Solutions. 
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11. Let therefore à be the number of Chances for the happening 
of an Event, and 4 the number of Chances for its failing, then the 


Probability of its happening once in any number of Trials will 


a mortars ñ è $0907 22 fag 17 
_ — + — , &c. which Series is to be continued to ſo 


many terms as are equal to the number of Trials given; thus if 4 
be =1, b—= 5, and the number of Trials given = 4, then the 


b 0 Probability required will be expreſs d b 5 ＋ + 2 +75 
8 POE;  v0Y 
9 _ . 
= The fame things being ſuppoſed as before, the Probability of the 
E 11 Event's happening twice in any pron number of 2 will be ex- 
1 = 18 2 24 WELL 4aab? | 
4 i ns by the Series IE —+ I. —— * = r —— 
7 e , &c. which is to be continued to ſo many terms, wanting 
WO one, as is the number of Trials given; thus let us ſuppoſe a == 1, 
_— b==5, and the number of Trials 8, then the Probability required 
Wi; 1 R | AI 10 75 500 12 
9 will be re b r . l + oor r T + 
" 18750 109328 663991 
M 257905 © 1679616 © 1679616 * | 
| And again, the Probability of the Event's happening three times 
W in any given number of Trials will be expreſsd by the Series 
-* a3 3453 6a3 bb ” 1043 þ3 18432. a 
2 =" + =p + 7717 + Ihe © x77 Ke. which 
F is to be continued to ſo many terms, wanting two, as is the num- 
4 ber of terms given. | 
A But all theſe particular Series may be comprehended under a ge- 
. neral one, which is as follows. 
9 Let a be the number of Chances, whereby an Event may hap- 
9 pen, & the number of Chances whereby it may fail, / the num- 
8 ber of times that the Event is required to be produced in any 
b given number of Trials, and let » be the number of thoſe Trials; 
make a + s, then the Probability of the Event's happen- 
8 ing / times in 1 Trials, will be expreſsd by the Series FA x 
4 "ON 
7 lb "8 | 1. bb CSR ES 4 {who 1:3: 4. Fo 2: 54 
3 177 Me — "45: —= l — 3. — 57 
&c. which Series is to be continued to ſo many terms excluſive of 
| the 


It is to be neted here, and elſewhere, that the paints here made uſe of, Hand inſtead 6 
the Mark of Multiplication x. * fs ff Mead of 
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the common multiplicator — as are denoted by the number Nw 
And for the ſame reaſon, the Probability of the contrary, 
that is of the Event's not happening ſo often as J times, ma- 


king 2 — / +1=þ will be expreſs'd by the Series — * 


12 2 AL 
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which Series is to be continued to ſo many terms, Excluſive of the 
common multiplicator, as are denoted by the number J. 
Now the Probability of an Event's not happening being known, 
the Probability of its happening will likewiſe be known, fince the 
Sum of thoſe two Probabilities is always equal to Unity, and there- 
fore the fecond Series, as welt as the firft, may be employed in 
determining the Probability of an Event's happening ; but as the 
number of terms to be taken in the firſt is expreſs'd by »— IA r, 
and that the number of terms to be taken in the ſecond is expreſs'd 
by , it will be convenient to uſe the firſt Series, if n — /-+ 1 be 
leſs than J, and to uſe the ſecond, if I be leſs than » — /-+ 1, or 
in, other terms, to uſe the firſt or ſecond according as / is leſs or 


greater than —— n 

Thus, ſuppoſe an Event has 1 Chance to happen, and 35 to fail, 
and that it were required to aſſign the Probability of its happening 
in 24 Trials; then becauſe in this caſe »z 24 and I 1, it is 
plain that 24 terms of the firſt Series would be requiſite to anſwer 


the Queſtion, and that one ſingle one of the ſecond will be ſuffi- 


cient; and therefore, if in the ſecond Series we make 5 35. 
a==1, and /== 1, the Probability of the Event's not happening 


once in 24 Trials, will be expreſs d by 2+ x 1, which by the 
| help of Logarithms, we ſhall find nearly equivalent to the decimal 
fraction 0.50871 ; now this being ſubtracted from Unity, the re- 
mainder 0.49129 will expreſs the Probability required; and there. 

fore the odds againſt the happening of the Event will be 5o to 49 
nearly, 

Again, ſuppoſe it be required to aſſign the Probability of the pre- 
ceding Event's happening twice in 60 Trials; then becauſe /= 2, 
and 7 = 60, n — / + 1 will be== 59, which ſhews that 59 terms 
of the firſt Series would be required, but if we uſe the ſecond, then 


by reaſon of I being = 2, two of its terms will be fufficient ; 
wherefore 
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wherefore the two terms 5 x 1 + = will denote the Proba- 
bility of the Event's not happening twice in 60 Terms. Now re- 
ducing this to a decimal fraction, it will be found equal to o. 5007, 
which being ſubtracted from Unity, the remainder 0.4993 will ex- 
preſs the Probability required; and therefore the odds againſt the 
Event's happening twice in 60 times will be very little more than 
500 to 499. | | | 
It is to. be obſerv'd about thoſe Series, that they are both derived 
from the ſame 90109; 29 ; for ſuppoſing two adverſaries A and B, 
contending about the happening of that Event which has every time 
a chances to happen, and & chances to fail, that the Chances @ are 
favourable to A, and the Chances & to B, and that A ſhould lay a 
wager with B, that his Chances ſhall come up / times in 2 Trials; 
then by reaſon B lays a wager to the contrary, he himſelf under- 
takes that his own Chances ſhall, in the fame number of Trials, 
come up n — /-+ 1 times ; and therefore, if in the firſt Series, we 
change / into » —/-+ 1, and vice versd, and alſo write & for a, and 
4 for 6b, the ſecond Series will be form'd, 
It will be eaſy, to conceive how it comes to paſs, that if 4 un- 
dertakes to win / times in Trials, his Adverſary B neceſſarily un- 
dertakes in the fame number of Trials to win 2 — /-+ 1 times, if 
it be confider'd that A lofes his wager if he wins but /— 1 times; 
now if he wins but /— 1 times, then ſubtracting /— 1 from u, 
the remainder ſhews the number of times that B is to win, which 
therefore will be z» — /-+ 1. 


CASE vil. 
To find the Probability of throwing one Ace, and no more 


in four throws. 


SOLUTION. 


This Caſe ought carefully to be diſtinguiſhed from the fourth, 
for there it was barely demanded, without any manner of reſtriction, 
what the Probability was of throwing an Ace in 4 throws; now in 
this preſent caſe there is a reſtraint laid on that Event: for whereas 
in the former caſe, he who undertakes to throw an Ace deſiſts from 
throwing when once the Ace is come up, in this he obliges himſelf, 
after it is come up, to a farther Trial which is wholly againſt 
him, excepting the laſt throw of the four, after which there is no 
Trial; and therefore we ought from the unlimited Probability oe 

| e 
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the Ace's being thrown once in 4 throws, to ſubtract the Probability 
of its being thrown twice in that number of throws: now the firſt 


Probability is —Z- (by the 3a Cafe,) and the ſecond Probability is 


22%. (by the 6% Caſe,) from which it follows that the Probability re- 


quired is 1 ; and the Probability of the contrary - 792 and 


1296 
therefore the Odds againſt throwing one Ace and no more in 4 


throws are 796 to 500, or 8 to 5 nearly, and the fame method 
may be follow'd in higher caſes. | 2 
411 CAS E VIII.. Jae 03: 25354 
If A and B play together, and that A wants but 1 Game 
35 being up, and B 2; what are their reſpective Pro- 
Habilities of winning the Set ? 


We SOLUTION. | | 

It is to be conſider'd that the Set will neceſſarily be ended in two 
Games at moſt, for if A wins the firſt Game, there is no need of 
any farther Trial; but if B wins it, then they will want each but 


1 Game of being up, and therefore the Set will be determin'd in 


the ſecond Game; from whence it is plain that A wants only to 
win once in two Games, but that B wants to win twice together. 
Now ſuppoſing that 4 and B have an equal Chance to win a Game, 
then the Probability which B has of winning the firſt Game will be 


— , and conſequently the Probability of his winning twice toge- 


3 : 

ther will be — X — —.— bo p and therefore the Probability which 
A has of winning once in two Games will be 1 — = = * , from 
whence it follows that the Odds of A, winning are 3 to 1. 


CASE Ix 


A and B play together, A wants 1 Game of being up, and 
B 2; but the Chances whereby B may win a Game, are 
double to the number of Chances whereby A may win the 
lame : "tis requir d to aſſign the reſpective Probabilities 
of winning. 

5 SOLUTION. 

It is plain that in this, as well as in the preceding caſe, B ought to 

win twice together; now fince B has 2 Chances to win a Game, 

| and 
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and A 1 Chance only for the ſame, the Probability which B has of 


winning a Game is TY , and therefore the Probability of his winning 
twice together is + * ＋ = 17 , and conſequently the Probability 
of A. winning the Set is 1— <4 — = ; from whence it follows 
that the Odds of A. winning once, before B twice, are as 5 to 4. 


| REMARK. | 
. Altho' the determining the preciſe Odds in queſtions of Chance 
requires calculation, yet ſometimes by a ſuperficial View of the queſ- 
tion, it may be poſſible to find that there will be an inequality in 
the Play. Thus in the preceding caſe wherein B has in every Game 
twice x 6 number of Chances of A, if it be demanded whether A 
and B play upon the ſquare, it is natural to conſider that he who 
has a double number of Chances will at long run win twice as often 
as his Adverſary; but that the caſe. is here otherwiſe, for B.under- 
taking to win twice before A once, he thereby undertakes to win 
oftner than according to his proportion of Chances, ſince A has a 
right to expect to win once, and therefore it may be concluded that 
B has the diſadvantage ; however, this way of arguing in general 
ought to be uſed with the utmoſt caution. 4 e 
12. Whatever be the number of Games which A and B reſpec- 
tively want of being up, the Set will be concluded at the moſt in 
ſo many Games wanting one, as is the ſum of the Games wanted 
between them. 3 | 
Thus ſuppoſe that A wants 3 Games of being up, and B 5; 
it is plain that the greateſt number of Games that A can win of B 
before the determination of the Play will be 2, and that the greateſt 
number which B can win of A before the determination of the 
Play will be 4, and therefore the greateſt number of Games that 
can be play'd between them before the determination of the Play 
will be 6; but ſuppoſing they have play'd fix Games, the next 
Game will terminate the Play, and therefore the utmoſt number of 
Games that can be play'd between them will be 7, that is one Game 
leſs than the Sum of the Games wanted between them, 


hs 


D CASE 
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0 A 8 E .. 

poſing that A wants 3 Games of being up, Ty 571 
* that the. propor tion of Chances which A and B re- 
e have for winning a Game are 3 10 5, to find 
the reſpetive Probabilities of winning the Set. 


ien The 8 80 0 710, Ines 
By reaſon tut the Sum of the Games wanted betetwes A 2500 B 
is 10, it is plain by the bay receding Article that the Set will be con- 
cluded in 9 Games at moſt, and Une thetefore A undertakes ont of 
9 Games b win 3, and B, out of the fame number, to win 7; 
now ſuppoſing that the firſt general Theorem laid down in the 1 1th 
Art. is particularly adapted to repreſent the Probability of A. win- 
ning, then z; but becauſe n reprefents the number of Games in 
which. the Set will be concluded, then , but the number of 
terms to be uſed in the firſt Theorem bein ay == ==n— + 1==7 , and 
the number of terms to be uſed in the ſecond Theorem beige 
] = 3, it- will be more convenient to ufe the ſecond, which wi re- 
reſent the Probability of B. winning. Now that fecond Theorem 
apply'd to the caſe of 2 being , /=3, a==3, ba=g5 


4 


de Probadlli which B has of N Set will be expreſſed 5 


* - 252 


1 x 1+ —- * = A X 484 = 0.28172 nearly; and 
therefore ſubtracting this nun Unity, there will remain the Proba- 


bility which A has of winning the ſame, which will be = . 1828, 


and conſequently the Odds of = * winning the Set will be 71828 to 
28172, or very near as 2 ö 

Altho' the > prigeiples hitherto exp lained are a ſufficient introduction 
to what is to be ſaid afterwards ; 78 it will not be improper to re- 
ſume ſome of the preceding Articles, and to ſet them th in a new light, 
it frequently happening that ſome truths, when repreſented to the 
mind under a particular Idea, may be more eaſily rn than 
when repreſented under another. 

—_ 13. Let us therefore imagine a Die of a given number of equal 
faces, let us likewiſe imagine another Die of the fame or any other 
number of equal faces ; this being ſuppoſed, I fay that the number 
of all the variations which the two Dice can undergo will be obtained 
by multiplying the number of faces of the one, by the number of 
faces of the other, 
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In order to prove this, and the better to fix the imagination, let 
us take a particular caſe: Suppoſe therefore that the firſt Die con- 
tains 8 faces, and the ſecond 123; then ſuppoſing the firſt Die to 
ſtand ſtill upon one of its faces, it is plain that in the mean time 
the ſecond Die may revolve upon its 12 faces; for which reaſon, 
there will be upon that ſingle ſcore 12 variations: let us now ſup- 
poſe that the firſt Die ſtands upon another of its faces, then whilſt 
that Die ſtands ſtill, the ſecond Die may revolve again upon its 12 
faces, and ſo on, till the faces of the firſt Die have undergone all 
their changes; from whence it follows, that in the two Dice; there 
will be as many times 12 Chances as there are faces in the firſt Die, 
but the number of faces in the firſt Die has been ſuppoſed 8, where- 
fore the number of Variations or Chances of the two Dice will be 
8 times 12, that is 96; and therefore it may be univerfally con- 
_cluded, that the number of all the variations of two Dice will be 
the product of the multiplication of the number of faces of one Die, 
by the number of faces of the other. ml demoxtt 4 

14. Let us now imagine that the faces of each Die are diſtin- 
guiſhed into white and black, that the number of white faces upon 
the firſt is A, and the number of black faces B, and alſo that the 
number of white faces upon the ſecond is 4, and the number of 
black faces 5; hence it will follow by the preceding Article, that 
multiplying -A + B by 4 +64, the product Az ＋ Ab -+ Ba + Bb, 
-will exhibit all the Variations of the two Dice : Now let us ſee what 
each of theſe four parts ſeparately taken will repreſent. 

1. It is plain, that in the fame manner as that the product of the 
multiplication of the whole number of faces of the firit Die, by the 
whole number of faces of the ſecond, expreſſes all the variations of 
the two Dice, ſo likewiſe the multiplication of the number of the 
white faces of the firſt Die, by the number of the white faces of 
the ſecond, will- expreſs the number of variations whereby the two 
Dice may exhibit two white faces; and therefore, that number of 
Chances will be repreſented by Aga. : | 

2. For the fame reaſon, the multiplication of the number of 
white faces upon the firſt Die, by the number of black faces upon 
the ſecond, will repreſent the number of Chances whereby all the 
white faces of the firſt may be joined with all the black faces of the 
2 which number of Chances will therefore be repreſented by 

3. The multiplication of the number of white faces upon the 
ſecond, by the number of black faces upon the firſt, will expreſs the 
number of Chances whereby all the white faces of the ſecond may 

| D 2 | be 


20 The DocTrinEg of Cyances 
be joined with all the black faces of the firſt; which number of 
Chances will therefore be repreſented by aB. 7 

4. The multiplication of the number of black faces upon the 
firſt, by the number of black faces upon the ſecond, will expreſs the 
number of Chances whereby all the black faces of the firſt may be 
joined with all the black faces of the ſecond; which number of 
Chances will. therefore be repreſented by Bb, 

And therefore we have explained the proper ſignification and uſe 
of the ſeveral parts Aa, Ab, Ba, Bb ſingly taken. i bur 1 
ut as theſe parts may be connected together ſeveral ways, fo the Sum 
of two or more of any of them will anfwer ſome queſtion of Chance: 
for inſtance, ſuppoſe it be demanded, what is the number of Chances, 
with the two Dice above-mentioned, for throwing a white face ? it 
is plain that the three parts Aa + A5-+ Ba will anſwer the queſtiony 
fince every one. of. thoſe parts comprehends a caſe wherein a white 
face is concerned. 111 . | : 

It may perhaps be thought that-the-firſt term Aa is ſuperfluous, 
it: denoting the number of Variations whereby two white faces can 
be thrown ; but it will. be eaſy to be ſatisfied of the neceſſity of 
taking it in, for ſuppoſing a wager depending on the. throwing of 
a white face, he who throws for it, is reputed a winner, whenever a 
white face appears, whether one alone, or two together, unleſs it 
be expreſly ſtipulated that in caſe he throws two, he is to loſe his 
wager ; in. which latter caſe the two terms Ab -+ Ba would repreſent . 
all his Chances. WL 

If now we imagine a third Die having upon it a certain number 
of white faces repreſented by a, and likewiſe a certain number of 
black faces re 2 by g, then multiplying the whole variation 
of Chances of the two preceding Dice, vis. Aa + AS + Ba + Bb 
by the whole number of faces « + B of the third Dice, the product 
Aaa + Aba.+ Bae + Bba + Aap + Ag + Bae + Bg will exhi- 
"= the number of all the Variations which the three Dice can un- 

ergo. N ; 

Examining the ſeveral parts of this new product, we may eafily 
perceive: that the firſt term Aa repreſents the number of Chances 
for throwing: three white faces, that the ſecond term Aba repre- 
ſents the number of Chances whereby both the firſt and third Die 
may exhibit a white face, and the ſecond Die a black one; and that 
the reſt of the terms have each their particular properties, which are 
diſcover d by bare inſpection. 

It may alſo be perceiv'd, that by joining together two or more of 
thoſe terms, ſome queſtion of Chance will. thereby be anſwer d: for 


inſtance, 
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inſtance, if it be demanded what is the number of Chances for 


throwing two white faces and a black one ? it is plain that the three 
terms Abæ, Baz, Aag taken together will exhibit the number of 
Chances required, fince in every one of them there is the expreſſion 
of two white faces and a black one; and therefore if there be a 
wager depending on the throwing two white faces and a black one, 
he who undertakes that two white faces and a black one ſhall come 
up, has for him the Odds of Aba + Baz + Aag to Aa + B + 
Ab8-+ BaB8-+ Bbg, that is of the three terms that include the condition 
of the wager, to the five terms that include it not. ö | 
When the number of Chances that was requir'd has been found; 
then making that number the Numerator of a fraction, whereof the 
Denominator be the whole number of variations which all the Dice 
can*undergo, that fraction will expreſs the Probability of the Event 
as it has been ſhewn in the firſt Article. 
Thus if it was demanded what the Probability is, of throwing three 
white faces withthe three Dice above-mentioned, that Probability will be 


. Aag 1 
expreſſed by the fraction en | 
But it is to be obſerved, that in writing the Denominator, it will 
be convenient to expreſs it by way of product, diſtinguiſhing the 
ſeveral multiplicators whereof it is compounded; thus in the pre- 
ceding caſe the Probability requir'd will be beſt expreſs'd as follows; 


Aag 


If the preceding fraction be conceiv'd as the product of the three 


fractions AA = f * 4&7 > Whereof the firſt expreſſes the 


Probability of throwing a white face with the firſt Die ; the ſecond 


the Probability of throwing a white face with the ſecond Die, and 
the third the Probability of throwing a white face with the third 
Die; then will again appear the truth of what has been demonſtra- 
ted in the 8th Art. and its Corollary, vis. that the Probability of 
the happening of ſeveral Events independent, is the product of all 
the. particular Probabilities whereby each particular Event may be 
produc'd ; for altho' the caſe here deſeribd be confin'd to three 
_ it is plain that the Rule extends itſelf ta any number of 

them. | 
Let us reſume the caſe of two Dice, wherein we did ſuppoſe that 
the number of white faces upon one Die was expreſs d by A, and 
the number of black faces by B, and alſo that the number of White 
faces upon the other was expreſs'd by a, and the number of black 
faces by 5, which gave us all the variations Ag ＋ Ab + aB -+ Bb, 
and 
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and let us imagine that the number of the white and black faces is 
reſpectively the ſame, upon both Dice: wherefore A a, and B, 
and conſequently inſtead. of Aa + Ab + B + B, we ſhall have 


aa + ab + ab + 66, or aa + 246 + bb; but in the firſt caſe Ah 


+ 4B did expreſs the number of variations whereby. a white face and 
a black one might be thrown, and therefore 20h which is now ſub- 
ſtituted in the room of Ab + @B does expreſs the number of varia- 
tions, whereby with two Dice of the ſame reſpective number of 
white and black faces, a white face and a black one may he thrown.. 

In the ſame manner, if we reſume the general caſe of three Dice, 
and examine the number of variations whereby two white faces and 
a black one may be thrown, it will eaſily be perceiv'd that if the 
number of white and black faces upon each Die were reſpectively 
the ſame, then the three parts Aba + Baz + AB will be changed 
into aba -+ baa + aab, or zaab, and that therefore 3aab which is 
one term of the Binomial @ 4+ 6 raiſed. to its Cube, will expreſs the 
number of variations | whereby three Dice of the ſame kind would 
exhibit two white faces and a black one. | 


— — N 


15. From the preceding conſiderations, this general Rule may be 


laid down, vis. that if there be any number of Dice of the fame 


kind, all diſtinguiſhed into white and black faces, that be the num- 
ber of thoſe Dice, a and 6 the reſpective numbers of white and 
black faces upon each Die, and that the Binomial @ ＋ & be raiſed to 
the power u; then 1*, the firſt term of that power will expreſs the 
number of Chances whereby 2: white faces may be thrown ; 2, that 
the ſecond term will expreſs the number of Chances whereby z — 1 
white faces and 1 black face may be thrown ; 39, that the third 
term will expreſs the number of Chances whereby 7 — 2 white 


faces and 2 black ones may be thrown ; and ſo on for the reſt of 


the terms. 
Thus, for inſtance, if the Binomial @-+ + be rais'd to its 6" 
power, which is 4 + 64% + 154 + 204*63 + 15a*b+ + babs 
-+ &; the firſt term 4“ will expreſs the number of Chances for 
throwing 6 white faces; the ſecond term 64˙ will expreſs the num- 
ber of Chances for throwing 5-white and 1 black; the third term 
154a+6* will expreſs the number of Chances for throwing 4 white 
and 2 black; the fourth 204543 will expreſs the number of Chances 
for throwing 3 white and 3 black; the fifth 154*5+ will expreſs 
the number of Chances for throwing 2 white and 4 black; the 


| ſixth 6445 will expreſs the number of Chances for 2 white and 


black; laſtly, the ſeventh 45 will expreſs the number of Chances 


for 6 black, a 
| And 
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And therefore having, rais'd the Binomial a +6 to any Prev 
power, we may by bare inſpection determine the propriety of any 
one term belonging to that power, by only obſerving the Indices 
wherewith the quantities a and & are affected in that term, ſince the 
5 ectivo numbers of white and black faces are repreſented by thoſe 
ndices. 1 | 
Ihe better to compare the conſequences that may be derived from 
the conſideration of the Binomial a+ & rais'd to a power given, 
with the method of Solution that had been explain'd before; let us 
reſume ſome of the preceding queſtions, and ſee how the Binomial 
can be apply'd to them. 1 | 
ea. therefore that the Probability of throwing an Ace in four 
throws with a common Die of fix faces be demanded. 
In order to anſwer this, it muſt be conſider'd that the throwing 
of one Die four times ſucceſſively, is the ſame thing as throwing 
four Dice at once; for whether the ſame Die is us'd four times ſuc- 
ceſſively, or whether a different Die is us'd in each throw, the Chance 
remains the ſame ; and whether there is a long or ſhort interval be- 
tween the throwing of each of theſe four different Dice, the Chance 
remains ſtill the ſame; and therefore if four Dice are thrown at 
once, the Chance of throwing an Ace will be the fame as that of 
throwing it with one and the fame Die in four ſucceſſive throws. 
This being premis'd, we may transfer the notion that had been 
introduc'd concerning white and black faces, in the Dice, to the 
throwing or miſſing of any point or points upon thoſe Dice; and 
therefore in the preſent caſe of throwing an Ace with four Dice, we 
my ſuppoſe that the Ace in each Die anſwer to one white face, 
and the reſt of the points to five black faces, that is, - we may ſup- 
poſe that a==1, and S ;; and therefore, having rais'd a-+ 4 
to its fourth power, which is a4 ＋ 44 + 6a%b* + 44 + 7, 
every one of the terms wherein à is perceiv'd will be a part of the 
number of Chances whereby an Ace may. be thrown. Now there 
ate four of thoſe parts into which 2 enters, vi. a+ + 44% + 64 
＋ 4463, and therefore having made a= 1, and þ—= 5, we ſhall 
have 1 +20 150+ 500 == 671 to expreſs the number of Chances 
whereby an Ace may be thrown with four Dice, or an Ace thrown 
in four ſucceſſive throws of one fingle Die: but the number of all 
the Chances is the fourth power of 3 ＋ , that is the fourth power 


of 6, which is 1296 ; and therefore the Probability required' is mea- 
fur'd by the. fraction _ , Which is conformable to the reſolution 
given in the 34 caſe of the queſtions belonging to the 10th Art, 


It 
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It is to be obſerv'd, that the Solution would have been ſhorter, if 
- inſtead of inquiring at firſt into the Probability of throwing an Ace 
in four throws, the Probability of its contrary, that is the Proba- 
bility of miſſing the Ace four times ſucceſſively, had been inquired 
into; for ſince this caſe is exactly the ſame as that of miſſing all 
the Aces with four Dice, and that the laſt term 4+ of the Binomial 
a +6 rais'd to its fourth power expreſſes the number of Chances 
whereby the Ace may fail in every one of the Dice ; it follows, that 
the Probability of that failing is — =, and therefore 
the Probability of net failing, -that is of throwing an Ace in four 
throws, is 1 — 2 = IDS, ne, DO "Ne 


LR s 
From hence it follows, that let the. 56 of Dice be what it 
will, ſuppoſe u, then the laſt term of the power ZE, that is 
4, wall always repreſent the number of Chances whereby the Ace 
may fail ꝝ times, whether the throws be conſidered as ſucceſſive or 


cotemporary.: Wherefore - is the Probability of that failing, 
e | a +8\* | 
and conſequently the Probability of throwing 'an Ace in a number 


of throws expreſs'd by u, will be 1— r 2.— ; 


| N AN a ＋ 5 
Again, ſuppoſe it be requir'd to aſſign the Probability of throw- 
ing with one ſingle Die two Aces in four throws, or of throwing 
at once two Aces with four Dice: the queſtion will be anſwer d by 
help of the Binomial @ -+ 6 rais'd to its fourth power, which being 
a* + 44% + 6a*b* + 4463 + 64, the three terms a4 + 44*b + 64** 
wherein the Indices of à equal or exceed the number of times that 


the Ace is to be thrown, will denote the number of Chances where- 
by two Aces may be thrown; wherefore having interpreted @ by 1, 


and 6 by 5, the three terms above-written will become 1-+ 20 +150 


==171, but the whole number of Chances, viz. a Y is in this caſe 
== 1296, and therefore the Probability of throwing two Aces in four 


throws will be meaſur'd by the fraction —— 


1296 * | 

But if we chuſe to take at firſt the Probability of the contrary, 
*tis plain that out of the five terms that the fourth power of @ -+ 6 
conſiſts of, the two terms 4.465 + 644; in the firſt of which à enters but 
once, and inthe ſecond of which it enters not, will expreſs the number 
of Chances that are contrary to the throwing of two Aces, which 
number of Chances will be found equal to 500 + 625 — 1125. 
And therefore the Probability of not throwing two Aces La Ear 
| | throws 


* A 
. ** 


ber of throws denominated by , will be nab"—" -+ &*, as is 


* 
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throws will be 225.1, from whence may be deduced the Proba- 


12 ; 


bility of doing it, which therefore will be 1— h == 2H 


W de 23 gs ts | 2:24; + 15: 3890 
= 75 a8 it was found in the preceding paragraph; and this 


agrees with the Solution of the ſixth caſe to be ſeen in the roth 
Univerſally, the laſt term of any power a being 4", and 


the laſt but one being 7a”, in neither of which 4“ enters, it fol- 


lows that the two laſt terms of that power expreſs the number of 
.Chances that are contrary to the throwing of two Aces, in 1 Hiram 
nown, 

it follows that the Probability of throwing two Aces will be 1 — 
2 — bb” 8 T= nab” — | ö 
And likewiſe, in the three laſt terms of the HO 2 PCI, 21 
one of the Indices of à will be leſs than 3, and conſequently thoſe 
three laſt terms will ſhew the number of Chances that are contrary 
to the throwing of an Ace three times in any number of Trials de- 


nominated by u, and the ſame Rule will hold perpetually. 


And thoſe concluſions are in the ſame manner applicable to the 
happening or failing of any other ſort of Event in any number of 


times, the Chances for happening and failing in any particular Trial 


being reſpectively repreſented by @ and 5. 
16. Wherefore we may lay down this general Maxim, that ſup- 
poſing two Adverſaries A and B contending about the happening of 


an Event, whereof A lays a wager that the Event will happen / times 


in 7 Trials, and B lays to the contrary, and that the number of 
Chances whereby the Event may happen in any one Trial are a, and 


the number of Chances whereby it may fail are 6, then ſo many of the 


laſt terms of the power a expanded, as are repreſented by /, 
will ſhew the number of Chances whereby B may win his wager. 

Again, B laying a wager that 4 will not win / times, does the 
fame thing in effect as if he laid that A will not win above /— 1 
times; but the number of winnings and lofings between A and B 
is n by hypotheſis, they having been ſuppoſed to play 7 times, and 
therefore ſubtracting /— 1 from , the remainder z—/—+ 1 will 
ſhew that B himſelf undertakes to win 2 —/ + 1 times; let this re- 
mainder be call'd p, then it will be evident that in the ſame man- 


ner as that the laſt terms of the power a-+#! expanded; viz. 
6 b* 


'\ 


=. # 
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bs + nab" + bi, &. the number whereof is , de 


expreſs the r. dl PP: Changes Wheroby B may be a winner, {a the 
| firſt terms 0 ＋ 116 A Tu &c. the number where- 
of is p, do 4801 the number of Fan e 4 may be = 
winner, aq, i 

17. 4 and B being at play. reſpectively want a certain idle 
of Games / and þ of being up, and that the reſpective Chances they 
have for winning any one particular Game be in the proportion of 

@ to 4; then raifing the Binomial 2 ＋ & to a power whoſe Index 

fall: he'd ok ee . the number of Chances they may re- 
ſpectively win the Set, will be in the ſame proportion as the Sum of 
ſo many of the firſt terms as are ex ell by 7, to the Sum of ſo 
many of the laſt terms as are expreſſed by I. 

That will eaſily be perceiv d to follow from what was ſaid in the 
preceding Age + For FI £ and uf reſp Qively, undertook to win 
2 2 and 5 1 N. have prov'd that if z. was the number 

of Games to : Ba between them, then . was. neceſſarily equal 
to n 1 1, an e [+ p==n+17, and n==1 + p— I, 
and nay the power to which a +6 is to be _rais'd il be 


1+ 

SA: ſuppoſing n that 4 wants 3 Games of being up, and B 7, and 
that their 1 Jo of Chances for winning any one Game are re- 
ſpectively as 3 to 55 and that it were requix d to aſſign the proportion 
of Chances whereby they may win the Set; then making 1 = 3, 
P . 45=3> JEST and railing. 2 ＋ 4. to the power denoted by 
1+ p— 1, that is in this caſe to the gt power, the Sum of the firſt 
ſeven terms will be to the Sum of the three laſk, in the proportion 
of the reſpective Chances whereby they may win the Set. 

Now it will be ſufficient in this caſe to take the Sum of the three 
laſt. terms; for ſince that Sum expreſſes the number of Chances 
whereby B may win the Set, then it being divided by the gh power 
of a+ b, the quotient will exhibit the Probability of his winning ; 
and this Probability being ſubtracted from Unity, the remainder will 
- expreſs the Probability of A, winning: but the three laſt terms of 
the Binomial 4 + 6 raiſed to its gth power are b + gabe + 3G, 
which being converted into numbers make the Sum 37812.500, and 
the g power of a+6 is 1342 17728, and therefore the Probability 


of B* winning will be expreſsd by the fraction — === 
9453125 


TT ; let this be ſubtracted from Unity, then the remainder 


24101207 
33554432 
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= will expreſs the Probability of AH. winning; and therefore 
335 5 S , o . 
the dds of A. being up before B, are in the proportion of 24101307 
to 9453125, or very near as 23 to 9, Which agrees with the Soha. 
tion of the re Caſe included in the io Article. "a 

In order to compleat the compariſon between the two Methods 
of Solution which have been hitherto explained, it will not be im- 
proper to propoſe one cafe, more., ,', | Phat en 
_. Suppoſe therefore it be required to aſſign the Probability of throw- 
ing one Ace and no more, with four Dice thrown at once. 4 

Ir is vifible that if from the number of Chances whereby one 
Ace or more may be thrown, be ſubtracted the number of Chances. 
whereby two Aces or more may be thrown, there will remain the 
number of Chances for throwing one Ace and no more; and there- 
fore having rais'd the Binomial @+ 5 to its fourth power, which is 
8+ + 44%6'+ 64*%5* ++ 426% + % it will plainly be ſeen that the four 
firſt terms expreſs the number of Chances for throwing one Ace or 
more, and that the three firſt terms expreſs. the number of Chances 
for throwittg two Aces or more; from - whence it follows that the 
fingle term gab does alone expreſs the number of Chances for throw-- 
ing one Ace and no more, and therefote the Probability required 

which agrees with the Solution 

24 a | 1296 3 
of the y Caſe given in the 10th Article. h 

This Concluſion might alfo have been obtained another way; for 
applying what has been ſaid in general concerning the propriety of 
any one term of the Binomial a ＋- 3 rais'd to a power given, it will 
thereby appear that the term 4ab wherein the indices of @ and þ 
are reſpectively 1 and 3, will denote the number of Chances whereby 
of two contending; parties A and B, the firſt may win once, and the 
ather three times. Now A who undertakes that he ſhall win once 
and no more, does properly undertake that his own Chance ſhall 
come up once, and his adverſary's three times; and therefore the 
term 4463 exprefſes the number of Chances for throwing one Ace 
and no more, | 

In the like manner, if it. be requir'd to affign the Chances for 
throwing a certain number of Aces, and it be farther required that 
there ſhall not be above that number, then one fingle term of the 
power a -A will always anſwer the queſtion. 

But to find that term as expeditionſly as poſſible, ſuppoſe n to 
be the number of Dice, and / the. preciſe number of Aces to be 


thrown, then if. 7 be leſs than n, write as many terms of the 
| E. 2: Series. 
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Series — . Acc? I ÞS Dri OY ==; &c. as there are Units in 7; 0 


1 


wt 


— 
4 4 


= 


en 101 5 3 14 8 7 IF : | 1818 
or if be greater than An, write as many of them as there are 


Unie in -n— 1; then let all thoſe terms be multiply d together, 


and the product be again multiply d by 2: and this laſt product 


will exhibit the term expreſſing the number of Chances required. 

Thus if it be requir'd to aſſign the number of Chances for throw- 
ing preciſely three Aces, with ten Dice z here / will be == 3, and 
n=10. Now becauſe / is leſs than , then let ſo many terms 
be taken of the Series , — Ch , — » &c, as there are Units 
in 3, which terms in this particular caſe will 'be — =, = ; 
Jet thoſe terms be multiply'd together, the product will be 120; 
let this product be again multiply'd by 4”, that is (4 being = 1, 
 b=—=9, I==3, n== 10) by 6042969, and the new product will 
be 725156280, which conſequently exhibits the number of Chances 
required, Now this being divided by the 1oth power of a+ 6, that 
is, in this caſe, by r0000600000, the quotient 0.072 5156280 will 


* expreſs the Probability of throwing preciſely three Aces with ten Dice; 


and this being ſubtracted from Unity, the remainder 0.927484 3720 
will expreſs the Probability of the contrary ; and therefore the Odds 
_ againſt throwing three Aces preciſely with ten Dice are 9274843720, 
to 725156280, or nearly as 64 to 5. 
Altho we have ſhewn above how to determine univerſally the 
Odds of winning, when two Adverſaries being at play, reſpectively 
want certain number of Games of being up, and that they have any 
given proportion of Chances for winning any ſingle Game; yet 1 
"= ought it not improper here to annex a ſmall Table, ſhewing 
thoſe Odds, when the number of Games wanting, does not exceed fix, 
and that the Skill of the Contenders is equal, | 


| | Games dds of {| Games Odds of | Games dds of | | 
© » [wanting, winning. wanting, winning. wanting. winning. 

1, 32 8 2 35 een , * 

11, 3--=- 7, 12, 4 - 26, 6 

1h $2, =, (((( 

> Be. 8 3, is 146, 8 
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Before I make an end of this Introduction, it will not be impro- 
per to ſhew how ſome operations may often be contracted by barely 


| Introducing one ſingle Letter, inſtead of two or three, to denote 
| the Probability of the happening of one Event. | 


18, Let therefore xx denote the Probability of one Event ; „5 


the Probability of a ſecond Event; z, the Probability of the hap- 


pening of a third Event ; then it will follow, from what has been 
faid in the beginning of this Introduction, that 1—x, 1 — y, 
I — will repreſent the reſpective Probabilities of their failing. 
This being laid down, it will be eaſy to anfwer the Queſtions of 
Chance that may ariſe concerning thoſe Events. | 
1. Let it be demanded, what is the Probability of the happen- 
ing of them all; it is plain by what has been demonſtrated before, 
that the-anſwer will be denoted by xyz. a "WY 
29, If it be inquired, what Mu be the Probability of their all 
failing; the anſwer will be 1x 1 —y x 1 , which being 
expanded by the Rulewof Milltiplitation wouldibe 1 — x — y — = 
+ NY + x3 + 9$ — = but the firſt erpreſſion is more eaſily 
adapted to Numbers 7 
35%. Let CO TS : ability of ſome one of 
re. 


* Xx. 


= 
o \ 


cally. ; thus, X 1, or ps, for the ſame reaſon the 
Probability of the happening ot the firſt and third, and the failing of the 
ſecond, will be xzx 1—y or xy — xyz; and for the ſame reaſon 
again, the Probability of the happening of the ſecond and third 
and the failing of the firſt, will be yz x 1 — x, or yz —xys. And 
the Sum of thoſe three Probabilities, v/z. xy + x& + = — Jxys 
will expreſs the Probability of the happening of any two of them, 
but of no more than two. 5 6 
5. If it be demanded what is the Probability of the happening 


of the firſt, to the excluſion of the other two, the anſwer will be 


XXI—Y * I—S, or Xx —x) — x2 + x; and in the fame man- 
ner, the Probability of the happening of the ſecond to the exclu- 
fion of the other two, will be y — xy — yz + q; and again, 
the Probability of the happening of the third, to the excluſion of 2 

| Other 
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ether two, will be & — x& = ＋ x92, and the Sum of all theſe; 

Probabilities together, vg. x TVA 2x9 - 2 — 298 + g 
Will expreſs. the Probability of the happening of any one of them, 
and of the failing of the other two; and innumetable caſes of the 
fame nature, belonging to atiy number of Events, may be folved 
without any manner of trouble to the imagination, by the mete- 
force of a proper Notation. | 
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Sohitiqns of vera forts of Problen ms, dodiced 
fre om the Rules laid down. in the Introduction. 
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P R O B 5 E M 3 
Tf A and B play with fogle, Bowls, and ſuch be the Skill 
of A that he knows þ by Experience he can give B two 


Games out of three 5;.. 3 is the proportion of their 
Aill, or what * * da, las * N get any one 
Game en, 


8 


Dee 


E T the proportion of Odds be as to. 13 nge Aug A can 
give B 2 Games out of 7 A theref ore may upon an equa- 
ity. of Play undertake to. win 3 Games toge er but the 


1 probability of his winning the firſt time is - 77 , and by 
the 8 Article of the r the provapility of his winning 


* 
three times together is 5 * 4 2 or — but be- 
cauſe A and B are ſuppoſed to play upon equal terms, then the pro- 


bability which. A has of winning three times together ought to be 
expreſs d by — ; we have therefore the Equation — — 


TT FH 


or 2 => r 3, and extracting the cube-root on both ſides, 
2/2 = 2 +1; wherefore S= = and a the 


Odds that A may get any one Game aſſign'd are as —— to 1, 


__ 
or as 1 to /2—1, that is in this caſe as 50 to 13 very near, 


COROLLARY. 


By the ſame proceſs of inveſtigation as that which has been us'd 
in this Problem, it will be found that if A can, upon an equality 


Fg - Th Doers INE of - Crances. 


of = undertake to win 22 times together, then he: may zuliiy wy 


L ons of ds Freely av hs wins any OR NS: 


# 


N 
* 


out of 3; 


* * * „ 
3 
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If A can withou: advantage or — give B x 

Game out of 3; what are the Odds that A ſpall take 

. any one Game aſign d? Or in other terms, what is the 

Proportion of the Chances they reſpetivel ty bave of win- 

ning any one Game afrign d or 5 is the propor- 
tion 4 their * 9 | 


| SOLU T FON. | 

Let the proportion be as E to 1; now fince A can ive B 1 Game 
groves A. can upon an equality of Play undertake to'win 

3 Games before B gets 2 : now it appears, by the 17% Art. of the 


Introduction, that in this caſe the Binomial 2 + 1, ought to be 


raiſed to its fourth power which will be 8-42 G + 42 +1, 


and that the 55 ctation of the firſt will be to the Expectation of 


the ſecond, as the two firſt terms to the three laſt, but theſe Ex- 


pectations are Wha by hypotheſis, therefore &. + 4 = 6z2 + 


48 -+ 1: which Equation being ſolved, S will be found to be 1.6 


very near ; wherefore the proportion e will be as 1 6 to 1, 


or 8 to 5. 


happening or failing, and therefore 


PROBLEM 1 


To find in how many Trials an Event will probatl ply happen, 
or how many Trials will be neceſſary to make it indiffe- 
rent to lay on its Happening or Pailing ; ſappoſing that 


a is the number of Chances for its happening in any one 


Trial, and b the number of Chances for its failing. 


SOLUTION. 


Let x be the number of Trials; then by the 16th Art. of the 
introd. b will repreſent the number of Chances for the Event to fail 


x times ſucceſſively, and a the whole number of Chances for 


a r* 


lity of the Event's failing x times together, but by ſuppoſition 


1 | that 


— 
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repreſents the probabi- 
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that Probability is equal to the probability of its happening once at 
| leaſt in that Aua, of Trials 2 either of thoſe two Pro- 
babilities may be expreſſed by the fraction , we have therefore 
the Equation ——— or NN . from whence is 
deduced the Equation x log. 4 == x log. 6 log. 2, and therefore 

Moreover, let us reaſſume the Equation a-+6\* = 26x, where- 
in let us ſuppoſe that 3, 5 :: 1, g, hence the faid Equation will 
be changed into this 14 — "==2. Orxxlog.1+ _ ==log.2. 
in this Equation, if 4 be equal to 1, x will likewiſe be equal to 1, 
but if 9g differs from Unity, let us in the room of log, 14 _ 


write its value expreſſed in a Series 3 VIZ. 5 i 
I . 1 I I mn . 
77 --ay ＋ Ir . &c. 

We have therefore the Equation = — —, &c. log. 2. Let 


| | 2 

us now ſuppoſe that q is infinite, or pretty large in reſpe& to Unity, 
and then the firſt term of the Series will be ſufficient, we ſhall 
therefore have the Equation —' == log. 2, or x = log. 23 but 
it is to be obſerved in this place that the Hyperbolic, not the Ta- 
bular Logarithm of 2, ought to be taken, which being 0.693, &c. 
or 0.7 nearly, it follows that x == 0.794 nearly. | 


Thus we have aflign'd the very narrow limits within which the 
ratio of x to q is comprehended ; for it begins with unity, and ter- 
minates at laſt in the ratio of 7 to 10 very near, 

But x ſoon converges to the limit 0.79, fo that this value of x 
may be aſſumed in all caſes, let the value of 4 be what it will. 

Some uſes of this Problem will appear by the following Examples. 


EXAMPLE 1. 


Let it be propoſed to find in how many throws one may undertake 
with an equality of Chance, to throw two Aces with ta Dice. 


The number of Chances upon two Dice being 36, out of which 
there 1s but one Chance for two Aces, it follows that the number of 
Chances againſt it is 35; walter therefore 35 by 0.7, and the 


g product 


& 
— — 


Z TTT 
-A * * "= 
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product 24.5 will ſhew that the number of is ee $0. that 
effect will be between 24 and az. 


FETAM PEI E K. N 


To fo in 2 mam throws of three Dice, ene may undertake 
To throw three £8, <5; 


The number of all the Chances upon _ Dice being 2 16, out 
of which there is but one Chance for 3 Aces, and 215 againſt it, 
it follows that 215 ought to be muliiply'd.. by, 2 d being 
done, the product 150.5 will ſhew that the number of t 
e ta chat elfect will be 1 50, or — near ie. * 


OG EXAMPLE. $os. y ' | 

In a Lottery whereof the number of blanks is 1 the 3 of þ riʒes 
as 39 to 1, (fuch as was the Lottery in 1720) to find "4s many 
Tickets one muſt fake to make it an "ya f Chance for one or more 
Prizes. | ö 


— — 


Multipl 39 — and the COP 27.3 will ſhew - a the num- 
ber of Ti 


te to that effect will be 27 or 28 at moſt, 
Likewiſe in in p Lodo whereof the number of Blanks is to the 
number of Prizes as 5 to 1, multiply 5 by o. 7, and the product 


Tickets for one or more Prizes, . but leſs than an SIT. in three. 


* 


Ri 

In a Lotte ＋ whereof the Blanks. are to the Prizes as 39 to 1, if 
the number of Tickets in all were but 40, the proportion above- 
-mentioned would be alter'd, for 20 720 —_ be a ſufficient 
number for the juſt Expectation of the ſingle Prize; it being evi- 
dent that the Prize may be as well among the Tickets which are taken, 
as among t thoſe that are left behind. 

Again, if the number of Tickets in all were oo. il preſerving 


the proportion of 39 Blanks to one Prize, and conſequently 3 8 


poſing 78 Blanks to 2 Prizes, this proportion would ftill be alter 
for by the Doctrine of Combinations, whereof we are to treat after- 
wards, it will appear that the Probability of taking one Prize or 


both in 20 Tickets would be but 15 „and the Probability of ta- 
king r none would — 6 ; wherefore , Odds aint taking any 


ILEF 


* And 


i 
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.5 will ſhew that there is more than an equality of Chance in 4 
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And by the ſame Doctrine of Combinations, it will be found that 
23 Tickets would not be quite ſufficient for the Expectation of a 

rize in this Lottery; but that 24 would rather be too many : fo 
that one might with advantage lay an even Wager of taking a Prize 
in 22 Ticker Wo Ban 6 Pente N inn | 

' If the proportion of 39 to 1 be.oftner repeated, the number of 
Tickets requiſite for the equal Chance of a Prize, will ſtill increaſe 
with that repetition; yet let the proportion of 39 to 1 be repeated 
never ſo many times, nay an infinite number of times, the number of 
Tickets requĩſite for the equal Chance of a Prize would never exceed 


Z of 39, that is about 27 or 28. 
| Wherefore if the proportion of the Blanks to the Prizes is often 
repeated, as it uſually is in Lotteries ; the number of Tickets re- 
quiſite for a Prize will always be found by taking = of the pro- 
rtion. of the Blanks to the Prizes. 2 | 
Now in order to have a greater variety of Examples to try this 
Rule by, I have thought fit here to annex a Lemma by me pub- 
liſhed for the firſt time in the year 1711, and of which the in- 
veſtigation for particular reaſons was defer'd till J gave it in. my 
MikeBanes. Anahytice anno 1731. 1 


LIE MMA. 3 £4 
To find how many Chances there are upon any number of Dice, 
each of them of the ſame number of Faces, to throw any given 
number of pointtte. | 
© *  __ SOLUTION. | 
Let p-+ 1 be the number of points given, » the number of Dice, 
F the number of Faces in each Die: want eg 75 9g —f==r, 


7 — f==s, rt, &c. and the number of Chances required will be 
vice” EC" | | * 

+ — 232 „ &c. 
7 — 1 7 — 2 n 

_— * > * ; , &c » 7” 

+= „„ * AV 2, 
2 $—1 5 —2 ” n—1 1 — 2 

1 — * 7 * » &c Wer 2 7 * 3 
—+ &c. 


Which Series's ought to be continued till ſome of the Factors in 
each product become either o, or negative. 


F 2 | | N. B. 


ol — 
* 
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= , ns — 
r = Ep == 
. pu V | 
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1 — „c. 
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— — - SEO = br LOSE — - - _ 
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N. B. So many Taue us e de unn in tech of the products 
- HIS, Kc. as there ate 


3 


Thus for Example, let it be a to find how many 3 | 


there are for throwing 16 Points with four Dice, then making p + 1 
== 16 we have p== 15, from whence Lg PTE OR: 


quired will be found to be | 
+ Exe | +455 

—2 x n+ ng  ==—- 336 - „ DIY 
+= x — A x = x => 2+ 6 


But 455 — - 336 + 6==125, and therefore one hundred and twenty- 
five is the number- of Chances _— 5 
Again, let it be required to 
throwing ſeven me W Points with fix Dice; the operation 
will 16 


23 22 5 | 
= bd LLE © 2 16 8 6 : | 
— * 3 4 X 5 5 3 — 93024 
1 12 11 . 
C T, © goo 
„2 gn 4 8.94 4 
— — — — — 9 — — 
g * * ; x — 4 X 5 X X 3 — 1120 


Wherefore 65780 — 93024 + 30030 1120 = : 1666 is the num- 
ber of Chances required. 

39. Let it be farther required to afli ign the number of Chances 
for throwing fifteen Points with fix Dice. | 


I I 12 11 | | 
-+ _ ra ut rw 7 * == ＋ 2002 
—_ X 2 X 3 * 4 +6 La 3 336 


But 2002 — 336 = 1666 which is the number required. 


| CoroLLary. 


All the points equally diſtant from the Extremes, that is hand 
the leaſt and greateſt number of Points that are upon the Dice, 


have the fame number of Chances by which they may be produ- 


ced ; wherefore if the number of — given be nearer to the 
greater Extreme than to the len let the number of points given 
| be 


the number of Chances for 
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be ſubtracted from the Sum of the Extremes, and work with the 
remainder, and the Operation will be ſhortened. 


- ” * 


Thus if it be required to find the number of Chances for throw- 
ing 27 Points with 6 Dice: let 27 be ſubtracted from 42, Sum of 
the Extremes 6 and 36, and the remainder being 15, it may be 
concluded that the number of Chances for throwing 27 Points is 
the fame as for throwing 15 Points. © * 

Although, as I have faid before, the Demonſtration of this Lemma 
may be had from my Miſcellanea; yet I have thought fit, at the 
deſire of ſome Friends, to transfer it to this place. ah 


_ 


o —  DzMoNSTRATION. 
19, Let us imagine a Die ſo conſtituted as that there ſhall be u 

it a certain number of Faces, all marked 1 ; and let the number of 
thoſe Faces be denominated by 7; 29, let us imagine that there are 
as many Faces marked 11, as are denominated by rr; 3. let us 
imagine that there are as an marked 111, as are denominated 
by , and ſo on; which being done, the geometrie Progreſſion 
I+r-+r+ +: r, &c. continued to 
ſo many Terms as there are different Denominations in the Die, ſo 
that this Progreſſion may repreſent all the Chances of one Die: 
this being ſuppoſed, it is very plain that in order to have all the 
Chances of two Dice this Progreſſion ought to be raiſed to its Square, 
and that to have all the Chances of three Dice, the ſame Progreſ- 
ſion ought to be raiſed to its Cube; and univerſally, that if the num- 
ber of Dice be expreſſed by u, that Progreſſion ought accordingly 
to be raiſed to the Power n: Now ſuppoſe the number of Faces in 


each Die to be f; then the Sum of that Progreſſion will be — 


and conſequently all the Chances that can happen . 1 Dice, 
will be expreſſed by ſome Term of the Series that will reſult from 


the Fraction ——— raiſed to the power u; but as the leaſt num. 


ber of Points, that can be thrown with „ Dice, is 7» Units, and 
the next greater 1 ＋ 1, and the next 2+ 2, &c. it is plain that 
the firſt Term of the Series will repreſent the number of Chances 
for throwing u Points, and that the ſecond Term of the Series will 
repreſent the number of Chances for throwing » + 1 Points, and 
ſo on. And that therefore if the number of Points to be thrown be 
expreſſed by p + 1, it will be but aſſigning that Term in the Series 
of which the diſtance from the firſt ſhall be expreſſed by p + 1— 7. 


— — — 
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. 
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3 = x 
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* the Series hiche in to reſult from the raiſing. of che Frachon 
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| | Vir 45 41 : 3 $4.91 35,68 
Whetefore, if theſe two Series be. drliedpogethes. all the Terms 
of the Product will ſev anſwer the ſeveral numbers of Chandes 
that ate upor'\a:Diveovit t rH man en mort bad of ya 


And therefore if the number of Points to be thrown be e | 
by p ＋ 1, it is but collecting all the Terms which are affected by 
the Power i, and the Sum of thoſe Terms will anſwer 
the — propoſcd. 53 v1 i n 77 

But in order to find readily all the Terms which are affected by 
the Power , let us fir for ſhortneſ fake, --; 
now let us ſuppoſe farther 1 1 25 is that Term, in the” firſt Series, ; 
of which' the diſtance from its firſt Term is 75 let alſo P be 
that Term, in the firſt Series, of which the diſtance from its firſt 
Term is JUN % and likewiſe that C- is that Term, in the firſt 
Series, of which the diſtance from its firſt Term is denoted by 7— 2 
and ſo on, making perpetually a regreſs towards the firſt Term. This 
being laid down, let us write all thoſe Terms in order, chus att! 


Es. + Dr +. Cri># B 7 &c. 


and write underneath 6 Terms of the ſecond Series in their natu- 
ral order. Thus 


E De C BA, 3 one | * 
1 — 1 + * + x. e "hs 


0 


then multiplying each Term of the firſt Series by Ooh correſpon- 
ding Term of the Rnd. all the Terms of the product, viz. 


Er! — Dr.-. 7 x = C x Et x = Br), &. 


will be affected with the me power 1. 4 
— the Coefficient E containing ſo many Sachers = * EE * 


, &c. as there are Units in J; it is plain, that when = De- 


on of thoſe factors are continued beyond a certain number 
of them, denominated by n — 1, then that the following Denomi- 
nators will be n, 2-1, 2, &c. which being the fame: as the 
firſt Terms of the Numerators, it follows that if from the value of 
che Coefficient E be rejected thoſe Numerators and Denominators 


which 
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which are equal, there will remain, out of the Numerators written 

in an invetted 5975 the 7997 n+l—1, n+1—2, n+ 1— 3, 
&c. of which th the laſt will be + 15 and that, out of the Denomi- 

nators written in their natural order. there will remain A We 

5. &. of which the laſt will be n — 1, all which things de 

— — on the nature of an Arithmetic Progreſſion. Wherefore che 
rſt Term 


Erl is == E 4 5 * 4 Ae 
1 | 2 f 3 2—1 

Now in the room of /, ſubſtitute its value +1 1 — , then Er! == 

Z. „ 2 , &c. x N, 11 in the ſame manner will the 

ſecond Term 

e be = £L, — x === &c. * , and alſo 


N 22. i 2 
that the third Term OS Oe | 


1 — e will U bebe 2 = FE EE Kc. 


Fo 
rl, ll Fg Der. 
1 925 = :, &c. then you _ have the very Rule we have given 
in our Lemma. 
Nov to add one Example more to our third Problem, let it be 
required to find in how many throws of 6 Dice one may undertake 
to throw 1 Points precidfly. 1 i. , wo 
The nutaber of Chances for throwing. I P Points being 1666, and 
the whole number of Chances upon 6 Dice being 46656, it fol- 
lows that the number of Chances for failing is 44960 ; wheretore 
Gy 44960 by 1666, and the quotient being 2 nearly, multi- 
p 47 27 by 0.7, and the product 18.9 will ſhew that the number 
throws requiſite to that effect will be very near 19. 


PROBLEM IV. 
7 find how many Trials are neceſſary to make it probable 
' that an Event will happen twice, Juppoſing that a is the 


number of Chances for its happening in any one Trial, 


and b the number of Chances for its failing 


ger dd 
Let x be the number of Trials: then from what has been demon- 
ſtrated in the 16th Arti of the Inirod. it follows that 6 he . 
the 
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the number of Chances whereby the Event may fall, a+ N. # com. 
chending the whole number of Chances whereby it may. 8 
happen ab fail, and conſequently the Probability of its ailing is 


I! 


. , bur by Hypotheſis the Probabllitie 6f appening aud 


N 
—1 

failin Fay have therefore Fu fon Lee” 

al = are equal, we Equation week 


"44 4 -a0 l 


= or a eee, , raking 9, 42, 5 142 15 75 then 


1 


3 * #1 887 


3 * 7 * = ==2+, — 5 Now if 4 in this Equation | we ſuppoſe 


4 == 1, x will be — puts == 3, and if we ſuppoſe 9 infinite, and and 
alſo — == 2, we ſhall have the Equation z == log. 2 + log. 1-2, 


8 *%. + 


in which takin g the value of 2, either by Trial or otherwiſe, ,it will 
be found = 1.678 nearly; and therefore the value of x will alwaysbe 


the limits 39 and 1:6789, but x will foon'converge to the laſt of theſe 


limits; for which reaſon if g be not very ſmall, x may in all caſes 
be ſuppoſed == 1.6789 ; yet if there be 8 ſuſpicion that the value 
of & thus taken is too little, ſubſtitute this value in the original 


Equation 1-+ Pl =2 + . and, note the Error. Then if 


it be worth taking notioe of, increaſe a little the value of æ, and ſub- 
ſtitute again this new value of æ in the aforeſaid Equation; 3 and 


noting the new Error, the value of x may be ſufficiently corrected 


by applying the Rule which the Arithmeticians call ouble falſe 


Poſition, 
EXAMPLE I. 


To find 4 in —_ many throws of three Dice one may undertake to 
throw three Aces twice, 


The number of all the Chances upon three Dice being 5 out 
of which there is but 1 Chance for three Aces, and 21 againſt it; 
multiply ns by 1.678, and the product 360.7 will ſhew that the 

ows requiſite to that effect will be 360, or very near 
it. 
| EXAMPLE 2. 
To Jud i in how many throws of 6 Dice one may undertake to throw 
15 Points twice. 


—— 


The number of Chances for throwing 15 Points is 1666, the 
number of Chances for miſſing 449 let 44990 be ar, by 
1666, 
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1666, the Quotient will be 27 very near: wherefore the propor- 
tion of Chances for throwing and miſſing 1 8 Points are as 1 to 27 
reſpectively; multiply therefore 27 by 1.678, and the product 45. 3 
will ſhew that the number of Chances requiſite to that effect wi 
be 4.5 nearly. WA +25 S018 abr 
| EXAMPLE: 3 t :'.,.;* 


In a Lottery whereof the number of Blanks is to the number of Prizes 
as 39 to 1: to find how many Tickets muſt be taken to make it 
as probable that two or more benefits will be taken. as not. 


Multiply 39 by 1.6-8 and the product 65.4 will ſhew that no 
leſs than 6 5 Tickets will be requiſite to that effects 


PROBLEM v. 


To find how many Trials are neceſſary to make it probable 
that an Event will happen three, four, five, &c. times; 
ſuppoſing that a is the number of Chances for its happen- 
ing in any one Trial, and b the number of Chances for 
its failing. : 
SOLUTION. 
Let x be the number of Trials requiſite, then ſuppoſing as be- 


fore a, 5 :: 1, g, we ſhall have the Equation 14 * =2 * 
— , in the caſe of the triple Event; or 


X — 
299 


4 * * 
1 

11 * * * —1 — 3 — 
in the caſe of the quadruple Event: and the law of the continu- 
ation of theſe Equations 1s manifeſt, Now in the firſt Equation if 


q be ſuppoſed == I, then will x be == 53 if 7 be ſuppoſed infinite 
or pretty large in reſpect to Unity, then the aforeſaid Equation, 


making —= z, will be changed into this, 2 == log. 2 ＋ log. 


1+ 2+ —22; Wherein & will be found nearly = 2.675, where- 


fore x will always be between 59 and 2.67 59. : 
Likewiſe in the ſecond Equation, if q be ſuppoſed = 1, then 
will x be == 79 ; but if q be ſuppoſed infinite or pretty large in re- 
ſpect to Unity, then 2 log. 2 + log. I + Z + K —— s 3 
| | G6 OY © whence 


42 _ Doctring of Gu aca” | 
f whence & will be found nearly === 3.67 19, wherefore & will be be-- 
EI on $115 bn 88 at lan : this 


o 3&3 03 A TABLE of ther Lins... 
The Valne of x will always be gon | 


1 2 2 For a ſingle Event, between 14 and 0.6939 
= | For a double Event, betwern 35 and 1.6789 
* Wks For a triple Event, between 5% and 2.675 
For a quadruple Event; between 75% and 3.6729 
For a quintuple Event, between 99e and 467 
— Feb a {kniyls Event, berweck 5 and 5.6689 
&. ® r e Hite: af Mow Stor -n 
And if the number of Events contended for, as well as the num 
ber q be pretty large in reſpect to Unity; the number of Trials: 
barely * 7. en N12 agen ane, aa ie 
A * + REMARK. \ * | 
From what has been faid we may mg erceive ' that altho”' 
we may, with an equality of Chance, contend about the happening 
of an Event once in a certain number of Trials, yet we cannot, 
without diſadvantage, contend for its happening twice in double 
that number of Trials, or three times in triple that number, and ſo on. 
Thus, altho* it be an equal Chance, or rather more than an Equa- 
lity, that I throw two Aces with two Dice in 25 throws, yet I can-- 
not undertake that the two Aces ſhall come up twice in 50. throws, 
the number requiſite for it being 58 or 59 ; much leſs can I under- . 
take that they ſhall come up three. times in 75 throws,- the number 
requiſite for it being between 93 and 94 :.1o that the Odds againſt the 
happening of two Aces in the firſt throw being 35 to 1, I cannot un- 
| dertake that in a very great number of Trials, the happening ſhall 
be oftner than in the proportion of 1 to 363 and . 6 we may 
lay down this general Maxim, that Events at long run will not hap- 
pen oftner than in the proportion of the Chances they have to hap-- 
pen in any. one Trial; and that if we aſſign any other proportion” 
varying never ſo little from that, the Odds againſt us will: increaſe 
continually.. | Shi Ah 
To this may be objected, that from the premiſes. it would ſeem: 
to follow, that if two equal Gameſters were to play together for 
a conſiderable time, they wonld part without Gain or Loſs on either 
fdg; but the anſwer is eaſy, the longer they play the greater Pro- 
15 | bability 


* 
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bability there is of an increaſe of abſolute Gain or Loſs; but at the 
"ſame time, the greater Probability there is alſo of a decreaſe, in reſpect 
to the number af Games played. Thus if 100 Games produce à dif- 
ference of 4 in the winnings or loſings, and that 200 Games produce 

a difference of 6, there will be a greater proportion of Equality 
in the ſecond caſe than in the firſt. vt 
WIT of 5 Þ i Py eee 
Three Gameſters A, B, C play together.on this condition, 
that he ſball win the Set who has ſoonef got a certain 

number of Games; the proportion of the Chances which 
each of them has to gat any one Game aſſigned, or which 
is the Jame thing, the proportion of their kill, being re- 
Ipectively as a, b, c. Now after they have played ſome 

time, they find themſelves in this circumflance, that A 

wants 1 Game of being up, B 2 Games, and Cg Games; 
the whole Stake between them being ſuppos d 1; what 


* 


is the Expectation of each? 


WA |  SoLUTION. 
In the circumſtance the Gameſters are in, the Set will be ended 
A in 4 Games at moſt ; let therefore a + 4+ c be raiſed to the fourth 
9 power, which will be 424 + 446 * baabb + 4abs — b#* + 4430 + 
| I2aabc ＋ 4e + Gaacc + 1laabce + GC ＋ 4ac* + 12acbb + 
460 +54, ds axle; 4 
The terms a+ + 4 + 44*c + baacc + 12aabc + 12a6cc, 
wherein the dimenſions of à are equal to or greater than the number 
of Games which A wants, wherein alſo the Dimenſions of & and c 
are leſs than the number of Games which B and C reſpeQively want, 
are intirely favourable to A, and are part of the Numerator of his 
ee. | 
n the fame manner, the terms 64 + 4 + 6bbcec are intirely fa- 
vourable to B. | 8 
And likewiſe the terms 4. ＋ c+ are intirely favourable to C. 
. "The reſt of the terms are common, as favouring partly one of 
- the Gameſters, partly one or both of the other; wherefore theſe 
1 Terms are ſo to be divided into their parts, that the parts, reſpective- 
* ly favouring each Gameſter, may be added to his Expectation. 


- Poo 
42 * — 2 . 4 
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Take therefore all the terms which are common, viz. 64266, 4ahi, 
128bcc,. 4e, and divide them actually into their parts ; ; that 18, 
1 6aabb into aabb, abab, abba, baab, baba, bbaa. Out of theſe 

fix parts,. one part. only, vis: Sb will be found to favour B, for 
tis 5 in this term that two Dimenſions of 6 are placed before 
one ſingle Dimenſion of a, and therefore the other five 


4 — 
53 ES - 2 
— 2 1 = © E£R- 
9 - 


- — a. #» 4 5 
— += a> . - S —_ 
— - . —— 
— — 4 
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4 — 


belong 
to A ; let therefore . 5aabb be added to the Expectation of A, and 
raabb to the Expectation of B. 2. Divide 42, into its parts 


— 


abbb, babb, bbab, bbba; of theſe parts there. are two) belonging td 
a; and the other two to B let therefore 2443 be added to the ex- 
pectation of each. 39. Divide 12abbc into its parts; and eight of 
them will be found, and four to B; let therefore g8abbe be added 
to the Expectation of A, and 4abbrto the Expectation of C. 4“. Di- 
vide 44c+ into its parts, three of which will be found to be favourable 
to A, and one to C; add therefore 34c* to the Expectation of A, 
and 14c* to the Expectation of C. Hence the Numerators of che 
ſeveral Expectations of A, B, C, will be reſpeftively, - * 
1. 4 4 40% ＋L 40% + 6aacc +-12aabc + Tzabec + -$aabb 
T 206%:+ 8abbc + Zack. 
2. b4 + 4b*c + G + 14abb + 2a6s. 2 llc. 
3. 460 ＋ 16 ＋ 168. 

The common Denominator of all their Expectations being a + 6+ ©) +. 
 _ Wherefore if a, 6, c, are in a proportion of equality, the Odds 
of winning will be reſpectively as. , 16, &, cr 10, 6, 2 

If „ be the number of all the Games that are wanting, p the 
number of Gameſters, a, 5, c, d, &c. the proportion of the Chances 
which each Gameſter has reſpectively to win any one Game aſſigned; 
let a+b6-+c+4, &c. be raiſed to the power n= + LR and 

then proceed as before. 


PR OB L E M. VII. 
Two Gameſters A and B, each having 1 2 Counters, play © 
with three Dice, on ce d that if 11 Points come up, 
B hall give one Counter to A; if 14 Points come up, A. 
Hall give one Counter to B; and that he ſhall be the 
winner who ſhall Sooneff get all the Counters of his Ad. 
' verſary: what is the Probability that each of them. 
bas of winning 
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SOLUTION. 
Let the number ef Counters which each of them has be 5]; 
and let 4 and 6 be the number af Chances they have reſpectively 
for 


a 
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fbr getting a Counter; each caſt of the Dice: which being ſuppoſed, 
I ay that the Probabilities of winning are reſpectively as 4 to & 
now becauſe in this caſe pot 2, and that, by the preceding Lemma, 
'@==27, and 15, it follows that the Probabilities of winning 
are reſpectively as 27** to 15**, or as 91 to 5**, or as 282429536484 
to 244140625, which is the proportion aſſigned by Huygens in this 
particular caſe, but without any Demonſtration. A | 


oli leon Or more generally - 

Loet p be the number of the Counters of A, and ꝙ the number of 
the Counters of B; and let the proportion of the Chances be as a to 8. 
I fay that the Probabilities of winning will be reſpectively as 6 > 
af — bt to & xa! — 71. | 


tig Drone KATx 
Let it be ſuppoſed that A has the Counters E, F, G, H, &c. whoſe 
number is p, and that B has the Counters I, K, L, &c. whoſe num- 
ber is : moreover, let it be ſuppoſed that the Counters are the 
thing play d for, and that the value of each Counter is to the value of 
the following as @ to 5,” in ſuch manner as that E, F, G, H, I K, 
L be in geometric” Progreſſion; this being ſuppoſed, A and B in 
every circumſtance of their Play may lay down two fuch Counters 
as may be proportional to the number of Chances each has to get a 
fingle Counter; for in the beginning of the Play, A may lay down 
the Counter H, which is the loweſt of his Counters, and B the 
Counter I, which is his higheſt ; but H, I:: a, 6, therefore A and B 
play upon equal terms. If A beats B, then A may lay down the 
Counter A which he has juſt got of his adverſary, and B the Coun-- 
ter K; but I, K :: 2, &, therefore A and B {till play upon equal 
terms. But if A loſe the firſt time, then A may lay down the Counter 
G, and B the Counter H, which he juſt now got of his adver- 
ſary; but G, H :: a, 5, and therefore they ftill play upon equal 
terms as before: So that, as long as they play together, they play 
without advantage or diſadvantage. Now the Value of the Expec- 
tation which A has of getting all the Counters of B is the product 
of the Sum he expects to win, and of the probability of obtaining 
it, and the fame holds alſo in reſpect to B: but the Expectations 
of A and B are ſuppoſed equal, and therefore the Probabilities which 
they have reſpectively of winning, are reciprocally proportional to 
the Sums they expect to win, that is, are directly proportional to 
the. Sums they are poſſeſs d of, Whence the Probability which A 


has 
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has of winning all the Counters of B, is to the Probability which 
B has of winning/ all the Counters of A, as the Sum of the terms, 
E, F, G, H. Whoſe number is 5, to the Sum of the terme I, K, I., 
whoſe number is , that is as , - to bx df == as will 
cafily appear if thoſe terms which are in geometric Progreſſion are 
actually ſummed up by the known Methods. Now the Probabili- 
ties of winning are not influenced by the Suppoſition here made of 
each Counter being to the following in the proportion of à to 5; 
and therefore when thoſe Counters are ſuppoſed of equal value, or 


rather of no value, but ſerye only to mark the number of Stakes 


won or loſt on either ſide, the Probabilities of winning will be the 
ſame as we have aſſigned. . r 


Cd OLLARY 1. 

If we ſuppoſe both a and & in a ratio of equality, the expreſſions 
whereby the Probabilities of winning are determined will be reduced 
to the proportion of p to 9, which will eaſily appear if thoſe ex- 
preſſions be both divided by 2a - 65. . 

- COROLLARY 2. 


one ſingle Guinea to loſe, but B any number, let it be never ſo 
large; if A in each Game has the Chance of 2 to 1, he is more 
likely to win all the Stock of B than to loſe his ſingle Guinea, and 


Juſt as likely, if the Stock of B were infinite, 


© © REMARK. i'7. 
If þ and 9, or either of them be large numbers, it will be con- 
venient to work by Logarithms. 
Thus, if A and B play a Guinea a Stake, and the number of 
Chances which A has to win each ſingle Stake be 43, but the num- 
ber of Chances, which B has to win it, be 40, and they oblige them- 


ſelves to play till ſuch time as 100 Stakes are won or loſt, 


From the logarithm of 43 == 1.6334685 
Subtract the logarithm of 40 == 1.6020600 


— *** ——— 


Difference = 0.031408 5 
Multiply this Difference by the number of Stakes to be play d off, 


V!Z. 100, the product will be 3. 1408 500, to which anſwers in the 


Table of Logarithms 1383 ; therefore the Odds that A beats B are 
DD Now 


If 4 and B play together for a Guinea a Game, and A has but 
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Now in all circumſtances wherein A and B venture an equal Sum: 
the Sum of the numbers expreſſing the Odds, is to their difference, 
as the Money Play d for, is to the Gain of che one, * che Loſs 
of the other. 

Whcteſore, mikighing I 362 eve of the e expreſ- 
ſing the Odds 10 ioo, Which is the Sum ventured by each Man, 
and dividing product by 1384, Sum of the io expreſſing 
the Odds, t * Qaofient will be, within a trifle, 99 Guineas, and 2. 
Shillings, 2 Guineas at 2 14 8 

If inſtead of ſuppoſing the proportion of the Chanees: whereby A 
and B may reſpectively win a Stake to be as 43 to 40, we ſuppoſe 
them as 44 to 40, or as 11 to 10, the Expectation of A wilt be 
worth Ban 99 Guineas, 20 Shilling and 1 Penny. 


PROBLEM VIII. 


Ziv Gameſters A and B lay by 24 Counters, and play with 
three Dice, on this condition; that if 11 Points $a 
up, A ſhall tale one Counter out of the heap ; if 14, B 


Hall tale out one; and he ſhall be reputed the winner 
050 ſhall fooneft get 12 Counters. 


| This Problem differs Fin the preceding in this, that the Phy 
will be at an end in 23 Caſts of the Die at moſt ; (that is, of thoſe 

Caſts which are favourable either to 4 or B) whereas in the prece- 
ding caſe the Counters paſſing continually from one hand to the other, 
it will often happen that A and E will be in ſome of the fame cir- 


cumſtances they were in before, which will make the length of the 
Play unlimited. 


| SoLUTLON, 


Taking à and & in the proportion of the Chances which there are 
to throw 11, and 14, let 4 + b be raiſed to the 234 Power, that 
is, to ſuch Power as is denoted by the number of all the Counters 
wanting one: then ſhall the 12 firſt terms of that Power be to the 
72 laſh in the ſame proportion as- are the Probabilities of winning. 


PROBLEM 


1 The 'DocT ame F Cnnxn ofs. 1 
has of | winning inning all the Counters of B, is to the ity: which 
has of winning all the Counters of A., as the; Sum 5 terns, 
F. G, H whoſe number is t —— 6 l. K. . 

whoſe number is 9, that is as &f > LV to bj E s Wil 
cakly appear if thoſe terms which are in geometrie on are 
actually ſummed up by the known Methods. Now the Probabili- 
ties of winning are not influenced by the Suppoſition here made of 
each Counter being to the following in the proportion of à to 6; 

and therefore when thoſe Counters are ſippoſed of equal value, or 
rather of no value, but) ferye only to mark the number of Stakes 
won or loſt on either ſide, the e 8 4g Fa . — the 
fame as we have aſſigned. | 


1; It 
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If we ſuppoſe both a and & in a ratio of equality, the SIR 
whereby the Probabilities of winning are determined will be reduced 

to the proportion! of p to g, which. will bea TRE thoſe ex- 
bene be Do divided by 4 . F 11 | 
* ol >} 507 01 A > * ee ar 30) 35 5 18 a 2 Bo Nt a 
A WM xd . 41 n 2. 7 I gutwollot 

IF A ard B play togerher' for's Guinea „n e 
one f Guinea 6 loſe;' but B any number, let it be never ſo 
large; if A in each Game has the Chance of 2 to 1, he is more 
likely to win all the Stock of B than to loſe = ier em g and 
ee 15 the Stock of B were infinite. 3 Wy 


2 \ HAN:: I Hun u 
Awo : Va ein Þ got Mews ix! Zin 
* e 6r Ster r dan be large numbers, it will be con- 
venient to work by Logarithms. 
Thus, if A and B phy a Guinea a Stake, and the Ganibiet of 
Chances which A has to win each fing le Stake be 43, but the num- 
ber of Chances, Which B has to win it, be 40, and they oblige them- 


Eiter to o play till fuch, time as 100 Stakes are won or loſt, 


From the logarithm of 43=1 633468 5 
een, E of 40 == 1. 6020600 


Difference 8. 0314085 


Multiply this Difference by the number of Stakes to be play's of 
V/2. 100, the product will be 3. 1408 500, to which anſwers in the 
Table of Logarithms 13833 2 the Odds that A beats B are 
1383 to 1. Now 
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Now in all circumſtances wherein A and B venture an equal Sum: 
the Sum of the numbers expreſſing the Odds, is to their difference, 
as the Money Play 6 for, 1s to the Gain 922 the, one, K the Log 
of the Other. $3410 Wy aeg $ da d 

Whcteſore, adhigiy axis diflrencs off he alk exarel- 
fog the ONE be: ia wk is the Sum ventured by each Man, 
and dividing the product by 1384, Sum of the numbers expreſſing 
the Odds, the Quotient will be, within a trifle, 99 Gumeas, and 2. 
Shillings, ſuppoſing Ouineas at u 

If inſtead of ſuppoſing t the ereus of the Stations whereby A 
and B may reſpectively win a Stake to be as 43 to 40, we ſuppoſe 
them as 44 to 40, or as 11 to 10, the Expectation 95 w be 
worth, V 99 eee 5 Shilings and 1 Fenay. 
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ichen PROBLEM VIII. N 
FwoGanietr A and B lay by 24 Counters, 5 bole): with 

three Dice, on this condition; that if tt Points had 
ub, A ſhall tale one Counter out of the heap ; if 14, B 


3 tale out one; and be ſhall be reputed the winner 
© who! ſhall, fooneff ger 12 Counters.” OR Wer 


This Problem aiffers Köln che kl in this 1 the Play 
will be at an end in 23 Caſts of the Die at moſt ; (that is, of tho 
Caſts which are favourable either to A or B) whereas in the prece- 
ding caſe the Counters paſſing continually from one hand to the other, 
it will often happen that A and B: will be in ſome of the ſame cir- 


cumſtances they were in cee mich will make the MR the 
Play unlimited, | 


joy; of 4 by A 4 


ane 


Taking 4 and 6 in the proportion of this'Chaners which were are 
to throw rt, and 14, let 4E be raiſed to the 234 Power, that 
is, to ſuch Power as is denoted by the number of all the Counters 
wanting one: then ſhall the 12 felt terms of that Power be to the 
x2 laſt in the ſame broporuon as are the Probabilities of 3 winning. 


PROBLEM 
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W PROBLEM IX 
Soppofng A hs B, whoſe pr 


oportion of Lill i is as a + 5 to. 
"play rogether, t ll A either wins the number q of Stakes, 
or loſes the number p of them; and that B "os at every 

| (Game the Sum G to the Sum L,. it is F e £0 . 
the e Advantage o or Di favountage 1 A. 


| Sour f 
Fil. de number of Stakes to be won or loft 0 Lice" fide 
Pe. equal, and let that number be p; let there be alſo an — 
of ſkill between the Gangſters: then I fay that the Gain of A wi 


be pp x < „ that is the ſquare of the number of Stakes which 


ticher Gamer ia to win or loſe, . multiply'd by one half of the diffe- 
rence of the value of the Stakes. Thas if A and B play till ſuch . 
time as ten Stakes are won or loſt, and B ſets one an * Shil- 
lings to 20; then the Gain of A will be 100 times the ha diffe- f 
rence between 21 and 20 Shillings, vis. 50% 
Secondly, Let the number of Stakes be unequal, lo that 4 be 
obliged either to win the number ꝙ of Stakes, or to loſe the number 
p; let there be alſo an equality of Chance between A and B; then 


85 I fay that the Cain of & will be pg x <>; that is the product 


of the two number of Stakes, and one half the difference of the 
value of the Stakes multiplied together. Thus if A and B play 
together till ſuch time as either 4 wins eight Stakes or loſes twelve, 
then the Gain of A will be the product of the two numbers 8 and 
12, and of 64 half the difference of the Stakes, which product 
makes 2 T. 34. 

Thirdly, Let the number 40 Stakes be equal, but let the number 
of Chances to win a Game, or the Skill of the Gameſters be un- 
equal, in the proportion of 930 þ; e d of 
will be 31 | | | F | 
| $4 + 5 2 | 

 Fourthly, Let the number of 8 bs OS and let allo he 

number of Chances be unequal : .__ I fay that the Gain of 4 


will be £2! = h by. <= - 


@a—b 
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et TY and 8 reſpectively, repreſent the Probabilities which A and 
B have off winning all the es of their Adverſary; which Pro- 
babilities have been determined in the viith Problem. Let us firſt 
ſuppoſe that the Sums depoſited by A and B are equal, viz. G, 
and G: now. ſince A is either to win the Sum 9G, or loſe the Sum 
5G, it is plain that the Gain of A ought to be eſtimated by 9 4 
— 808; moreover: fince the Sums depoſited are & and G, and 
the proportion of the Chances to win one Game is as 4 to 4, it fol- 


lows that the Gain of A for each individual Game is ä and 


for the ſame reaſol the Gain of each individual Game would be 
x . if the Sums depoſited by 4 and B were reſpectively L 
and G. Let. us therefore; now, ſuppoſe that they are L and G; 
then in * 2 to find the whole Gain of A in this ſecond circum- 
ſtance, we may conſider that whether 4 and B lay down equal 
Stakes or unequal Stakes, the Probabilities which either of them has 
of winning all the Stakes of the other, ſuffer not thereby any alte- 
ration, and that the Play will continue of the ſame length in both 
circumſtances before it is determined i in favour of either z wherefore 
the Gain of each individual Game in the firſt caſe, is to the Gain 
of each individual Game in the ſecond, as the whole Gain of the 


firſt caſe, to the whole Gain of the ſecond, and conſequently the 


whole Gain of the ſecond caſe will be . 7 * —— „ Or 


——— 


reſtoring the values of R and 85 td * 4. — 6⁰ N 
multiplied by — <= * 9 


P R 0 B L E M x. 191 
Three Perſons A, B, C, out of a heap of 12 Counters, 
. whereof 4 are white, and 8 black, draw blindfold one 
Counter at a time, in this manner; A begins to draw; 
B follows A; C follows B; then A begins again; and 
they continie' to draw in the fame order, zill one of 
4 who is to be reputed the winner, draws the firſt 


white. What are the reſpetive Probabilities of their 
winning * 


 H Sor u- 


* 


The. Docrr ing of Cnanors. 
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Sol UT 


Let x be the number ras Counters, a the Habits ble. 


the number of black, and 1 the whole Stake or the” SUM played 
fk: * 


15 Since 4 bas 4 Chances for a Vue Counter, buch / Chitices 
s a x back, it follows chat the. Probability of his winning is. MP: | 
; therefore the Expedtation he has uhen the Stake 1, arifing 
2 * <ircuraſtance. he is in, When he begins to draw, is 
5 * 1 = = let! it therefore be agreed amon 8 the Adventurers, 


that 4 hall = no Chance for a white Counter, but that he. ſhall 
be reputed to have Had a black one, ' which tha actually be taken 


out of the heap, and bar be full have the gun [= pai him gut 


10 63 


| ofthe Stake; for an Equivalent. Now: = teingtakenoutoftheScke 


1 18.441 a 181. 17 10 29. 17 


| there will remain 1 = == = Sen 

2, Since B has a Chances for a white Cy 4 — 

ber of remaining Counters is . 1, his Probability of winning 
—_ be == 3 whence his Expectation vpon che remaining __ | 


* arifing — the: circumſtance he is dom in, will be — 


Suppoſe it therefore agreed that B ſhall have the Buy be . a 


paid- him out of the Stake, and that a black» Counter-ſhall.atſo he 
taken out of the heap. This being done, the remaining Stake will, be 


ö ORs ee r but nb — * wherefore 


n #.u—1 Bog e 
the remaining Stake. ji SEES Ia 0 


30. Since C has 4 Chances 858 a „ide deer and that the 
number of, remaining Counters id ur —2, bis Probability of winning 
will be =, and therefore his Expectation upon the remaining 
Stake arifog. from the circumſtance he is now in, wilk be 

— = which we will likewiſe ſappoſe ta be paid- him out 


4 the Stake, ſtilß ſuppoſing a black: Counter dan, aut of the heap. 
4. A may have aut, ofithe: remainder tha dum —- LETRAS 


IP 12 2. n 


4 


| and ſo of the reſt till the whole Stake be exhauſted. Kur 
. 'Where- 


— 
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Wherefose having written 2 followi L Series; VIZ. 


+ e . Kc. wherein 

P. Q. RS, &c. denote the 8 

e Boris as chene are Units in þ -＋ 1, (for ſinde h̊ repreſents the 
number ef black Conatens, the aunaber of ebay awe cannot exceed 
6 4633). then tale for A the faſt, fourth „ ſeventh, 8 Terms; ö 

take for B the ſecond, fifth, eighth, &c. for CG the third, ſixth, - | | 
&c. and the Sums of thoſe Terms will be the ref pective Expecta- 
tions of 90 — 2 er is = d, theſe Sums will be 
proportianal to the rei pective Pro ies of Winning. 

Now ts apply this to the preſent caſe, make u 12, 2 4, 


inks and the general Series will become < . =P 4. £-Q + 


ER'+ <8 + r Au XT or multiplying 


e e en be: finds, e Sie uh be 
165 + 120.* $4 + 56+ 33 ＋ 20 ＋ 10 ＋ 4-1. 
Therefore aſſigning to A 165+ 56 + 10 z= 231, to B 120 4+ 
35 +4==159, to C84 . 20+ 1== 105, the Probabilities of 
winning will be proporticgal to the numbers 231, 159, 105, or 


* if iber be never ſo many Genes A, B, C, D, &c. whether 
they take every one of them one Counter or more; or whether the 
ſame or a different number of Counters, the Probabilities of 22 5 
will be determined by the fame general Series. 


2 51 


fa Rt MARK I. 
The pk LOL Series may in any particular caſe be * 'd, for 


if a='T,. then the Series will be — X 1-þ1+1-1+1+-1+1, &c. 


Hence it may be obſerved, that if the whole number of Coun- 
ters be exactly divifible by the number of Perſons concerned in 
the Play, and that there be but one ſingle white Counter in the 
whole, there will be no advantage or diſadvantage to any one of 
them from the fituation he is in, in reſpect to the order of draw- 


| ing. r Eft 
Ifa=2, then the Series will be — DOS I. eee 3 ＋2 4 ＋— 5. 
&c. 
If a2 = 3. then the Sten e be 222 —— * 


— —— —— — ———ẽẽ— — 
n. — IX —- 241 — 2x n — 3＋1—3*1— 4, &. 


H 2 If 


— 


this a=4, then the Series will be — — 


| - 15x 4 x/3 ==, 60 —— 1785 


3 5, as hay ge before determined, 


— 
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* —1 KILN; ons KU At, AT. 
Wherefore rejecting the common Multiplicators z the . ſeveral 
Terms of theſe Series taken in due order, will be proportional to 
the ſeveral Expectations of any number of Gameſters: thus in the 


caſe of this Problem where == 12, and Fee e the: „ ar 


the Series will be, 


For 4 110 For B be! For @.. 
11 x 10x 0 e eee 
87 7 * 336 7*x6x52==2107] 6% 5x4 ==120 
3x2 x1 6 


- 1386 . 4 2 | "DIO 


Hence it follows thit che Probabilities of winnin _= be re- 
A as 1386, 954, 630, or e all by „ AS 77, 53, 


3 N 
MA . 


But if the Terms of the Series are many, it will be convenient to 
ſum them up by means of the following Method, which is an 


immediate conſequence of the fifth . of Sir Jaac Newton, 


printed in his Principia, and of which the Demonſtration may be 
deduced from his Analyſis. 

If there be a Series of Terms, A, B, C, D, E, &c. let each 
Term be ſubtracted from that which immediately follows it, and 
let the Remainders be called firſt Differences, then ſubtract each 
difference from that which immediately follows it, and let the re- 
mainders be called ſecond Differences; again, let each ſecond diffe- 


rence be ſubtracted from that which immediately follows it, and 


let the remainders be called third differences, and ſo on. Let the 
firſt of the firſt Differences be call d 4. the firſt of the ſecond d, 


the firſt of the third 4, &c. and let x ho the interval between: the 
firſt Term A, and any other Term ſuch as E, that is, let the num- 
ber of Terms from A to E both incluſive be x + 1, then t ie Term 


E—=A<+xd+—= * S e From hence 
it manifeſtly Clone: that tet the number of Terms betwcen A and E 


be 


— 


The, Doc RINA of CHANCES: . 53 


be never ſo great, if it ſo happen that all the differences of one of 
the orders are equal to one another, the following differences of all 
the other orders will all be == o; and that therefore the laſt Term 
will be affignable' by ſo many Terms only of the Series above-writ- 
ten, as are denoted by the firſt Difference that happens to be == o. 


This being premis d, it will be eaſy to ſhew, how the Sums of 


thoſe Terms may be taken; for if we imagine a new Series whereof 
the firſt Term ſhall be o; the ſecond = A; the third = AB; 
the fourth = A+ B+C; the fifth =A+B + CAD, and fo 
on; it is plain that the aſſigning one Term of this Series is finding the 
Sum of all the Terms A, B, C, D, &c. Now ſince thoſe Terms are 
the differences of the Sums o, A, AB, A+B+C, ABA 
CD, &c. and that by Hypotheſis ſome of the differences of A, 
| B, C, P, are = o, it follows that ſome of the differences of the 


Sums will alſo be o; and that whereas in the Series A + xd + 


X — Þ 
2 


the firſt Term, 4 the firſt of the firſt differences, 4 the firſt of the ſe- 
cond differences, and that x repreſented the Interval between the firſt 
Term and the laſt, we are now to write © inſtead of A; A in- 


Read of 4; & inſtead of J; 4 inſtead of J, &c. and x + 1 inſtead 
of K; which being done the Series expreſſing the Sums will be 


d, Ke. whereby a Term was affigned, A repreſented 


* 1 


0+x+ 1xA + == + ==, &c. or x +1 x 


1 1211.3 


A+<=d+ — — # id —— —— 4, &c. where it will not 
perhaps be improper to take notice, that the Series by me exhibited 
in my firſt Edition, though ſeemingly differing from this, is the 
ſame at bottom. | | | 

But to apply this to a particular cafe, let us ſuppoſe that three 
Perſons A, B, C playing on the fame conditions as are expreſſed 
in this xth Problem, the whole number of Counters were 100, in- 
ſtead of 12, ſtill preſerving the ſame. number 4 of white Counters, 
and that it were required to determine the Expectations of A, B, C. 

It is plain from what has been faid in the firit Remark, that 
the Expectation of A will be proportional to the ſum of the num- 
bers | - 


99 x 98 x 97 + 96x95 x94 + 93x92 x 91 +9y0x 89 x88, &c. 


„ m. serie & Obel 


that the Pxpectation of B will 1 5 
e 


2 144 teri 


A NI 2w9ty 
98 9 5255 ＋ 9949 ＋ 92x 91 Dre 18 9 bee 


and laſtly, that the ies of C wii be Pegel tothe 
Sum of the numbers 


97 x96x95 + 94x93*92 ＋ g1% 90* 99 ＋ 995 x 97 * 86 &c. 
But as the number of Terms which conftitute thoſe three Series is 
equal to the number of black Counters increaſtd by 1, as it has 
been obſerv'd before, it follows AY number of all the Terms 
diſtributed among 4, B, C, muſt be gy 3. now, dividing 97 by the 
number of Gameſters which in this caſe is 3, the quotient will be 
32, and there remaining 1 after the diviſion, it is an indication 
that 33 Terms enter the Expectation of A, that 32 Terms enter the 
Expectation of B, and 32 likewiſe the ion of C; from 
whence it follows that the laſt Term of thoſe which belong to A will 
be 3x 2 * 1, the laſt of thoſe which belong to B will be 5*4 3, 

and the laſt of thoſe which belong to C will be 4 3 x 2. 
- And therefore if we invert the Terms, and make that the firſt 
which was the laſt, then take * 3 —— to — ws 
been preſcribed, as follows. N 

: 4 ; 


prop rtional” to the Sum of 


l L. =>; 


n 
6 X * 4 == 120 84. 270 162 
9 * X 7 = 504 317 432 162 


12 | n f 0 0 | = . , , 
* 11 X 10 == 132 1410 _— 


15 * 14 * * 
&c. 


then the Expectation of A. as e Gems: thi een Theorem, 
will be expreſs d by 
1 * 270 + = — x 162 


— 
+ 1x6 + = +Z N 


which being contradted, hat hits into its factors, will be equi- 
valent to 


X.xX—1.x—2 


De 


In like manner, it will be found that the ' Expectation of B is 
equivalent to 


1 


* ITZ NT 7 S. 
Wale a I. e 
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And that the Expectation af C equivalent” ne 6. 
bet 3 bub Lees FED ele 9111 10 
od OIL eck OT K. #12. 99% Fo 27* * I * 11790 2] nne 
Now. & m each” cafe repreſents che number of Terms Wiel 
one, which belong ſeverally to A, B, C; wherefore making x + 1 
==þ, the Rverab E Expectations wilt now be expreſſed by the number 
of Terms which were D t 19108 up, u GED 


be as follows. 55 g 1 00 l yd EA v . 10 
poo ge ban rn 


For, A, PNP EX 3—2 x-3Þ + 1, 
For B, pxþ 1 IX LA | 
For C, * + r* off + 9 — 2 


But fill it #to be conifers, that p in the firt"caſe anfwers to 


0 
: 


rpreted a5 ce to be, the ſeve- 
tions will und proportional kf the anmbers 41225, 
39 $92, „ 38008. 
the number of all the Counters v were 
of the white. ſdill 4, then the number of all Terms repreſenting 
the E 305.4 BI C MNõuld be 4 1 now this number be- 
ing divided by 3, the Quotient is 165, and the. temuinder 2. From 
whence it follows that the Expectations 1 and B conſiſt of 166 
terms each, and the Expectation of C only of 165, and therefore 
the loweſt Term of all, vis. 3 * 2 x 1 will belong to B, the laſt 


but one $23. X 2 will belong 8 5 and the lng! but two will be- 
long to C. | 


65, and the number 


£3 431431 Oo 20 i > a L613 


PROBLEM XI. 


Y A, B, C throw in their turns a regular Ball having 
4 white fates. and eig be black.o ones; and be be to Se re- 
bel paring: ale ſhall, fr bring up one of the 
| white fures; it: is demanded, what the ET. is Kd 
1. W 0 pete TP A Ms f tf Fi 


NY An 1 C11 


The Method of reaſoning in this Problem icxattly the * as 
that which we have made uſe of in the Solution of the preceding: 
but whereas the different throws of the: Ball. do not diminiſh the 
number of its Faces; in the room of the quantities 4— 5 4 — 


— 
ww" & — Kr 


5 z, &c. 1 1, 2, 3. K 


CuANe zs 


in the Solution 
of = aforeſaid Problem, we muſt . ſubſtitute & and u reſpectively, 
and the Series belonging to that Problem wil be changed into 72 | 
cet. | pit pri to conceive continued Hat BAS 
* "© 2. * 11 abs YM io 
aller tr er oe 


. 1 74 4. 28 19 ie l {a}, 12y * a 8 — 
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[as 1. 27 *Fr5 


| then taking every . — Term thereof, the reſpective Expedtatio tions 


of A, B, C will ll be a Dy by the following 8 nollot 2 24 


— ** + == — — ＋ An 


oa oa 


al e eee abt. M07 
- 27 b wo a 3 1 < As 


| % * : ap" © | ; 

"4 272 7 e + TEA N : &. Hi 206 
But the Terms, whereof each det ies id comp fed, ate inf geomettit . 

Progreifion, and the ratio of each Term 1 in each 'Serjes to the fol- f 


lowing is the ſame; wherefote the Sutis of theſe Are in the 


4 5 45 05 
fame proportion as their firſt Terms, viz, as —,,,— = SE Oh as 


an, bu. hb ; | that is; in the preſent caſe, as 14M, 96, 64, or 9,6, 4. 
Hence the reſpodtive Probabilities; of winning will e be as 
the een 9s 0 Cake 4 8 Of 2 00 a 15 er © F | L2bLy 4 2015 


'CorotrLr ART L J be if} 2woilot i ng 
T'thire be any gies number of Gameſters, 4 B. &D; 9 
playing on the Gs conditions as above, take as many Terms in the 
proportion of 1 to b, as there are Gameſters, and thoſe Terms will 
reſpectively denote the ſeveral Expectations of the 2 N 
FE AA 0 A 4 
Co ROLLARY 2. 5 2 
Tf . * any number of Gameſters A, B, 28 D, K. N 
on the ſame conditibit as above, with this diffetence only, Sar all 
the Faces of the Ball ſhall be marked with lar figures 1,2, 3, 4, 
&c. and that a certain number p; of thoſe Faces ſhall intitle 4 to be 
the winner; and that likewiſe à certain number of them, a8 9 7 
„ t, &c. ſhall reſpectively intitle B, C, D, E, &c. to be winners: 
1 — 4, n -l, 1 —r==0, 1 — rd, n—t 
Se, &c. then in the fo mew Series; 
e e . 
the Terme taken in due vided will N en the feveral 
Probabilities of winning. 


— 7 


1 | For 
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For if the law of the Play be ſuch, that every Man having once 
lay d in his turn, ſnall begin regularly again in the ſame manner, and 
that continually, till ſuch time as one of wins; then take as many 
Terms of the Series as there are Gameſters, and thoſe Terms will 
repreſent the reſpective Probabilities of winning . 

And if it were the Law of Play that every Man ſhould oy: 4. 
veral times together, for inſtance twice: then taking for A the two 
firſt Terms, for B the two following, and ſo on; each couple of 
Terms wil — oY the b Probabilities of winning, 3 
ving now that p and g are equal, as alſo r and s. 

But if the Law of Play ſhould be irregular, then vou are to take 
for each Man as many Terms of the geries as will. anſwer that irre- 
gularity, and continue the Series nll ma thay as it gives a ſufficient 
Approxithation.. 15 

Let if, at any time, the Low: 0s; the Play kth: been irregular, 
ſhould afterwards recover its regularity, the Probabilities of winning, 
will (with thi help of this ku ac be determined: by e expreſ- 
ſions. S 
Thus. 77 it ſhould us _ © hy of * "han 5 two Men A and 
B having play'd irregularly for ten times together, tho in a manner 

agreed on . them, they ſhould alſo agree that after ten throws, 
hy ſhould play alternately each in his turn: diſtribute the ten firſt 
Terms of the Series between them, according to the order fixed upon 


by their convention, and having ſubtracted the Sum of thoſe Terms 


from Unity, divide the — F of it between them in the pro- 
portion che two following Terms, which add reſpectively to the 
Shares they had before; then the two parts of Unity which A and 
B have thus obtained, will be Poor to their reſpective Pro- 
babilities of er 


The Game We VB man 


"Rules of the Play. 


The Dealer, otherwiſe called the *Banker, holds a pack of 52 
Cards, and having ſhuffled them, he turns the whole pack at once, 
ſo as to diſcover the laft Card; after which he lays down by couples 
all the Cards. | 

The Setter, otherwiſe called the Ponte, has 13 Cards in his hand, 
one of every fort, from the King to the Ace, which 13 Cards are 
called a Book ; out of this Book he takes one Card or more at Plea- 
ſure, upon which he lays a Stake... 


I ad The 


* 


58 , Doc rains ef Crrantc ns. 


The Ponte may at his choice, either ** down his Stake befdre 
the pack in e en: pot As asd ar any; 
number of: les are drawn. at id Hi Hanno aa1ʃ 

The firſt being particular, ſhall be — but 
the other tae teing comprebende under the r we that 
begin with them.” lt 2m WRIT 26) 
| | Su pofing- the: Ponte: to lay; down: Ns Stike aer de Peck i 
_ tamed, 1 call 1, 2, 3,4; 5; le us place of thoſe Cards which 

| | follow the Card in view, either immediately iy rc 1-94 is turned, 

— or after any number 22 are drawn DN Zu 
If the Card upon which the Ponte has laid «Stakes enges out in 
any odd place, except the firſt, he wins a Stake equal to his own. 
11 the Card upon which the Ponte has laid a Stake comes out as 
any even place, except the ſecond, he loſes his Stake. ; 
If the Card of the Ponte comes out in the firſt: nee; he he neither 
wins nor- loſes, but takes his own Stake again 
If the Card of the Ponte comes out in the Soca phite;i he Aber 
nöt loſe his whole Stake, but only a part of it, vis. one half, which 
| to make the Calculation more general we will bac? el In this caſe D 
i es A the Ponte is ſaid to be Faced.” 
| When the Ponte chuſes to come in aficr any number of Couples 
are down ; if his Card to be but once in the Pack, and is 
the very laſt of all, there is an exception from the al Rule; 
for tho' it comes out in an odd which ſhould intitle him to win 
% | a Stake equal to his own, yet he . 
* : circumſtance, u ATTIC eat nt Xo git Fo RL 


— —— — 


PROBLEM xn” 


To eftimate at Baſſette th Lofs of the Ponte oval == 
circumſtance of Cards remaining in the Stock, when he 


lays his Stake, and. of any nher A times that uu 
Card is A in the Stock: 


— oF 


The Solution bs this Problem he; War as VIS. of the 
Ponte's Card being once, twice, three or four times in the: Stock; 
we eee the Solution of all theſe caſes 2 l 


gers zien of the inſt, Caſe... za + fall 


The Ponte has the following chats to wir br iy according 
to the place his Card is in, 


I 


6ͤ: SETS ORs x. 4 obi it) * * O © — 1 4 A" 16 S147 CF. $ i #- 


9 
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Y ww *.  % 


>& & 1 


t Chance Pat. win - Hl 
: bel Chance for loſing 4 ry we? By 1807 
31 Chance for bi = N r "IP 
" "©. 1 Chance for loſing * . 
m 3d Ul D N 33 dil ur 
1 Chance for penn pings ow! 3 


* % . 
4 noo doe. 2111: 
OY 


the number of Cards covered b iy that hicks is in view TS called 


#, his Loſs will be 2. e e fuppoling 9 == . 


7 


C 76 


By the firſt Remark belonging to the * Problem, it appears that 
the — which the Ponte to win or loſe are proportional 
to the numbers, „ 1, #— 2, 3, &c. Wherefore his Chances 
for winaing and "Ong may be n * 1 following Scheme. 


NT i Chances for winning o | 
| 2— 2 Chances for lofing  y 4 
4 z— 3 Chances for winning f 
- 4 Chances for loſing 
1 — 5 Chances for winning : Y 
1 6/Chances for loſing 1 
n— 77 Chances for winning 8 
1-8 Chances for loſing 
e Chances for winning 
Chance for loſing 


Now ſetting afide the firſt and ſecond number of 8 it 
will be found that the difference between the 3* and 4th is , 
that the difference between | the 5th and 6 is alſo = 1, and that 
the difference between the vu and 8th is alſo = 1, and ſo on. But 


— ; andthe Sum of all the Chances is 
G Wherefore the Gain of the Ponte is ——=— ; but 


I 2 his 


1 


* © O Ow bw ÞD mw 


I 
1 
I 


60 The Doctzine of Cu we —- 
his Loſs upon account of the Face i Is 7 — 7 — 2 * divided by 2 of 


I Xx 2 
chat! is — have | it is to be conchuded|that his Loſs upon the 
whole is — SH 9* —— Hppoſing 5 — — — 


That the number of puns is 9 | will be made evident 


from two conſiderations.” RI R: 

Firſt, the Series 1 3. 1 — 4, „25 &c. decreaſes in Arith- 
metic Progreſlion, the difference of its terms being Unity, and the 
laſt Term alſo Unity, therefore the number of its Terms is. equal to 
the firſt Term 7— 3: but the number of differences is one half 

. N= the number of Terms; e ow number of differences is 


_ 133k 
i | 


STR 


3411 


rn it appears ue hs 10 Problem that the 3 of all 
the Terms including the two firſt is always-b + I, but @ in this 
caſe is = 2, therefore the number of all the Terms is z— 1 ; from 
which excluding: the two firſt, the number of remaining Terms will. 


Be n — 3, and conſequently the number 252 N Wa 


That the Sum of all the Terms is =>. _—— — is evident al 


Py two different conſiderations; 7 ew 29! 
Firſt in any Arithmetic Progrefiion 7 Ha the "ry * is 

—. 7, the differanes; Unt. and the laſt Term alſo Unity, the Sum 

of the Progreſſion. will be — x ——— 5p 


tree 
— 


Secondly,. the Series, SET * — 1 Dies 2 + „n — 3, &c. men- 


tioned in the firſt Remark u pon the tenth Problem, expreſſes the Sum 
of the Probabilities. of winning which belong to the ſeveral Game- 
ſters in the caſe of two white Counters, when the number of all the 
Counters is 7. It therefore expreſſes likewiſe the Sum of the Pro- 
babilities of winning which belong to the Ponte and Banker in the 
preſent caſe: but. this um muſt always be equal to Unity, it being 
a certainty that the Ponte or Banker muſt win; ſuppoſing there- 
fore that a — 1 2-2 E23, &c. is=8, we ſhall have the 


28 & 9 | 
"Equation - - TED == 7,, and therefore 8 0 85 A 


SoLuTioN of the third Caſe, 


By the firſt Remark of the tenth Problem, it "appears that the. 
Chances which the Ponte has to win and loſe, may be expreſſed by 


4 


the OY Scheme, 


« 2 
1 I 


eee @ 


achat Ne n. 1*n—2 for winning og 


; 75 $444 
Aid bas an* A4 for long ß 


n 3x 1 4 for, winning % Ne ods. 48 
rr t for Joling, - Ws To Damn | 


; . 
. _ _— 
\ ti 
ww 


83 

4-1 
1% coo Ml N= 5 * for winning 1 
566 * n—7 for loſing hy ; 
71717 x t—8 for winning 5 „ 
84 28 erg for lofing' 7+ -i# 93113 -S107.519113 
„2 „ 1 for winmng.r oo 


- Settin ing s ale the firſt, n and laſt nuniber of Chacors,. it 
will be found that the difference between the 3* and 40h is 2y — 8; 
the difference betyeen the zm and'6®, 2n —12 robes be 
tween the 7th and 8th, 2» -—.16, 7 Now theſe differences con- 
ſtitute an Arithmetic Progreſſion, whereof the firſt Term is 21 —8, 
the common difference 4, and the laſt Term 6, being the difference 
between 4x 3 and 3 x2. . Wherefore the Sum of this Progreſſion 


is. bg — „ to which, adding the laſt Term 2 * 1, which is 
favourable to che Fonte, the Sum total will be = meg = but 


— 


2 . 


the Sun of: Ache nid bs 5% —— * DoD nd any be col- 


lected from the firſt Remark: of the Nb Problem, and the laſt Pa- 
ragraph of the ſecond caſe of this Problem; therefore the Gain of 


the Ponte is . But his Loſs upon account of the 


2 2 
6. — —— es e 
9 == . or eb therefore his Loſs upon 
this Indie 1 — f n 
2221 2 2 * — 1 „„ 2 2.5. a= dns 
I 8 \ 
ſuppoſing y =— . 2 


gO0LUTION of the fourth Cafe. 


The Chances of the Ponte may be expreſſed by the following. 
bene 


— 1 


n — IX 2—2 x72—7 for winning o 
n —2 Xx 2-3 x 1 — 4 for loſing y 
n —3 Xx 1—4 x 2-3 for winning I 
N—4 * n- * ½— 6 for loſing 1 N 
n — 5 x n—0 x u—7 for winning 1 
n—6 xn—7 xn—8 for loſing 1 
A—7 X1—Y x "EY for winning 1 
F for loſing L 


| 


„ Y Sn >S& 0D »w 


Setting 
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Setting aſide the Arſt and ſerond numbers of Chances, and ta- 


king the differences Betweetr the Ju and fn, ge and 6h, 20 and 
gn the laſt of theſe Gren des will de found to be 18. Now if 


ber of thoſe differences be p, and we from the laſt 18, 
the manly from the ſerond Remark of the x Problem, will be found 


to be pxp + 1,x4þ .. bu En thi cafe) lh, 5, and 
therefore the Sum of theſe differences will eatly appear to be 
ä — I yank but the: Sum all the Chances is 


e Ern 3 wherefore the) Guin of the Ponte is 


B —— I 1 A * 9 168999197 NI 1 en . 17 
n 


| ENVY 2 =; no he L ofs upon o of the Face hs 
9 his LoG upon the vio Fa be 


24 4 Ig 
9 


l 9 — IL» 3 3 ' 
_ 201 — 2 — 
e e — _— ppofing y = 

There pu e one fingle caſe to be conſider d, v1. Ihe 
the Loſs of the Ponte is, when he lays a Stake before the Pack is 
turned up: but there will be no difficulty in it, after what we harr 
aid; the difference between this caſe and the reſt being only, that he 


is liable, $0. be faced CE DON "will make. 
| bib Loſs be —= = = , that is, interpreting u by the nut- 
ber of all the Cards in the Pack, vis. 825 about A8. part af his 


Stake, 


From What has been faid, Table may cafily be compoſed, ſhew- 
ing the ſeveral Loſſes of the Fane. in 9 re he hd 


** 
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/ 1 
- 
— 5 1 4 . 7 rs oh JE | - | 
7 8 14 2 * * S; 89 *% F 
| W Tab for 8 n | 1 
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* K's * 
* 


Lo it be propoſe td 'to Ds 7: 7352 7 LID 


Te Docr RINA of OA ANN 
The uſe of this Table will Yo beſt ed by ſome Examples. 


23 E ä—?DUꝛiꝛ—ꝛ̃— — ͤ 2 — ——— IEES 
. 
a Ed 
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Cards remaining. l 1 ani bis.Catd in twice in it. 


In the Column' N And the ait ld ich is leſs by 1 than 
the number of Cards remaining in the Stock: over-ag inſt it, and 
under the number a, which is at the head of the cond Column, 
you will find 6003 which! is the 'Denominatgri of a fraction whoſe 
Numerator :is part fn and which ſhews that hi Lok in that circum- 


Nance is one part in fix 1 1 of _ Stakes 


[5109 
x 
: 


. 


XAMPLE 2 
To ind the Lofs of the Pes when there are eight card remaining 
in the 5 *, and 16 ard is | three ime in it. 


In the Column find bb gane \ 1&6 by obe than the num- 
ber of Cards remaining in the Stock: 2008 0 and ,/ and under the 
number 3, written on the top of one | of ſumns, you will 
find 35, which de otes 12 hs Loſs bon one part in thirty-five of 
his Stake. 1 
. A 1.5 


Tis plain from "Wo conſtruction of the Table, that the fewer 
Cards are in the oy the he is I Loſs of the Ponte. 


- uw — 


: 
5 


| 
/ 


The leaſt Loſs 18 Ponte, under rn fame circumſtances of 
Cards remaining in, the Stock, i When his Card is but twice in it; 
the next greater but three times; ſtill greater when four times; 
and the greateſt when but once. I the Loſs upon the Face were 
varied, tis plain that in all the like circumſtances, the Loſs of the 
Ponte would vary accordingly; but it would be eaſy to compoſe 
other Tables to anſwer that variation, fince- the quantity y, which 
has been aſſumed to repreſent that Loſs, has been prevey'd © in the 


| expreſſion of the Lofles, if it be interpreted by — — inſtead 


of — , the Loſs, i in that caſe, would be as eaſily A as in the 


other: thus r Pom that 8 Cards are remaining in the Stock, and 


that the Card of * onte 18 ker in it, and alſo that ſhould be 
| | interpreted 


„ 2oben ap are 26 
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interpreted by == , the Si of che Ponte would be found” to be 
W inſtead! of {4 10 201004, 2aiwolst. oth cart nA od 


GET 


- 
. ® 4 TY 
T35 % 4% \- 
D» + - 
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The Calculation for Pbaraon is much ute the preceding, the 
reaſonings about it being the fame ; it will therefore be ſufficient to 
lay down * Rules of the Play, „ and the Sch me of Calculation. 

Beine * e 
Rules of the Play. 


Firſt; the Banker holds a Pack of 52 Cards; © - 

Secondly, he draws the Cards one after the other, and hos ther 
down at his right and left-hand alternately. _ 

Thirdly, the Ponte may at his choice ſet one or more Stakes upon 
one or more Cards, po before the Banker has begun to draw the 
Cards, or after he has drawn any number of couples. 

Fourthly, the Banker wins, the Stake of the Ponte, when the Card 
of the Ponte comes out in an odd place 13 his right-hand; but 
loſes as much to the Ponte, when it comes o an even place on 
his left-hand. ___...-.. 


Fifthly, the Banker wins half the Ponte's St: Stake, when it happens 
to be twice in one couple.” 


S:xthly, when the Card of the Ponte being but once in the Stock, 
happens to be the laſt, the Ponte neither wins nor loſes. | 
Seventhly, the Card of the Ponte being but twice in the Stock, 


and the laſt couple. FRRRamng, his IVE twice, he then loſes his 
whole Stake. 


PROBLEM XIII. 


To find at Pharaon the Gain of the Banker in any cir- 
cumſtance of Cards remaining in the Stock, and of the 


| number of times that the, Pante's Cards is contained 
& is Mts 


This Problem having four caſes, that is, when the Ponte's Card 
is once, twice, three, or four times in the Stock ; we ſhall give the 
Solution of theſe four caſes . 


K * | SOL Us 
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The Banker has the following number of Chincts te winning 
and loſing. | 


i Chance for winning * 

| 2 Chance for loſing 1 

7 I Chance far. winning z RO ug! 8 ar 1 
41 Chance for lofing 414 * 1100s 291 CHE 

| + x Chance for winning 
x Chance fob Toling R 


Whesefore, the Gain of the Fate e arreag a be 
nn, , Foot fl, 
712 2 Dil ul mol bag: a: 210) 38 NIW © 
| /11/ #0/$0LV'PFoN: of the ſecond Caſe. | 
- Thi . bas the following Chances for Gini wa be 
* r n 
[4 I Chance for winning y” 
n — 2 Chances for lofing 1 


8 winning n 
| 1 Chance for winning y 
* —4 Chances for loſing . YL SEE 


4 
1 — - 6 Chances for winning 1 
5 TI Chance for winning r 
'6 | * — 6 Chances for lofing 1 
7 
8 | 
* 


£3 Ef Is 1 4 Tel + '% — 
— = 
. 


# — 8 Chances for winning 1 r 
1 5 1 Chance for winning y 


993 


— $ Chances for loſing 1 


. my py e 


1 Chance for winning > 


The Gain of 5 51 is therefore — — + — — or 

2 + 1 : | 
. ſuppoſing x = 

The only thing that id uk to be explained here, is this ; how 

it comes to pals, 1 whereas at Baſſerte, the firſt number of Chances 

for winning was repreſented by n — 1, here tis repreſented by 7 — 2 ; 


to anſwer this, it muſt be * that according to the Law 
of 
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of this Play, if the Ponte's Cards come out in an odd place, the 
Banker is not thereby entitled to the Ponte's whole Stake: for if it 
ſo happens that his Card comes out again immediately after, the 
Banker wins but one half of it; therefore the number 7 — 1 is di- 
vided in ewe parte *. — 2 and 1, whereof the firſt is propor- 
tional to the Probability which the Banker has for winning the 
whole Stake of the Ponte, and the ſecond is proportional to the 
Probability of winning the half of it. 


SoLUTION of the third Caſe. 
The number of Chances which the Banker has for winning and 
loſing, are as follow: 77 £3 


4 


* 


* 
* 


ö . x z Chances for winning 1 
2K 2 — 2 Chances fot Winning y 
u —2 Rx #— 3 Chances for loſing 1 
= — 


Funn 5 Chances for winhing 1 
N 1 2X A—4 Chances for winning y 
a4 x n— 5 Chances for loſing 1 


4 $n— 6 x Chances for winning 1 
| 1* 2 * 6 Chances for winning y 

16-7 Chances for loſing 1 
8-9 Chances for winning 1 
1 2 *K 2— 8 Chances for winning y 
[2 * 1 Chances for loſing 1 


* WV | ww | W 


Wherefore the Gain of the Banker is -t, or Te 


* *- 


” - 


The number of Chances for the Banker to win, is divided into 
two parts, whereof the firſt expreſſes the number of Chances he has 
for winning the whole Stake of the Ponte, and the ſecond for win- 
png, 2h gary of 1 F 

ow for ee exactly thoſe two parts, it is to be con- 
ſidered, that in the firſt couple of Cards that are laid dd wn by the 
Banker, the number of Chances for the firſt Card to be the Ponte's 
is 1 — IX — 2; alſo, that the number of Chances fot the ſecond 
to be the Ponte's, but not the firſt, is 2 — 2 x n — 3: wherefore 
the number of Chances for the firſt to be the Ponte's, -but not the 
ſecond, is likewiſe y — 2 x 17 3. Hence it follows, that if from 
| ' 2 the 


ſuppoſing y , 


4 


66 


The Docrrine PO 


ane 8 gelb nl of the fir cult. 


The Banker has the following number of Chinces fe * 


and loſing. 


Wherefore, the Gain of the Banker is — * » ſuppoſing n 0 be 
the number of Cards in the Stock. | S103 4 


„„es 


1 Chance for winning ++ 


1 Chance for loſing 1 


1 r ning Sr on Toa) HT 
{1 Chance for winning 5 dd val 
"N Chance for loſing | | 


O \ 


iigrt-33ot brig 


lf \ $0LVTION of che ſecond: Caſe. 
The Banker r the following Chances for e and lofing, 


The Gain of the Banker is therefore 2 2 


— +1 


Tl 


4 
93 


2 — 2 Chances for winning 1 


1 Chance for winning y 


n — 2 Chances for loſing 1 


q — 4 farting for winning 1 


hance for winning y 


2 1 . . for loſing 1 


: 
F 


7 — 6 Chances for winning 


1 Chance for winning 1 


72 — 6 Chances for lofing 1 


. 


1 — 8 Chances for winning r 


1 Chance for winning y 


1 — 8 Chances for loſing 1 


— x 


1 Chance for winning 1 


2 
1 — 1 "= EAN = 


or 


——— ſuppoling y = =—= 

The only thing that * to be explained here, is this ; how 
it comes to paſs, that whereas at Baſſette, the firſt number of Chances 
for winning was repreſented by x — 1, here tis repreſented by n — 2 ; 
to anſwer this, it muſt be W that according to the Law 


of 


fol . Cod Say be. ds 8 
Ry _—_ X. v. 1 > 2 4 
RE I bone ner i oo 


* 
- » > * . by 1 
af — EI 3 2 . 33 — * . 28 
* 4 * — 8 
1 7 7 . 2 8 3 r 
* * . 4 r - 
. 4 I "I. 


= = r AA 
* # 
>. - 4 * 9 4 5 
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of this Play, if the Ponte's Cards come out in an odd place, che 
Banker is not thereby entitled to the Ponte's whole Stake: for if it 
ſo happens that his Card comes out again immediately after, the 
Banker wins but one half of it; therefore the number 1 — r is di- 
vided into to parts, 1 2 and 1, whereof the firft is propor- 
tional to the Probability which the Banker has for winning the 
whole Stake of the Ponte, and the ſecond is proportional to the 
Probability of winning the half of it. # 


SOLUTION of the third Caſe. | 
The number of Chances which the Banker has for winning and 
loſing, are as follow:  ' 1 | 


1 


3 —2 * 2— 3 Chances for winning L 

| 2.x ½— 2 Chances for winning y 
.2—2 x #— 7, Chances for loſing 1 
- . — 


. 
1 
. 


n—4 x n— 5 Chances for winning 1 
: 2 x a—4 Chances for winning y 
a—4 x n— 5 Chances for loſing 1 


* 4 a. 
9 


$un— 6 x 7 Chances for winning 1 
1 2 * - 6 Chances for winning y 
un 6 x 4—7 Chances for loſing x 
| gu—8 x z—9 Chances for winning 1 
1 2 x 1 — 8 Chances for winning y 
| 2x 1 Chances for loſing 1 


beds dM A. 


} 


6 


* WV 0 K W 


Wherefore the Gain of the Banker is — 5 | 


21 4 2—1 
ſuppoſing y==—= | . 

The number of Chances for the Banker to win, is divided into 
two parts, whereof the firſt expreſſes the number of Chances he has 
for winning the whole Stake of the Ponte, and the ſecond for win- 
ning the half of it. | | 

Now for determining exactly thofe two parts, it is to be con- 
ſidered, that in the firſt couple of Cards that are laid down by the 
Banker, the number of Chances for the firſt Card to be the Ponte's 
is 1— IX — 2; alſo, that the number of Chances fot the ſecond 
to be the Ponte's, but not the firſt, is » — 2 x n — 3: wherefore 
the number of Chances for the firſt to be the Ponte's, but not the 
ſecond, is likewiſe 1 — 2 x2» — 3. Hence it follows, that if from 

| SS the 


4 


— 
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the number of Chances for the firſt Card to be the Ponte 8 vir. 
from 1,2, there be ſubtracted the number of . Chances 
for the, firſt to be the Ponte's, and nat the ſecond, viz n 2 Ns 
there will remain the number of Chances for both firſt and ond 
e to be * Hd VIZ. A and Maos the reſt. hahiy 


7 "ug | 


1 
Re of the * Caſe. | Ko 9128 2 


The number of Chances which the Banker has for winning mr 
lofing, are as follous: 1 
lr Nelcinig 14 —2 * —3 e winning nun 2 
| i 3 x 1—2 x 1— 7 for winning y 
2 | 1=—2 x3 xt—4 for loſing 1 


n —4*ũ —- 5X16 for winning I 
* 3 x 2-4 * 25 for 7 
4.] AN s for loſing 1 


1— 6 x -K for winning 1 I 
4 3 x 1—6 x n—7 for winning y 
N— 6 x 2—2 * 1—8 for loſing 1 


n—8 x n—9 x 10 for winning 1 
? 3xn—B8 x n— 9 for winning y 
n— 8 x n—9 x 1—To for loſing 1 


—— 


1 2x 1x' o for winning 1 : 
| J * 2x 1 for winning y 
2 X I * o for loſing 1 


Wherefore the K of the Banker, or the Loſs of the Ponte, is 
—— — ſuppoſing y to be = = = 


H—I.1— bor ws 

It will be ea from the general expreſſions of the Lofles, to 
compare the il dvantage of the Ponte at Baſſette and Pharaon, 
under the fame circumſtances of Cards remaining in the. hands of 
the Banker, and of the number of times that the Ponte's Card is con- 
tained in the Stock; but to fave that trouble, I have thought fit 
here to annex a Table of the Gain of the Banker, or Loſs of the 
Ponte, for any particular circumſtance of the Play, as it was done 
for Baſſette. 
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A Table for PHARAON. / 
rn. 
E 

50 « » | 94 | 65 | 48 
48} 8. [99.1162 þ.46. 

[40] 46 | 86 | 60 | 44 
44} 44 82 57 | 42 
42] 42 | 78 |. 54 | 40 | 
4 40 | 74 52 38 
25 38. 70 | 49. 36 | 
304. 39 4.90 46 | 34 
34] 3& . 144, [32 | 
32 32 58 45 8 
30 30 9 38 28 | 
28 28 | 52 36 26 
20 26 | 46 33 | 24 | 
24| 24 | 42 | 3o | 22 | 
2222 38 2820 
20] 20 | 34 | 25 | 18 | 

18| 18 30 | 22 16 
[16] 16. 26 | 20 | 14 | 

14] 14 | 22 | 17 | t2 

EW: 18 14 IO 
10 10 "a I2 8 | 
| 8 1 9 EG. 
[—|— — — 
TE 3 
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The 


The numbers of the RY Table, as well as thoſe of the 
Table for Baſſette, are exact to give at firſt view an idea 
of the pots, i (or a1 the Banker in all circutnſtances, and the Me- 
thod of uſing it © the fame as that which was given for Baſette - 
g it is to be obſerved at this Play, that the leaſt diſadvantage of the 
Ponte, under the fame circumſtances of Cards remaining in the 
Stock, is when the Card of the Ponte is but twice in it, the next 
greater when three times, _ next when dee, and the greateſt 
when four times. | | | | 


| 
ov Permutation _ n 


| Permutations aße the Changes which ſeveral things can receive in 
the different orders in which ey may be placed, Ting conſidered 
as taken two and two, three and e | four and four, &c. 

Combinations are the various Conjunctions which ſeveral thin gs 
may receive without any reſpect to order, 8 taken two and two, 
three and three, four 45 four. 

The Solution of the Problems that relate to Permutations and 
Combinations depending entirely upon what has been ſaid in the 
8th and gth Articles of the Introduction, if the Reader will be pleaſed 
to conſult thoſe Articles with attention, he will eaſily apprehend the 
reaſon of the Steps rn taken 1 in the fen of thoſe Problems. 


PROBLEM XIV. 


Any number of things a, b, c, d, e, f, being given, out of 
which two are taken as it happens : to find the Proba- 
bility that any of them, as a, ſhall be the uf taken, 
and any other, as 32 the ſecond. 


N. « IP v5 5% 3.0 ERAS ö 8 . 
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SOLUTION. 
The number of Things in this Example being 6, it Aloe 
that the Probability of taking @ in the firſt place is —': let @ be 


conſider'd as taken, then the Probability of taking 5 vil be — 5 
wherefore the Probability of taking @, and then 6, is — * 7 — 


* 


3 
nn iro 


2 y * rn LOTS af F - U L = Fd þ 
5 5 1 + at. . Ro 8 ( AT . s 1 i "> — CF. 
» OY 93 & "wha; $4 won eb IE 
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Conor ARx. 9 
a in the firſt place, d 4 in the Gtond! 6 for 


Since the taking 
one ſingle Caſe of thoſe by which fix Things may change their 
order; being taken two and two 3 it follows that the number of Changes 


or Permutations of fix Things, taken two and two, muſt be 30. 
_ Univer/ſally ; let be the number of Things; then the 9 


of taking à in the firſt place, and bin the ſecond will be — x —— 


and the number of Permutations of thoſt ah taken two 4 
two, will be xx. 7 — 1, 


P R O 21 M XV. FL + 
Aug number of Things a, b, ce, d, e, f being given, out 
of which three are — * it happens ; 1 * fir the 


Probability that a ſhall be the juſt aue, b the ſe- 
cond, . c the third.. 


| SOLUTION. 

The Probability of taking à in the firſt place is _ let 2 be 
confider'd as taken; then the Probability of taking & will be _ 2 
ſuppoſe how both @ and 6 taken, then the Probability of taking c 
will be —: e the e of taking firſt a, then 4, 


1 
and thirdly e, will be — TE * ＋ — 


WD ES 


Since the taking @ in the firſt place, 5 in the ſecend, and c in 
the third, is but one fingle Caſe of thoſe by which fix Things 
may change their Order, being taken. three and three ; it follows, 
that the number of Changes or Permutations of ſix Things taken 
three and three, muſt be 6% 5 x 4 == 120. 

Untverſally, if u be the number of Things; the Probability -of 
taking 4 in the firſt place, 5 in the ſecond, and c in the third, will be 


* — — , and the number of Permutat ions of à Things 


— * 


taken three and three, will be Xn - 1x — 2. 
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The number of Permutations of # things, out of which as many 
are taken together as there are Units in p, will be » x'n— 1 K 


1 — 2 Xx n g, &c. continued to ſo many Terms as there are Units 


Thus the number of Petmutations of ſix Things taken four and 


four, will be 6x 5x 4 3 == 360, likewiſe the number of Permu- 
tations of ſix Things taken all together will be 6 x FX4XJX2% 


» 4 


e | 
PROBLEM XVI 
- To find the Probability that any number of things, whereo 
ſome are repeated, ſhall all be taken in any order pro- 
. pofed : for inflance, that aabbbeccc ball be taken in rhe 


order wherein they are written. 


SOLUTION. 

The Probability of taking @ in the firſt place is 7 6 pals 
one a to be taken, the Probability of taking the other is — . 
Let now the two firſt Letters be ſuppoſed taken, the Probability 
of taking 6 will be m : let this be alſo ſuppoſed taken, the Pro? 


bability of taking another 5 will be — let this be ſuppoſed taken, 


the Probability of taking the third 5 will be — ; aſter which there 
remaining nothing but the Letter c, the Probability of taking it 
becomes a certainty, and conſequently is expreſſed by Unity. Where- 
fore the Probability of taking all thoſe Letters in the order given is 
2 1 3 2 I 1 - 1 


GE FANG 6 H 7e 


| COROLLARY' I. 
The number of Permutations which the Letters aabbbceee may 


F 4s : @. $+;5---605 $5 L | 
receive being taken all together will be 29 74 8 1260, 


COROLLARY 2. 


The ſame Letters remaining, the Probability of the Letters be- 


ing taken in any other given Order will be juſt the ſame as yy 
| thus 


addy a l ! * | 
%% 


Reon AGING. 7 
thus the — of thoſe enen being taken in the order cabacecbb | 
will be III. þ 1 8 2 1 $1 | 


- 2 4 od : * 
r E 8 1 * \, * 4 * 1 \ hs. 1 * * 4 by 4 Fs 4 1 1 by © * 4 
a YA 3 20 L i *. N P 8 0 e : 3 \ | 4 1 g n "+ pry *% 
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The bomber of Permautations which any number » of Things 
may receive being taken all together, whereof the firft Sort is repeated 
p times, the ſecond ꝙ times, the third © tirnes, the fourth 5 times, 
&c. will be a „ — 2 XR — 3 * 2 — 4, &c. con- 
tinued to ſo many Terms as there are Units in p＋ 9g +7 or n, 
divided by the product of the following Series, viz. pp 1 x Þ— 2, 

Nc. 9 K — 1 „ 9 — 2, &c. * —1xr— 2, &c. whereof the 
firſt muſt be continued to ſo many Terms as there are Units in p, 
the ſecond to, ſo many Terms as there are Units in gq, the third to ſo 
— as there are Units 1 in r, Kc. 8 


ele 10 VYING 
PROBLEM XVII. 


* number of Things a, b, c, d, e, f, being given : to fond 
2 Probability — in taking two of them as it may 
| happen, both a _ b 2 be n en y any regard 


10 ger 


* 


SOL UT TON. 
The Probability of taking @ or 6 in the firſt place will be — ; 
ſuppoſe one of them. taken, as for inſtance a, then the Probability 
of taking b WWII be — Wherefore the Probability of taking both 


4 and 4 will * — 8 
CoroLLARY. = 
The taking of both à and b is but one ſingle Caſe of all thoſe by 
which fix Things may be combined two and two; wherefore the 


MU of Combinations of fix Toy taken two. and two will be 


if a 


Univer/ally. The number of Gamblaationd of 2 Things taken two 
and two will be —x — 


P — PROBLEM 


"7 7h Doctstn one. 
es 70 3139: gin 817 91 792. 1 #15 2 90109 31 81 - 


PROBLEM XVIIL en 


u Y n b, & d, e f: fod * „ 
bability that in © ang three" of them as they hap- 
pen, hag ſhall be any W Fe as a5 e 45 10 
e AE | bad, to ARES: Gs ki 1 


11 „ p 
A . "MX .. . 92 , - 111 
' — — Ie _—- F 3 > 12 14 | + } 3 4 
\ 1 | 


C30) *© 4 — G& 0 orion. © 5458; 01 
3 - * 4 7 : k wt 
. 


| The Piobatility of my either a, or 5, or c in the i} laces be 


will be = {oppoſe one of them as 4 to be taken, then the Pro- 


bability of taking either ö or c in the ſecond place will be = =: : again, 
let either of them be taken, ſuppoſe b, then the Probability of taking 
c in the third place will be 77 ; Wherefore the AA Wh of ta- 


King the five Thing propoed, VIS, . b, c will be - oy ** 1 


* 
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The * of a, 1 c is but one ſingle caſe of all thoſe ay which 
ſix Things may be combined three and three; wherefore the num- 
ber of n of ſix Things taken three and .three will. be 


=x 2 L = == 20, 
: " Univerjally. The number of Combinations of u things combined ac- 
cording to the number Pp, will be the fraction 1 — 


&c. both Numerator and Denominator being continued t to 101 many 
Terms as there are Units in FA 


"od, nods tie” "PROBLEM XIX. 


To find what Probability there is, that in raking at ran- 
dom ſeven Counters out 0 7 twelve, whereof four are 


white and eight black, three 2 them ſball be white 


ves . 


SOLUTION. 
Firſt, Find the er of —— for taking three white out 


of four, which will be — = x * = == 4. 
Secondly, 
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1 Secondly, Find the number of Chances for taking * black out᷑ 
of eight; theſe Chances will be found to be - * Dx x 


— +. | 
— * 8 4 
E * Becauſe every ane; be * firſt 3 may . 


with every one of the latter, it follows that the number of Chances 
for taking three white, and four black, will be 4 * 70 == 280. 

 Fourthly, Altho the caſe, of taking four white and three black, 
be not mentioned in the Problem, = it is to be underſtood to be 
implyed in it; for according to the Law of Play, he who does more 
than he ufdertakes, l is ſtill r 1 a winner, unleſs the contrary be 
expreſly ſtipulated ; let therefore the caſe of We 8150 white . 
of four be calculated, and it will be found = x = x rats * 


e; Find” the Chances for taking thee black Counters out of 
cight, which will be found to be — x — x = 56. 


$Sixrbly, Multiply the two laſt number of Chances together, and 
the Product 56 will denote the number of Chances for taking four 
white and three black. 
And therefore the whole number of Chances, which anſwer to 
the conditions of the Problem, are 280 + 56 = 336. 

There remains now to find the whole — wes of Adee for 


taking ſeven Counters out of twelve, which will be * = x — Ks 


. 7 6 | 
— —_— Ry „ 2. 
W =79 


N 1 336 
Laſtly, Divide bk 336 by 792, and the Quotient 4 
or 2 will expreſs the Probability required; and this Fraction be- 


ing ſubtracted from Unity, the remainder will be * „and therefore 
the Odds againſt taking tures white Counters are 19 to 14. 


CoroLLARY. 


Let @ be the number of white Counters, 4 the number of black, 
a the whole number of Counters = ; c the number of Coun- 
ters to be taken out of the number ; let alſo p repreſent the 
number of white Counters to be found preciſely in c, then the number 
of Chances for taking none of the white, or one ſingle white, or 


L 2 two 
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two white and no more, or three white and no more, or four 
white and no more, will be expreſs d as follows a 


2: =, == 1 1 f &c. x . = = e 
3 number of Terms in which 4 enters b ce Abe mm- 
ae and the number of r in which enters veing equal 
to the number c 7. 
But the number of all the Chances for taking 4 certain nündber 


e of Counters out of the number u, ig expteſſed by the Series 


0 an ee e | 1 #1 £5 Doi: 
=x 211655 57 "a; 4 1 Wot be continued. Seen 
Torragus thers: are nee c. t ga ii siti 


* Ti FE £ 


"REMARK... 


If the numbers, and e were large, ſuch as n 4oοο and 
cup 8ooo, the foregoing Method, would ſeem impraQticable, by 
reaſon of the vaſt number of Terins to be taken in both Series; 


vrhereof the. firſt is to be divided by the fecond: tho if thoſe Terms. 


were actually ſet down, a great many of them being common Di- 
viſors might be, expunged out of both. Series, for which reaſon it 
will de convenient to uſe the following Theorem, which is a con- 
traction of that Method, and which will be eee of 1 the 
white Counters are but. few. l 

Let therefore n be the number of all the 8 34 .aho num. 
ber of white; c the number of Counters to be taken out of the 
number x; p. the number of the white that are to be-taken preciſely 
in the number c; then making 1 - c d. The Probability of 
. RY the . p white ep will be 


. 


NHL 1 — 2. ae PEEK = - 2—7 2—86 Cc. 


Here it is to be obſerved, that the Numerator conſiſts of three Series 
which are to be multiplied together; whereof the firſt contains as 
many Terms as there are Units in p; the ſecond as many as there 
are Units in 2. — ; the. third as many as there are Units In p; and 
the Denominator as many as there are Units in 4. 


PROBLEM 


- 
n 
Kd 


+ As % 4 * 2 © 1 G 9 75 * J e - 2 1 - » 
4 = * . * f ” L # % * , * 
«> * * * * "> 7g 5. 3 > 4 7 * 24 IX b - {Rs 2 1 , 3 8 
r . TOSS EIT COON TT TS ETON £ , HESTON 
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PROBLEM XX. 


1 a ; Lotiery, conſiſting of 400 Tickets, among which 
are three particular Benefits, what. is zbe Probability 


that raking g oo ef them, ane er more of the . 
 Benefis hall be among. hem. hs 


SoLUTION. 


a age - 7 
Fil, 10 the Theorem belonging to the Remark of che foregoing 
Froblem, having ſubſtitated reſpectively 8000, 40000, 32000, 3 
and x, in the room of c, , d, a, and 4 it will appear that the 
Probability of taking one preciſely three oat 3 
will be 224.3299 3199923 ws © nearly. 


Jose. 39999. - 39998; _ 125 
Second c. un . 4 Bing ibterptettd as before; let us wppoſe 


þ==2 : hence he” Probability of raking preciſely two of the pr 


—— 2992. 310% 3 
ticular Benefits will be found to be — 35555 799m 125 


nearly. 
Diraly, making party, I. — of taking all the three 
particular! Benefits Will be found to 1 K gs — — = 


« 39999 399 Tr 


ve 
Viet a che Probability of 3 one or more of the three 
particular Benefits will be or = very near. 


125 

It is to be obſerved, that thoſe three Operations might have been 
contracted into one, by inquiring the Probability of not taking 
any ef the three particular Benefits, which will be found {to be 


32000! . 31999 - 31998 | 
—— K. nearl 2 being ſubtracted fro 
4600 39999 39998 25 , 8 m 


Unity, the remainder 1 — — or 2 will ſhew the Probability 


required, and therefore the Odds againſt taking any of three n. 
cular Benefits will be 64 to 61 neatly. 


PROBLEM XXI 


To find bow many Tickets ought to be talen in a Lottery 
confiſting of 40000, among which are Three particular 
Benefits, io make it as probable that one or more of thoſe 
. Three may be taken as not. 


SOL U=- 


*. 


8. 
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1 80Lv TION. 
Let the number of Tickets requiſite to Leger be == 
follow therefore from the Remark” belonging to the xixth- 
that the Probability! of not taking any of the particular — 


— 


— 
- 


It will 
a, i wi 


will be * — x == but this er 


equal to 47 ſinoe by Ann the Probability of taking one or 


more of them is po to , from whence oy, ſhall have the 


731” 44 1 * 


| Equation; 2 > < TAO To AE IN which Equation 


being ſolved, the Value of & will be\found i>-be nearly 82 52. 
N. B. The Factors whereof both the Numerator and Denomina- 


tor are compoſed, bein 
and beſides, the difference being very ſmall in reſpect of 1; thoſe 


Terms may he conſidered. as being in geometric Progreſſion: : Where- 


fore the Cube of the middle Term — To. may be ſuppoſed 


er 2 —1 


equal to the product of the Multiplication of thoſe Terms ; from 
whence will ariſe the-Equation =__ = 70 OS 


Unity i in both Numerator and Denominator, ERNIE ile * = — and 


conſequently x will be found to be ant VT or 1 


2. but 40000, and 2 * 74 == es! 3 wherefore 


x = 8252. 
In 955 Remark belonging to the ſecond Problem a Rule. was 
given for finding the number of Tickets that were to be taken to 


make it as probable, that one or more of the Benefits would be ta- 


ken as not; but in that Rule it was ſuppoſed, that the en ; 


of the Blanks to the Prizes was often repeated, as it uſually is in 
Lotteries: now in the caſe of the preſent Problem, the particular 
Benefits being but three in all, the remaining Tickets are to be 
conſidered as Blanks in reſpect of them; from whence it follows, 


that the proportion of the number of Blanks to one Prize being 


very near as 13332 to 1, and that proportion being re ug but 
Ward times ay . whole .number of Tickets, the Rule there given 


would not have been ſufficiently exact, for which reaſon it 5 eee 
neceſſary to give another Rule in chis place. | 


PROBLEM 


g but few, and in arithmetic. progrefſion., 
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PROBLEM XXII. 


OTE a Lane of too Ticherr, 2 5 g0000 
are Blanks, 4 10000 Dart Benefits, to determine ac- 
curately what the odds are of taking or not taking a 


Lal, i 4 erer Of 71 Tickets, ee. 


47 120 N 


Soppole the number of Tickets to be 6; then let us inquire into 
the Probability of taking no Prize in 6 Tickets, which to find, let 


us make uſe of the Theorem ſet down in the Corollary of the xixth 
Problem, wherein it will appear that the number of Chances for ta- 
king no Prize in 6 Tick&s, making 'a ==10000, bþ = goooo; 
c, P == 100000, will be 
. 29295 ' 89998 22. 2282228. 
Dx 0 _— X a Has 4 X x 2. > 


| and. has, the whole number of Chances will be 


Le Fe 00000 j 99999 9999 8 
IF \ = X Te VA 1 * 299, * 9X 3 then 


dividing dhe firlt hy nets of Chances by the dd which may 
eaſily be done by rithms, the Quotient will be o. 53 143, and 


— 


this ſhews the Probabi ty of 3 no Prize in 6 Tickets, and this 


decimal fraction being ſubtracted from Unity, the Remainder o. 468 57 
ſhews the Probability of taking one Prize or more in 6 Tickets ; 

wherefore the Odds againſt taking any Prize in 6 Tickets, will be 

$3143 to 46857: - 

f we * now that the number of Tickets taken is 7, then 
3 each number of Chances above-written one ſtep farther, 
we {hall find that the Probability of taking no Prize in 7 Tickets 
is 0.47828, which fraction being ſubtracted from Unity, the re- 
mainder will be 0.52172, which ſhews the Odds of taking one 
Prize or more in 7 Tickets to be 52172 to 47828. 


REMARK. 


When the np ber of Tickets taken bear a very inconſiderable 
proportion to the whole number of Tickets, as it happens in the 
caſe of this Problem, the Quęſtion may be reſolved as a Problem 
depending on the Caſt of a Die; we may therefore ſuppoſe a Die 


of 


— 


* 
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of 10 Faces having one of its Faces ſuch as the Ace repreſenting a 
Benefit, and all the other nin repreſt nung Blanks, and in dach os into 


the Probability, of miſſing the Ace 8 together v W 


Rules given in the Introduction, will be ſaund to be Lo o. i 


differing from what. we bad found before but one · Unit in the fifth 
place o Decimals: now if. we inquite into the Probability of miſ- 
ting the Ace 7 times, we thall find it 6.47829 differing alſo but 
= Unit in the fifth of Decimals, from what had been found before, 
and therefore in ſuch caſes as this we may uſe both Methods indif- 
ferently, but the firſt wilt. be exact if we actually, multiply the num- 
bers together, the ſecond is only an approximation, . 


But both Methods confirm the She tonth, of the qe Rule given 


in our third Problem, about finding what epaper Tickets are 
neceſſary for the equal Chance of à Prize 06 welch [Irs as it is 
there directed, the number g repreſenting the Blanks by 0.7, the 
n 6.3 wil ſhew that the — * is between 6 and 7. 


PROBLEM XXIII. 


The ſame things being given as in the preceding Problem, 
 Juppoſe the price 'of each Ticket to be 10 . and that 
after the Lottery is drawn, 7 L. — 104. be returned 


to the Blanks, to find. in i. Latter 4% value 90 the 
Chance 7 4 Prize, u Jace 


— Ie 


9114 * 1. 


Sobre. 


This beivg . Blanks, to every one "of which; 7h 105. 


is returned, the total Value of the Blanks is 6750904: and, conſe- 
quently the total Value of the Benefits is 325000 L. which being 
divided by 10000 number of the Benefits, the Quotient is 32 L 
— 10% and therefore one might for the Sum of 32 {+ — 194: be 
intitled to have a Benefit certain, taken at — out of the 
whole number of Benefits; the Purchaſer of a Chance has there- 
fore 1 Chance in 10 .for the Sum of 321. — 104 and g Chances 
in 10 for loſing his Money ;. from whence it follows, that the value 
of his Chance is the lot part of 32 1 — 10%. that is 3. — 5%. 


And therefore the Purchaſer of a Chance, by giving the Seller T3. 


— 5 is intitled to the Chance of à Benefit, and ought not to 
return any thing to the Seller, altho' he ſhould have a Prize; for 
3 "the 
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the ſeller having 3 £-— 5#- ſure, and ꝙ Chances in 10 for 75 — 10%. 
the Value of which Chances is 6% — 15%. it follows that he has 
his 10 £- „ (do oo m. fr 


PROBLEM XXIV. 


Suppoſing flill the ſame Lottery as has been mentioned in 
the two preceding Problems, let A engage to fu rniſh B 
with a Chance, on condition that whenever the Ticket on 
which the Chance depends, ſhall happen to be drawn, 
whether it proves a Blank or a Prize, A ſhall furniſh 
B with a new Chance, and ſo on, as often as there is 
occaſion, till the whole Lottery be drawn; to find what 
confideration B ought to give A before the Lottery be- 
gins to be drawn, for the Chance or Chances of one or 
more Prizes, admitting that the Lottery will be 40 
days a drawing. bY | 
| > WO&TTION. 


Let 37. 54 which is the abſolute Value of a Chance be cal- 
1 


1. A who is the Seller ought to conſider, that the firſt Day, he 
furniſhes neceſſarily a Chance whoſe Value is s. 

2%. That the ſecond day; he does not neceſſarily furniſh a Chance, 
but conditionally, viz. if it ſo happen that the Ticket on which the 
Chance depends, ſhould be drawn on the firſt day ; but the Proba- 


bility of its being drawn on the firſt day is _— and therefore he 


ought to take —— 5 for the conſideration of the ſecond day, 


3. That in the ſame manner, he does not neceſſarily futniſh a 
Chance on the third day, but conditionally in caſe the only Ticket 
depending (for there can be but one) ſhould happen to be drawn on 


the ſecond day, of which the Probability being — , by reaſon of 
the remaining 39 days from the ſecond incluſive to the laſt, it fol- 
lows, that the Value of that Chance is ＋ 5. 


4. And for the ſame reaſon, the Value of the next is 11 g. and 
ſo on. G 


M | + . 
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The Purchaſer ought therefore to give the Seller 


4 1 0 des # h 1 | 1, | . 14 * 1 * 10 | 
— — — „ „ „ „ „ „ 06 0 _ — e whole 
n r 


* 4 
. 
1 — 


multiply'd by 5s, or 


WG SURAT. 3” > 414 1 4%.4 \ r 3 | wa 3 r 
„„ DIE Wen „the whole 


multiply d by . No it being pretty laboxious to ſum up thoſe 40 
Teri, I have here made uſe. of a Rule which. I 8 the 
Supplement to my, Miſcellanea Analytica, whereby one may in a very 
ſhort time ſum up as many of thoſe Terms as one pleaſes, tho” they 
were 10000 or more, and, by that Rule, the dum of thoſe 40 Terms. 
will be found to be 4.278 5 very near, which being multiply d by . 
which in this caſe is d I the produd. 13:9. will ſhew that the Pur- 
chaſer ought to give the Seller Joe 13%: ms 10. 


A 5 hb _ CoRoBLABY. - FRM 
The Value of the Chance s for one fingle day that ſhall be fixed 

upon, is the Value of that Chance divided by the number of Days. 

intercepted between that Day incluſive, and the number of Days re- 


maining to the end of the Lottery: which however muſt be under 


ſtood with that reſtriction, that the Day fixed upon muſt be choſe 
before. the Lottery begins, or that if it be done on any other Day, 
the State of the Lottery muſt be known, and a new Calculation 
made accordingly for the Value of 3. | 


2 PROBLEM, XXV. 
To find the Probability of taking four Hearts, three Dia- 
mongs,. tua Shades, and one Club in ten Cards out of 
4 Stack. containing thirtystwo.. Jew, | 


| SOLUTION, 
F rſt, The. number of Chances for taking 
* number of Hearts that are in the Stock, t 


at i ut of Eight, 
555 
Secondly, The number of Chances for taking three Diamonds. 


out of Eight, will be — —3 


r Hearts out of the 


Thirdly; 


— 8 72 wy £ #2 : — 
1 4 - 2 - * 
22 n A 4 2 C 133 * hy R L * 
RRR eee eee, 
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Thirdy, The number of Chances for king two' 2 N out of 
Eight, will be . == 28. 

 Fourthly, The number of Chances for takin ing one | Club out. of 
Eight, will be — = 8. 15 


And therefore multi ip ing ll all hole particular Chances together, 
the product 70 x 56 * 28 x 8 878080 pi denote the whole num- 


ber of Chances for taking four Hearts, three Diamonds, two Spades, 
and one Club. 


Fift 2 The whole number of Chances for taking any ten Cards : | 


out of thirty-two is 
32:30-30-20-26.27 «26/36. 26: 28 == 6 £ 
12 
„ 7 . 8 910 45 240 


And therefore dividing the firſt Product by the ſecond, the quotient 


e or art nearly, will expreſs the Probability required; 


from which it "follows, that the Odds againſt. taking four Hearts, 
three Diamonds, two Spades, and one Club in ten Cards, out of a 
Stock containing thirty-two, are very near 74 to 1, 


| Of the Game of rtr KE. 
PROBLEM XXVI. | 
The Player having 6 Matadors and three other Trumps 


by the loweſt Cards in black or red, what is the Pro- 
Gability of his forcing all the Trumps. 


pear. 


In order to ſolve this Problem, it is to be conſidered, that the 
Player whom I call A forces the Trumps neceſſarily, it none of the 
other Players whom-.I-call-B, C, D-hasmore-thanthree Trumps ; 
and therefore, if we calculate the Probability of any one of them 
having more than three Trumps, which" caſe is wholly againſt A, 
we may from thence deduce what will be favourable to him, but 
let us firſt ſuppoſe that he plays in black. 

Since the number of Trumps in black is 11, and that A by ſup- 
poſition has 6 of them, then the number of Trumps remaining 
amongſt B, C, Dis 5 and again, ſince the number of all the other 
remaining Cards: which-we my call Blanks is 29, whereof A has 

2 45 
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it follows that there are 25 Blanks amongſt B, C, D, and there- 


Be the number of Chances for B in his 10 Cards to have 4. a 
2 6 Blanks, is by the Corollary of the _xix® Problem | | 


qxi4x 3x2. 5 28 44 — 22 21 20 
1.2.34 143 1 3 4 'S © os 


And likewife the number of Chances for his having $ Trumps and 
5 — is by the fame = re 6 


IF 2 22 . 21 


„ . 2. 1 

; , L234 5 

And ls the number of all pO Chances of B _ x A is 
106x 5x7x 11x23; but the number of Chances whereby any 10 


Cards may be taken out of 30 is -—= 3 BY — 5 
which being reduced to 1 * 9 x I1 x 13x 23 * 29, i " fellows 


that the Probability of B' having more than three Trumps is 
ERR = =; but this Probability falls as 
al upon C an D as upon A, and therefore it ought to be mul- 


tiply'd by 3, which will make it — 75 = 152 and this 


being ſubtracted from Unity, the remainder ——— will expreſs the 


Probability of A. forcing all the Trumps, and therefore the Odds 
of ow forcing the Trumps are 1025 — 106, that 1 is 29 to 3 
nearly, 

But if 4 of 7 ys the fame Game in red, his advantage will be con- 
fiderably leſs than before, for there being 12 Trumps in red, whereof 
he has 6, B may have 4, or 5, or 6 of them, ſo that the number 
of the Chances which B has for more than three Trumps will be 
reſpectively as follows: 


8 44 x = 2432-2) «20. 9 


ln. $a 4 EL EY 
_6.5.4.3-2 24 . 23. 22 . 21. 20. 
1.2-3+-4+-5 nts * 3 + 4+ 5 
3 6. 4 24 - 23 . 22 21 


d 8. 34.3.8 8 
Now the Sum of all thoſe Chances being 215 x 23 * 22 x21, and 


the Sum of all the Chances for taking any 10 Cards out of 30, 


being 5x7 x9 X11 X IZ X 23 & 29, as appears by the preceding 
cafe, it follows, that the Probability of B- having more than three 


215 . 23 . 22 .21 FOR Es 
Trumps i "3 Jy. Q-U>I1$.23.29  $.33-29 ? but this Probabi- 
lity 
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lity falling as well upon C and D, as upon B, ought to be Mg, 


tiply'd by 3. which will make it - _ ON = 3 and this being 


ſubtracted from Unity, the AE 377 , will expreſs the Pro- 


bability of A. forcing all the Trumps, and therefore the Odds of 


his forcing all the Trumps is in-this caſe 291 to 86, that is near- 
tote z. 


PROBLEM XXVII. 

The Player A having Spadille, Manille, King, Queen, 

and two ſmall Trumps in black, to ſind the Ag 
7 Bis forcing all the Trumps. 


II 


4 forces the Truniph neceſſarily, if Baſte accompanied with two 
other Trumps be not in one of the Hands of B, C, D, and as 
Baſie ought to be in ſome Hand, it is indifferent where we place 
it; let it therefore be ſuppoſed that B has it, in conſequence of 
which let us conſider the number of Chances for his having be- 
ſides Baſte, $1654: 
1% 2 Trumps and 7 Blanks. 
2% 3 Trumps and 6 Blanks. 
3% 4 Trumps and 5 Blanks. 


Now the Blanks being in all 29, whereof A has 4, it follows 
that the number of remaining Blanks is 25, and the number of 
Trumps being in all 11, whereof A has 6 by Hypotheſis, and B 
has 1, vis. Baſte, it follows that the number of remaining Trumps 


is 43 and therefore the Chances which B has againſt the Player 
are reſpectively as follows: 


4.3 2 2423 22-21. 20. 10 
„ TST EF 
2 5 1 23.22.21 . 20 


3 n 
1 00 23.22.21 
4 


* 
The Sum of 1 which is 1441 * 5 * 23 * 22 but the Sum of 
all the Chances whereby B may 2 any Cards to the Baſte which 


he has already is PEELED 260. 25 7 —— ＋ = 23 7K 3* 
13 * * 23 * 11: and therefore the P Probability of Baſte being in 


One 


4 


45 
2 
«I 


I 
KL 
"Wo 
= 
3 * 


EE. 
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one 8 accompany d with two Ft at Taft, is expreſſed 


— 1441. 5 2 n r —_— 
by. the Fradtion « 253 "rom 7 %+ + 2 WE 
and this being ſubtracted rom nity, 2 the remainder | will be 


g, and thefefore the Odds of 4 forcing the Trumps a are 503 5 


to 2 2882, which. are very near 7 to + 
” Bite if it be in red, A has the ſmall . of 1970 
againſt wer or nearly 110 1 111. 


Weinen © 


6 

o 

a. 3 
PA 


a -P R O'B L E M XXVII. IK 


The Player having & padille, Manille, and 5 other Trumps 


more by the loweſi in red, what is the. Probability, by 


playing Spadille and Man 12 of his forcing 4 Trumps. 


— 


dbu be 06 bg 


The 5 remaining. Trumps being between B, C, D, their various 


diſpoſitions are the following : 


W *D 
5. a 
2, 3, O' 
28 
- —_— 
5, Oz, © 


Which muſt] be underſtood in, ſuch manner, that what is here 
gned to B may as well belong to C or 
" Now it is plain, that out of thoſe fiye diſpoſitions there are only 
the two firſt that are favourable to A, let us therefore ſee What is 
the Probability of the firſt diſpoſition. 


The number of Chances o 2 to have 1 Trump and 9 Blanks 
are — x . 24 _ 22. 21 >: — E SSI x 19 


x 23, but the number of all "the Chances whereby he may take 


any 10 Cards out of 30 is 5X7X9X11%13 x23 x29 2s has 
been ſeen already in one of the preceding Problems, and therefore 


the W of B's _— aps Trump and nine Blanks is 


CELELE 3 2 17 
7.7 9 7 . 29: 421 29 


No §] c 


an 


5 1 
AM e e 
av - 4 \ . - 
. re, 5 4 .» a as r 


, 1 k 4 * 
r F — 
FFF . PAIRS CIT WE 


7 0 I ION 


4 
* 
» 
4 ry 
ll 
= 


_— 5 4 
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9 


Now in order to find the num pu C to have 2 
Trumps and 8 Blanks, it tviuſt be confi SOT PI ving 6 Trum 


and B r, the number of remaining Trump 8 i 4, d lewis 


4 8 4 Blanks, and B 9, the number of remaining Blanks is 
15, & therefore that the number of re for C to have 2 
Tump and 8 Blanks is 


4.3 16. 18. th - 131. 12. 11 10 \ 
TITEL PEELELS# + =6xgx 10 rig 


1 2 1 


But the number ef all the Chances whereby = may take any to 
Cards out of 20 e e between him _ D is ; 


20.1 "rs 13.12. TIL 
TNT 12 = 8. 9. 10 nN 


12820 


and therefore the Probability of C' having 2 Trumps and 8 Blanks is- 


& g23aat.n | 6.9. 1 9.15 
4-11 +13-17.-19] 4-17.19 17.19 


Now A being wy ppt td have had 6 Trumps, B f, and 8. 
D muſt have 2 neceſſarily, and therefore nd new Calculation ought 
to be made on account of . It follows therefore that the Proba- 
bility of the diſpolition 1, , 2, — —_— to B, C, D. 
ought” to be expreſod by FT — = x-—_ af. 


7 29 nnr 
Now three things, whereof two are dike Ts to be permuted 


3 different ways, it follows that the Problpility of the Diſpoſition: 
I, 2, 2, as it may happen in any order will be — 7 3 = 


It will be found in the fame manner, that the Probability by the 
1 2, 3, O as it belongs reſpetvely to B; G. D. i 


Fa 5 but. the number of Permutations of three things which 
| * all unlike being 6, it follows that the ſaid W ought to 
be multiply'd by 6, which will make it 


* = 3 
From all which it follows, that the edu. of A forcing 4 
1120 ＋ 60 1725 


Trumps is 8 which fraction being ſubtracted 
from Unity, the remainder will be 2 „and therefore the Odds 


of A's forcing 4 tat are 172 5 to 9.4, that is very near 17 
to 9. ; 


P RO BLE M 
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PROBLEM XXIX. 


a . 4 Matador, in Diamonds, with the Rp black 
| Kings, each accompanied with two ſmall Cards of their 
on colour ; what is the Probability that no one of the 
others B, C, D has more than 4 Trumps, or in caſe he 
has more, that he bat alſo of the colour of wand "bis. 
Kings, in which caſes be WINS neefarig. | 


eee 


The Chances that are * A are. as o follows, it bring poſſi- 
be that B may have © ow 


Diamonds, | Hearts, 


* Number of 8 

5, | 5 SITE 14112 

| 6, | 7 4 4 8 5880 

7» „n | 960 

8, 2 | 45 

4 1 noi} Sum 20997 
. Spades, 725 Hearts, N umber of Chances. 

$3 „ ; SME =; 70.500 

LY 2, 3 100800 

5. 3» WW” $0400 

So. - 4, I 8400 9 
* 5 * 336 

6, I, S. 20160 
6, 2, 2 18900 
6, 3 1 5600 

6, 45 O 420 

- I, 2 2160 
7» 2, 1 1200 
Ty 3. O 160 

8, I, I 60 
8, 2, © 1 


— 


Now 


a IS 279171 
— — — 
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Now by reaſon that among B, C, D, there are as many Clubs as 
Spades, vix. 6 of each ſort, it follows that the Clubs may. be ſub- 
ſtituted in the room of the Spades, which will double this laſt num- 
bet of Chances, and make it 5 583 30; and therefore, adding toge- 
cher the firſt and ſecond number of Chances, the Sum will be 
579327, wybich will be the whole number of Chances, whereby B 
may withſtand the Expectation of A, but the number of all the 
Chances which B has for taking any ro Cards out of 30 is 5x7 
9% 11%'13 x 23 x 29 = 30045015 ; from which it follows that the 
Probability of B'. withſtanding the Expectation of A_is =. » 


. 


: | * HA F116 . 
but as this may fall as well upon C and D as upon B, it follows 


that this Probability ought to be multiply'd by 3, then the Product 
— will expreſs the Probability of A's loſing, and this being 
ſubtracted from Unity, the remainder will expreſs the Probability*of 
AI winning, and therefore the Odds of A winning will be little 
more than 16—- do ch 5! IB, MY * 


P ROB L E M XXX. 

A having Spadille, Manille, King, Knave, nnd tuo 
other ſmall Trumps in black, what is the Probability 
that Baſte accompany'd with two other Trumps, or the 
Queen accompany'd with three other ſhall not be in the 
fame hand, in which caſe A wins neceſſarily ? 


„Serre. n e n 
The Probability of Baſte being in one hand, accompany'd with 


two other Trumps, has been found in Problem xxvii to be E. ve 


by! mp | [2007 
The number of Chances for him who has the Queen, to have 


alſo three other Trumps, excluding Baſte is 
| 11 25 . 24. 23. 22. 21. 20 | 2 | 5 * 
1.23 N N — 5 * 7 * II * 20 * 23 | 


2 1 Saf 133» 20423; 7: w 1 20 140% „ 
* — — — — — — — — I 

3 X 5 . 7 . I I . I 3 * 23 . 29 3 * 1 3 . 29 * 1 I 31 * 7917 } bt [1 
Aas A 9 now 
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now this Probability beirig added to the former, the Sum will ee + 


, and therefore, the Odds of &, not being withſtood eicher 


from Baſte being accompany d with two other Trumps, or from the 
2 n accompany'd with three, are 4895 to 3022, nearly as 13 


It may be obſerved, that the reaſon of Baſte being excluded from 
among the Trumps that accompany the Queen is this, if the Queen 
be accompany'd with Baſte and two other Trumps, the Baſte it{clf- 
1s accompany d with three Trumps, which caſe had been taken in 


already in the firſt part of this Solution. 
1.8 5 £4 5 Is: 141 | 


PROBLEM XX © 


A having three Matadort in Spades with the Kings of 


Hearts, Diamonds, and Clubs, two ſmall Hearts, two 
ſmall Diamonds, and one ſmall Club, to find the Pro- 
bability that not above three Spades ſhall be in one band, 
or that, if there b above three, there ſhall be alſo- 

F the colour of the three Kings, in which caſe A 

" | SoLvT1iON.. - n 

10. The Probability of not above three Trumps being in one 

hand 2.332141. | | 5 | 

The Probability that one of the Oppoſers ſhall have 4./Trumps, . 
and at the ſame time Hearts, Diamonds, and Clubs, and that no 

other ſhall have 4 Trumps is = 0.393 501. 

The Probability that two of the Oppoſers ſhall Have 4 Trumps, 

and at the fame time Hearts, Diamonds and Clubs s-==0.0138 36. 
The Probability that one of the Oppoſers ſhall have 5 Trumps, . 

and at the ſame time Hearts, Diamonds and Clubs is o. 103019. 
The Probability that one of the Oppoſers ſhall have 6 Trumps, . 

Hearts, Diamonds and Clubs is == 0.00104. - — 


The Probability of one of the Oppoſers having 7 Trumps, and 


ut che ſame time Hearts, Diamonds and Cfubs is o. oo03 13. 
No the Sum of all theſe Probabilities is 0:84.38 51, which be- 

ing ſubtracted from Unity, the remamder is O. 1 56149, and there- 

fore the Odds of the Players winning are as 843851 to 156149, 

that is very near as 27 to 5. | | 

| PROBLEM. 


24> "* IF n D. . . X 
.. — 0 1 * A" * ALS ** SS 4* q- — bud ar 4 * + 8 a by 
be * > . £* bs 2-4 bens 
a 4 . > * 
- A "29 : 5 — 2 
N LR Sai - £& 4 RES? EY” a * 4 5 
b A, >. > na Ae» . * 
* Wa PL. 1. Oe 0h Dd La dw .it No.4 =" 3. Fin TOE TOR PR 
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PROBLEM XXXII. 


T find at Pharaon, how much it is that the Banker pert 
* Cent. +. all the N. —_ that is eee 


nm 


1 ſup ole 425 rſt, that there is but one fi ingle Ponte ; ; ' Secondly, that. 

he lays po on one ſingle Card at a time; irdh, that 

he begins to take a 76 d in the beginning of the Came; 3 Fourthly, 

that he continues to take a new Card after the laying down of 

every couple: Fifthly, that when there remains but fix Cards in 
the a he ceaſes to tale a " Card, 7 


dene | 


When at any time the Ponte la 2 a new Stake upon a Card 
taken as it happens out of his Book, let the number of Cards al- 
ready laid down by the Banker be ſuppoſed equal to x, and the 
whole number of Cards equal to 7:. 


Now in this circumſtance the Card taken by the Ponte has paſt 
four times, or three times, or twice, or once, or not at all. 


Firſt, If it has paſſed four times, he can be no loſer upon that 
Account. 


Secondly, If it has paſſed three times, then his Card is once in the 
Stock : now the number of Cards remaining in the Stock being 
„ — x, it follows by the * caſe of the xiiith Problem, that the 


Loſs of the Ponte will be : but by the Remark belonging to 
the xuxth Problem, the Probability of his Cards having paſſed three 
times preciſely in x Cards is —— : now ſuppo- 
ſing the Denominator equal to s, multiply the Loſs he will ſuffer, 
if he has that Chance, by the Probability of having it, and the 
product —— — will be his abſolute Loſs in that cir- 
cumſtancè. 

Thirdly, If it has paſſed twice, his abſolute Loſs will, by the 
fame way of teaſoning be found to be x n Z 


Fourthly, If it has paſſed once, his abſolute Lo will be found 


mon. 
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Fifthly, If it has not yet paſſed, his abſolute Lok will be 


22 X fi 4 — 2. . — 


Now he. Sum er all theſe” Lifles of the Ponte 8 vill be 
5 BUR key 2 = Fes + * | 


— —— H "ad. hiv; is the Loſs + fuffers 
by: venturing a new Stake after wy number of Cards x are 
paſſed. 


11 
But the number of Couples which at any time are laid down, 
is always one half of the number of Cards that are paſſed ; where- 


fore calling ? the number K thoſe Couples, the Loſs of the Fonte 


9 
03 —— Tm + —he— 6h 3 
may be expreſod R (ki _ 
Let now þ be the number of ER which the FE, adven 
tures ; let alſo the Loſs of the Ponte be divided into two parts, vi. 


* 


* — —m + 5# 


— — 


: and — ENS 241 


And ſince he adventures a Stake p times; it follows that the firſt 


LH nt 


part of his Loſs will be n 


In order to find the ſecond put, let z be interpreted facoetiively 
by o, 1, 2, 3, &c. to the laſt term p— 1; then in the room of 
ot we ſhall have a Sum of Numbers in Arithmetic Progreſſion to be 
multiplied by 6; in the room of 6/4 we ſhall have a Sum of 
Squares, whoſe Roots are in Arithmetic Progreſſion, to be multi- 


plied by 6 ; and in the room of 2475 we ſhall have a Sum of Cubes, 
whoſe Roots are in Arithmetic Progreſſion, to be multiplied by 


24 
"Theſe ſeveral Sums being collected according to the Rule given 
in the ſecond Remark on the xth Problem, will be found to be 


Ke we 5 L. and therefore the whole Loſs of the Ponte will be 


pa — 55 + 2 14% ＋ 6D K 27 


Now this ke the Loſs which the Ponte ſuſtains by adven- 
turing the Sum p, each Stake being ſuppoſed equal to Unity, it 
follows that the Loſs per Cent. of the Ponte, is the quantity above- 
written multiply d by 100, and divided by b, which conſidering 
that s has mn e equal to 7: x3 —Ix2— 2x4— 3 will 


— i * 6pp — 87 — 
make it to be — — 100 = — . ＋ X 1003 let 
3533 | | now 


2 — 1. 2— 3 21 Xx —2.2—3 
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now n be interpreted by 52, and ; and the Loſs per Cent. 


of the Ponte, or Gain * Cent, oc the N will be found to be 


2.99251, that is 21 — 19% — 104. per Cent. 


By the ſame, Method of proceſs, it will be found that the Gain 


per Cent. of the Banker at Baſſette will be. —2 x 100 + 


, - 2. 1.2 — 2 
. 


D =} — x 100, Let u be interpreted by 51, minen, 


and the nat expreſſion will become 0.790 582 or 155.— g — 


the conſideration of the firſt Stake which is adventured before al 
Pack is turned being here omitted, as being out of the gene- 


ral Rule ; but if that caſe be taken in, the Gain of wr Banker will 


be diminiſhed, and be only 0.76245, "that i is 15/9. — 3%. very near; 
and this is to be eſtimated as the Gain per Cent. of the Banker, 
when he takes but half Face. 


Now whether the Ponte takes one Card at a time, or ſeveral 


Cards, the Gain per Cent. of the Banker continues the fame : whe- 


ther the Ponte kee conſtantly to the fame Stake, or ſome time 
doubles or triples it, the Gain per Cent. is ſtill the fame : whether 


there be one fingle Ponte or ſeveral, his Gain per Cent. is not 


thereby altered. Wherefore the Gain per Cent. of the Banker of 
all the Money that is adventured at Pharaon i 1s 2 L.— 197 — 104 
and. at Balſerte 159.— 3 4 


PROBLEM XXXIIL 


| Suppoſe ng A and B to play together, that the Chances they 


ave re -ſpeftively to win are as a to b, and that B 


obliges himſelf to ſet to A ſo long as A wins without in- 


terruption : what is the advantage that A gets by Bis 
hand? 


SOLUTION. 
Firſt, | A and B ſtake 1 each, the Gain of A on the firſt 


—3 
Game is — — 


Secondly, His Gain on the ſecond Game will alſo be Z-, 
provided he ſhould happen to win the firſt: but the Probability 


of A. winning the firſt Game is —— 


| Wherefore his Gain on 
the ſecond Game will be - Ls 8 885 


Thirdly, 


; VJ! * 
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 Thirdh, His Gain on g the third Game, after winning the two 
firſt, wil be Iikewiſ 2 Fg. but the Probability of his winning 


e b e W on the third 
Game is r 


Fourthly, Wherefore che Gain of the Hand of & i. an infinite 


Series ; dig. 1 + 7 + rr. &. 
but the Sum of that infinite Series is 


to be multiplied by 2. 


* ; wherefore the dn ere Hand of 4 . = = 
W 


Condiiany 1. 

If A has the advantage of the Odds, and B ſets his hand out, 
the Gain of A is the difference of the numbers exprefling the Odds, 
divided by the leſſer. Thus if 4 has the Gans. of 9:96 3, then 
his Gain will be = = . 

COROLLARY 2. 

Tf B has the diſadvantage of the Odds, and A fets his hand out, 
the Loſs of B will be the difference of the numbers preſſing the 
Odds divided by the greater: thus if B has but 3 to 5, is Loſs will 


2 
be T - | 
CoR@LLARY 3. 
If A and B do mutually engage to ſet to one another, as Jon 


as either of them A* without interruption, the Gain of A wi 


be found to be — that is the Sum of the numbers expreſ- 


ſing the Odds multiplyed by their difference, the Product of that 
Multiplication being divided ! by the Product of the numbers expreſ- 
fing the Odds. Thus if the Odds were as 5 to 3, the Sum of 5 
and 3 being 8, and the difference being 2; multiply 8 by 2, and 


divide the product 16, by the product of the numbers expreſſing | 


the Odds, which is 15, and the Quotient will be _ 9 
which therefore will be the Gain of 4, 


Co ROLLARY 4. 
But if he be only to be ſet to, who wins the firſt time, and that 
he be to be ſet to as long as he wins without interruption, 3 
ain 


9 * . N 
* * = w o * af * * - l * - wa ©, 1 th . 5 
ene n 2:3 ee EV 
a. e p 1 — 2 o 7 
* FF ˙— . ⁰˙¹1 tht ind 5 es te Let WAS 
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Gain of A will be == : thus if @ be 5, and & 3; the Gain 


of A will be 5 ===. 
PROBLEM XXV. 

Any number of Letters a, b, e, d, e, f, &c. all of them 

different, being taken promiſcuouſly as it happens : to find 
the Probability that ſome of them ſhall be found in their 
places according to the rank they obtain in the Alpha- 
bet; and that others of them ſhall at the ſame time be 
diſplaced. 0- 

. SOLUTION: - | 

Let the number of all the Letters be n; let the number of 


thoſe that are to be in their places be == p, and the number of 


thoſe that are to be out of their places == 9. Suppoſe for brevity's ſake 
a [ 


I \ IR of PG 
— — — — . — 
r, 3c » 2. 31. — 2 


dec. then let all the quantities 1, 7, 5, f, v, &c. be written down 
with Signs alternately poſitive and negative, beginning at 1, if þ be 
So; atr, if p be i; at 5, if p be = 2, &c. Prefix to tlieſe 


Sa. 


==f, 


antities the Coefficients of a Binomial Power, whoſe index is 
is this being done, thoſe Quantities taken all together will ex- 
preſs the Dory required; thus the Probability that in 6 Letters 
„two of them, viz. 4 and b ſhall be in their 


taken promiſcuou 
places, and three of them, vig. c, d, e out of their places, will be 
| ö 


l - 3 3 


Bray 6.5.4 * F N 


And the Probability that 4 ſhall be in its place, and 5, c, 4, e out 


of their places, wall 1 9 00 
Hf — ates — — +, — — — 
_—_ Ces 57 7 8 7 ＋ 3 80 Ki 87 ts __ 720 


The Probability that @ ſhall be in its place, and 4, c, d, e, F out 
of their places, will be | 


I 5 10 10 | | 2 1 
1.3 7 5 * 6 .45 4 0.5 4.3 * 635 •4•3˙2 0D. 6.4 n 
r 

720 180 


—— — 2 „ —— 


&. . + WM. G4 


&S3: 1 
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The Probability chat 4, 6, c, d. e, ſhall all be diſplaced i is 


PIR 15 20 on oi. 14 OP IO 6 49 
1 — * F, EET BOP: =. G5 bot 
: 1 1 5. 6p KK. I 5 IH 
r mort beg, = = 


720 Ko ä 
Hence it may be concluded, that the + Protubilir that one of 


them at leaſt hall be in its place, is ene 


5 — 2 — . 5 and that. the Odds that one of them at 


leaſt ſhall be {6 found; are as 91 to 53. * 

- It muſt be obſerved, that the foregoing Expreſſion may abe for 
any number of Letters, by continuing it to ſo many Terms as there 
are Letters: thus if the number of- Letters had been ſeven, the 


177 
Probability required would have been - 


A Fein 2g 


The number of Chances for the Letter 4 to. be in the firſt FRY 
contains the number of Chances oy which @ being in the firſt place, 
b may be in the ſecond, or out of it: This is an Axiom of common 
Senſe of the fame degree of evidence, as that the whole is equal to all 
its 

From this it follows, that if from the number of Chances that 
there are for a to be in the firſt Place, there be ſubtracted the num- 
ber of Chances that there are for 4 to be in the firſt place, and 5 
at the fame time in the ſecond, there will remain the number of 
Chances by wRED s A in the firſt place, b may be excluded 
the ſecond. 

For the fame deni it follows, that if en the number of 
Chances for @ and 5 to be reſpectively in the firſt and ſecond places, 
there be ſubtracted the number of Chances by which a, b; and c 
may be reſpectively in the firſt, ſecond, and third places; there 
will remain the number of Chances b 7 which 2 being in the firſt, 
01 bi * che ſecond, c may be excluded the third place: and ſo of 
the re | 
Let -+ @ denote the Probability that 2 ſhall be in_ the fir N 
and let — @ denote the Probability of its being out of it. Likewiſe 
let the Probabilities that & ſhall be in the ſecond PRs: or out of it, 
be reſpectively expreſt by +6 and — 6, 

Let 
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Let the Probability chat 4 being in the firſt place, 5 ſhall be in the 


ſecond, be expreſſed by a +5: Likewiſe let the Probability that 2 


being in the firſt ; ys b ſhall be oe forge the I be 8 
by 4 — 6. 41 | 
2 Let the Probability chere is that as man 2 as are to be 
in their proper places, ſhall be ſo, and that as many others as are 
at the ſame time to be out of their proper places ffrall be ſo found, 
be denoted by the particular Probabilities of their being in their 


Proper places, or out of them, written all together: So that, for in- 


ance, a+ b ＋ —d-—e, may denote the Probability that a, b, 
and c ſhall be in their proper places, and that at the fame time both 
d and e ſhall be excluded their proper places. 

Now to be able to derive proper Concluſions by virtue of this No- 
tation, it is to be obſerved, that of the Quantities which are here 
conſidered, thoſe from which the Subtraction is to be made are in- 
differently compoſed of any number of Terms connected by ＋ and 

— ; and that the Quantities which are to be ſubtracted do fer 
by one Term thoſe from which the Subtraction is to be made; the 
reſt of the 'Terms being alike, and their Signs alike ; then nothing 
more is requiſite to have the remainder, than to preſerve the Quan- 
tities that are alike, with their proper Signs, and to change the 
Sign of the Quantity exceeding. 


It having been om ary coach in what we have faid of Permutations 


and Combinations, that a = — —; a+b= 


3 4 + b-+- c= 
— Kc. let —, —— , &c. be reſpectively called 


n * — 1 „ — 2 


r, 5, f, v, &c. this being Aga we may come to the follow- 
ing Concluſions. 


8 Dr 
b AS 
then b — @ =r —s 


C + þ A for the ſame reaſon that webs bank & 
cC+b + e A K | 

2% - — @=—=s$s —f 
C— 4 = 7 — s* er ** firſt Concluſion. 
by the ſecond. 

SEO r 

4e SD! 

N d+c+b+amv 

4*. dhchb—a=r—=y 


ov a 


* 
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qv 44 „ nt, Winne fattidd/Conchifien, 
j 1 x 3: 4 -A # == A . bn 

. Tr bear Faq Ain I ni 41195 
d—b—a r 2 by the third cpp, 

"tam K - T e 2 + o by the fifth; © | 7 

6®, e 5 
+,44 —  ——— * 10 1 4 

By the fame proceſs; if no letter be ooiiutarty age to be 

in its place, the- Probability that ſuch: of den as are a Aeg may 
be out of their places, wilt likewiſe be found” ths. | at a 


—a=_1—T, for 4+ 4 and 4 together make Unity 
— a + r- by en Conchafion. 


70. I e = i- 2, +s 
D = =- 2r + by the ſeventh en 
D = Tr — 2s + by the third. 
== | 8%. —a—b—c=1—3r + 3 — . 


: 


Now examining carefully all the foregoing” Concluſions; i it will 
be perceived, that when a Queſtion runs barely upon the diſplacing 
any given number of Letters, without requiring that any other ſhould 
be in its place, but leaving, it wholly: indifferent, then the Vulgar 
Algebraic Quantities which lie at the right-hand: of the Equations, 
begin conſtantly with Unity: it will. alſo be perceived, that when 
one ſingle: Letter is aſſigned to be in its pla ce, 1 thoſe 
tities begin with , and that when two Letters are aſſigned to be. 
in their places, they begin with , and fo on: moreover tis ob- 

vious, that theſe Quantities change their Signs alternately, and that 
the numerical Coefficients, which are prefixed to them are thoſe of a 


Binomial Power, whoſe Index is equal to the number of Letters 
which are to be diſplaced, | 


PROBLEM XXXV. 
Any given number of Letters a, b, c, d, e, f, Sc. be- 


ing each repeated a certain number of times, and taken 
promiſcuouſly as it ha 


ppens : To find the Probability 
that of ſome of thoſe forts, ſome one Letter of each may 
be feund in its place, and at the Jame time, that of _ 
ether ſorts, no one Letter be found in its place. | 


So Lu- 
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Sorvr fou. 


l n be 4he number of all the Lak I the number of 
times that each Letter is repeated, and conſequently 2 the whole 


number of Sorts: ſuppoſe alſo that 5 be the e of Sorts of 
which ſome one Letter is to be found in its place, and ꝙ the number 
of Sorts of which no one Letter is to be found in its place. 
Let now the preſcriptions given in the. preceding Problem be 


followed in all reſpects, og that » muſt here be made = _ = 
sS == a „f , &. and the Solution of any 


particular caſe of the Problem will be obtained. 
Thus if it were required to find the Probability that no Letter 
of any fort ſhall be in its place, the Probability thereof would be 


po by the Series 


128 27 * — — == = 7 3 —— — — , &c. 


of which the number of Terms is equal to q + . 
But in this particular caſe ꝙ would be equal to — , and there-. 
fore, the foregoing Series might be ey into this, v/2z. | 


1 Sons I „21.2 — 27 2 Sooner, n— 

JJ ² R I Woo oe 
= l 

of which the number of Terms is 5 to —— . 


. 
COROLLARY I. 


From hence it follows, that the Probability of one or more 
Letters indeterminately taken, being in their places, will be ex- 


preſſed as follows : | 
221. % 1 n—A.n—21.n—3! & 


I n—/ 1 = 2 
XIE + HTS Tx EEE, 


COROLLARY 2. 
The Probability of two or more Letters Indeterminately taken, 
being in their places, will be 


I OY 2 n-—2/ N 4 n— 47 
1 . 9 #*+ 77 * 7 3% n—4 
abs * „ D, &c. ma It is neceſſary to obſerve, 


that the Capitals , B, C, D, &c. denote the preceding Terms. 
O 2 Altho 
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Altho' the formation of this laſt Series flows naturally from 
what we have already eſtabliſhed, yet that nothing g may be want- 
ing to clear up this matter, it is to be obſerved, that if one Species 
is to have ſome one of its Letters in its proper place, and the reſt 
of the Species to to be excluded, then the Series whereby the Problem 
is determined being to begin at 7, according to the ee given. 
in the e Problem, e Sei | 


N 


Th Petit 18 ö — ach 0 95711 vo wil 
r — gs + . N W . 


| ae 2 2 | 2 #7 
wo; BI 40 45-50 24 = * tin: 17 2. $$ 99571 II Derr 410 


tis then the nambed of Species being —- and all but one being 


to be excluded, it follows that 9 in this mY is == —— == =" 1 
wherefore the preceding Series would. ad ke the Roper: Sub- 


ſtitutions 


. 


— wn  a—b.n—=2l.l 1 nd. 8 met; 5 
$5, ror Rr nn —1 Ho 4 1 . ee 1 3 „Kc. 


And this is the Probability that ſome one of the Letters of the 
Species particularly given, may obtain its place, and the 1 of the 


Species to be excluded; but the number of Species e ech 1 , It fol- 


lows that this Series ought to be multiplied WF by which will 
make it — . | 


„1 I 1 I 121. 5 7 
F 7— D 6 12 3 &c. 


And this is the Probability that dene; one Species indeterminately 
taken, and no more than one, may have ſome one of its Letters in 
its proper place. 

Now if from the Probability of one or more being in their 
laces, be ſubtracted the Probability of one and no more being in 
its place, there will remain the Probability of two or more er. 
minately taken being in their places, which conſequently will be 
the difference between the two ollowing Series, vix. 


I n —1 I n—l.n—zl 1 1— 1. 2 — 21. 2—31 


„&c. 


1 —1 2 —2 224 1 —1. 2— 2 . 2— 3 
1 — 1. — 21 I n—l.n—2l. n — 31 & 
11 a2 * 5 7 1 — 2. 2— 3 Ge 


which difftence FOI GY wall be 
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x * 1 — 1 t times |, owes 21 I 121. —21.— 317 & 
2 n —1 3 1 —1 . 2 — 2 7 * = BER „ 3 * 5 
1 = ww [ 2 ” — 21 3 1 — 31 4 BY mms 
| a Font ag 2 — 1 YI — + _ 7 — = 3 o 5 * 24 C &c 
1 383 9 us + R $$ S «T7 o 8 g . * 


1 n —1. 2 — 21 „es 30 4 „4 
IEE SOT AT, xa 
G 2— of — 6 64 


COROLLARY 4. 


The Probability that four or more Letters indeterminately taken 
may be in their places, will be thus expreſſed 


1... 21. — 21. — 31 4 eee rar gt, an—el 
24 R —=2.o—3 us 1 wt 2.0 2 B 
— I x: >=7zF*G VC, 


The Law of the continuation. of theſe Series being manifeſt, it 
will always be caſy to aſſign one that ſhall fit any caſe propoſed. 
From what we have ſaid it follows, that in a common Pack of 
52 Cards, the Probability that one of the four Aces may be in 
the firſt place, or one of the four Deuces in the ſecond, or one of 
the four Trays in the third; or that ſome of any other ſort may 
be in its place (making 13 different places in all) will be expreſſed 
by the Series exhibited in the firſt Corollary. | 
It follows likewiſe, that if there be two Packs of Cards, and that 
the order of the Cards in one of the Packs be the Rule whereby to 
eſtimate the rank which the Cards of the ſame Suit and Name are to 
obtain in the other; the Probability that one Card or more in one 
of the Packs may be found in the ſame poſition as the like Card 
in the other Pack, will be expreſſed by the Series belong'ng to the 
firſt Corollary, making x» == 52, and [== 1. Which Series will in 
1 


. WS I 1 
this caſe be I — — + + — = T7. i 229 


1 31 199 
52 Terms are to be taken. 


„&c. wherecf 


It 
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If che Terms of the foregoing . are es Te by Capples, . 
Series 1 become N. 25 


. as þ 
*＋ p 1 2 > ACN - WP as — 4 x LY - 


LAY . 


NEE 


Kc. of which 26 Tetris düght to be Aki. buck 999-2: 

But by reaſon of the great Convetgency of the ſaid Series, a fow 
of its Terms will give a ſufficient approximation, in all caſes ; as 
W TH 12 ie gue 02 , 


8 * * — 
1. gel 17 A} 


L = 6.560909. af df adn 


| I 
. > ' TI 7 o. r2 ⁰οο 


e 2 = 9.906944 + n 
== 0.000174 + 


—— == 0.000002 - 


Sum = 9.632120 


Wherefore the Probabilit that one or more like Cards in tro 
different Packs may obtain 35 ſame poſition, is very nearly 0.632, 
and the Odds that this will happen once at leaſt as 632 to 368, 
or 12 to 7 very near. 

But the Odds that two or more like Cards in two different 
Packs will not obtain "tie fame poſition are very nearty i as 739 to 
204, a 24 to 15. | 2 


Coo UL ARY 5. 

1 4 ond B each holding a Pack of Cards, pull Mai out 'at 
the ſame time one' after another, on condition that every time two 
like Cards are pulled out, 4 ſhall give B a Guinea; and it were 
required to find what conſideration B ought to give A to play on 
thoſe Terms: the Anſwer will be one Guinea, let the number of 
Cards be what it will. : 

Altho' that be a Corollary from the precediog Solutions, yet it 

may eafily be made out thus; one of the Packs being the Rule 
whereby to eſtimate the order of the Cards in the ſecond, the Pro- 


bability that the two firſt Cards are alike is TY the Probability 
that the two ſecond are alike is alſo — , and therefore there be- 
a 
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ing ga ſuch alike combinations; it follows that the! Value of the 
. * 5 | 
VF Z5Y ii 160 "CoRrOoLLARY 015%. n- | 
If this number of Packs be given, the Probability that any given 
number of: Circumſtances may happen in any number of Packs 0 
will eaſily be found by our Method, thus if the number of Packs 
bs 4, the probability that one Card! or more of the fame. Sute and 
Name im every one of the Packs may be in the ſame poſition, 


e 7 tant 67' WAVY. 140 3 
2 9 22 Jia 1 6 . 2 21 2 — 2 i= + 
* | „c. „ | 


24 *. — 1. — 2 3 


PR OB L E M XXXVI. 
If A and B play together each with a certain number of 
Bolt. n: what are the reſpective Probabilities of 
winning; ſuppoſing that each of them want à certain 
number of Games of being up. 


— 2 ” P 
g 12 


SOLUTION. - 
Firſt, The Probability that ſome Bowl of B may be nearer the 
Jack than any Bowl- of A is — „A and B in this Problem being 
ſuppoſed equal Players. | 


* - —— — * 2 
. S 2 4 renne — * * — 8 9 3 
fo . . 4 "> 
— 


Secondly, Suppoſing one of his Bowls nearer the Jack than any 
Bowl of A, the number of his remaining Bowls is 2 — 1, and the 
number of all the Bowls remaining between them is 22 — 1: 
? wherefore the «Probability that ſome other of his Bowls may be 
J nearer the Jack than any Bowl of A will be — : from whence 
| it follows, that the Probability of his winning two Bowls or more 
5 „ 1 . | 
I 18 7 X FUE. : | | 
| Thirdly, Suppofing two of his Bowls nearer the Jack than any 
Bowl of A, the Probability that ſome other of his Bowls may be nearer 
4 1 — 2 


the Jack than any Bowl of A, will be 


bability of his winning three Bowls or more is — x * 


© 22— 1 2 24—2 


the continuation of which proceſs is manifeſt. Fourthly, 


—— 3 Wherefore the Pro- 


* 
* 
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. FouFthly, The Probability that one üngle of B ſhall be nearer 


thi Jack than any Bowl of A is — — * t or n 3 


for if from the Probability chat one of more of his Bowis may 
be nearer the! Jack than any Bowl of A, there be ſubtracted the 
Probability that two or more may be nearer, there remains the pro- 
bability of one ſingle Bowl of B being nearer: in this Lale Fu is 
ſaid to win one Bowl at an end. 

bability that two Bowls: of B, and; not more, 


| "Peng, The 

may be nearer the e Jack, x any Bowl of A4 will be found to be 
— x = *g, in which caſe, — _ to win two Bowls 
at an end. 


Sixtbly, The probability that B may win three Bowls at an 
end will be found to be — x =. . , the pro- 


n—1 22 — 2 1 —3 
ceſs whereof is manifeſt. 

It may be obſerved; that the ſdbregoing Expteſſions might be re- 
duced to fewer Terms, but leaving them unreduced, the Law Of 
the Proceſs is thereby made more conſpicuous. 

It is carefully to be obſerved, when we mention henceforth 
the probability of winning two Bowls; that the Senſe of it ought 
to be extended to two Bowls or more; and that when we men- 
tion the winning two Bowls at an end, it ought to be taken in 
the common acceptation of two Bowls only: : the like being: to be 
obſeryed in other caſcs. 

This preparation being made; ſuppoſe that 4 wants one Game 
of being up and B two; and it be required in that ee to 
determine their probabilities of winning. 

Jet the Whole Stake between them be ſuppoſed = = 1. Then 
either A may win a Bowl, or B win one Bowl at an end, or B may 
win two Bowls, 


In the firſt caſe B loſes his ExpeQation. 
1n the, ſecond caſe he becomes intitled to — of the Stake, but 


the probability of thi 118 caſe is — * | Wherefore his Expec- 


tation ariting from that part of the 1255 he will be intitled to, 
if this Cale: would happen, and finn the probability of its hap- 


H 


pening will be 7 x — | 
In the third dude B . the whole Stake I, but the Fro- 


bability th Cafe, , N 5... 


3 : | From 


7 Pot NN NE 5, CNS. ros 
Fre bin thi, i follows, that the wW ce of B. is equal t to | 


— (3 - wo 


PEERS Apt 5e 0 3.— . Which being een 
kant Unit, che reruinder will bechEExpectation of 4, viz. . 


Tt may therefore be concluded that the Probabilities which 4 and” ; 
B have of Winning are reſpectively as gu — 2 to 47 — 2. 
Tis remarkable, that the fewer the Bols are ths reid is the 
pn of the Odds; for if A and B play with £ 0 Bowls; 
the prop drtion Will be as 3 to 1; if they p lay with tub! owls each. 
the proportion will be as 2 to 1; 18 — with three Bowls 
each, the proportion will be as 13 to 6; yet let the number of 
97 be moat {o great, that PORT. will not deſcend 1 On as 


Ae! now "ſup poſe that 4 wants « one Game of being up, and B 
three ;'then thor A may win a Bowl, or B one Bowl at an n end, 1 

or two Bols at an end, or three Bowis. 5 22 
In the firſt Caſe, B loſes his Eatwedtation:: : | 
If the ſecond Caſe happen, then B will be in the circumſtance 
of wanting but two to A. one; in which caſe. his Expectation wil. 


be A as it has been before 8 but the probability 


that this Caſe may Miipaicin | is — x — ; wherefore the Expecta- 
dien of B | arifing from the proſe "of this Caſe wil be » to 
30 — 2 p 


Nr * 
ö * If the Ie then B will be intitled to one half of 
5 Err but the Probability of its happening is 5 © 5 


2 — 


— ; wherefore the Expectation of B ide from ho Proſpect 
of this caſe is = Ima IP l I? 


2n — An——2 1 BC 8 ;; 21 — 1 


If the fourth Caſe happen, then B wins the, whole. Stake: I: 
but the rc u of its n is — X — „ 


: a x 1 24 — 2 or 
1 4 23 : 
— X — — 


From renn it t follows, that the whole Expedlation of B will _ 
r= ; which being ſubtracted from Unity, the remainder 


will be the Expectation of A, 4, wi . It may there- 
5 g 2 ins err ; fore 
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fore, he e that the-;Probabiligies which 4 and B: N have. of 
e will be as 5 5 14 4 tO 9 135 + 4. 

NE WA and with one Bywk each, 8 
tation of B as dedu ke faragoing, Theorem. would be . 
, which we know from other principles ought to gen 


The reaſon of which, is, that. the caſe. of winning. two Bowls An | 
end, and the. caſe of winding three. wid enter the genera! en- 
clufion;/ which caſes joy nas belong. to the Suppolition of aJang. 
with angle Bowls ; wherefors rclading tho ni Caſes; the Ex- 
Pecaclen of B win be found to be —> == 2 EB a ge 
which wilt aj „ be made'= 1 3, yet the Expedation of R 7 
in the cafe of two Bowls would be rightly determined from 

general Solution: the reaſan of FRA is, that the Probability of 


winniog three Bowls being univeclolly — et = „ that Exprellign. 
becomes == ©, when = — retod x af which makes f it man 
the general Expreſſion is to this Caſe, | 
After: whad has been ſaid, it OW — enen this n of 
2 —— 8 between 4 nd 
by F making, the. Solution. of each fimpler or OFT En the, 
Solution of that which is next more com N 7 
» DDmenly the Salution this Problem "to. 
me by. the. Wopanrabls Frexcis Rabartes, Eſqh in the Wal 
Tranſaftions Number 3393 J there faid, by way of Corollary, that 
if the proportion of Skill in the Gameſters A zen, the Br oblem 
al@ be-folved:;' ſince which time NM: de Mohamed — 
Edition of a.'Bogk hy him publiſhed: upar; the Subjadt Change, has 
ſolved this Problem as it is extended to the confideration of the Skill, 
and to carry hi Solusien t a great number of Cuſes, giving alſu 4 
Method whereby it might be carry't farther : But altho his Solution 
is good, as he has made a right uſe. of che Doctrine of Combinations, 
yet Ethink mine has-a greater degree of , it deing dedu- 
ced from the very. originab Princaptervheanby I haue deren IIa a 
the Doctrine of Permutations and Combinations; wherefore ta make 


it as familiar as poſſible, and to ſhew its vaſt extent, I ſhalk now. 
apply it to tha general Solution of 'this:Problomy, by taking. in the 


conſideration of the Skill, of the Ges., 
But before I proceed, it is neceflary to define what I call Seil: 


Was, that: it is! the of Chances. Which the Gameſtars may 
be ſuppoſed to have for winning a fipgle Game with one Bowl each. 


PROBLEM 


— — — * * — 


1 . 9 v 11. ain + Ch. „ F* HF 3 


of the Bowls of A, « 


he Dor 1e Hane. 


10 
7 


PROBLEM XXVII. 


If A = B, whoſe proportion of Skill is as a to b, ay 
together each with a:certgin number.of Roxls : 222 


are their raßbechiue Probabilities of wiun 10 
N of them 10 Ware. «rei monde Gone — 


being N 


? | $o1'v T1oN. = 
OY oth Glace of ir ene tight Bow bed 5. 

4 the tittthBet 'of His Bowl „ 10 Hows thit . Sen 0 

All His Cfiances is 5; and Me lde the Sum of all the 


' Ghitices'df B is #2 *- Wherefore ti Sum of 411 the Chances for win- 


ang cut Bowl or mite is na 2- ub. which fer breviey's fake we 
may call 5. From whence it follows, that the Probability which 


B ius of winning one Bowl is 
Secondly, Suppoñ 


Ie number of his remaining Chances i 71 x; 
and, the number of Chances remaining between them is 5 —b : 
whetefore the Probability that ſome other of — 4 — Bowls may be 


nearer the Jack than any Bowl of A will be — 2; from whence 
is follows that the gs: of his Weng two Bowls-or more & 


—ixb 


XR S 
THE Suppoſing two of his Bowls nearer the Jack than any 


of the Bowls of A, the number of his remaining Chances is #—2 «4; 
and the number of Chances remaining between them is 253 
whereſore | the Probability that ſome, other of his s Bowls may be 


nearer the Jack than any Bowl of A will be 2 . From 
whence it follows that the Probability of his winning three Bowls 
or more is — $4.56 x LES 3 the continuation of which 


tbe f — aus of 
proceſs is manifeſt. * | 
Fotrthly, If from the Probability which B has of winning one 
Bowl or more, there be ſubtracted the Probability which he has of 
winning two or more, there will remain the Probability of his win- 
ning one Bowl at an end: which therefore will be found to be 
nb nb ——_— nb S—nb ub 1 
oy cs * 9 , Of - % FF — ä 2 
. Fifthly, 


ime of His" Bowls neater the Jack than eny 
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Fi nhl, For the ſame reaſons above, the * wi which B 


has of winning two Boule at an R end, win be 7 > « . 
Wa 8 - & 3 4 oe. I» e Mb 2 oa; 2 g A. 


( Flecbh, And for e Ae W Uievik the! Probability Which 
2 M l min three Bowls. at an end will be ound de be 


ox I . „, r "The-continnation of __ 


"f— 2b 
plocen is Laien. 
N. B. The ſame Expectations which denote the Probebli y of . 


any, cireumſtance of B will denote likewiſe the Probability 
like circumſtance of A, only changing 6 into a, and à into ö. 
Theſe things being 2 ſuppoſe firſt that. each wants one 
Game of being, up z 'tis Pl Ein. that the Expectations of A and B 


are OY 1 and * ter this eaten of B be cal- 


led P. 

Secondh, 1 * wants one © Game of bln up, and. B two, 
and let the Expectation of B be required: then either A may win 
a Bowl, or B win one Bowl at an end, or B win two Bowls. 

If the firſt caſe happens, B loſes his Expectation. He | 

If the ſecond happens, he e the Expectation P; but the Pro- 


bability of this caſe is = r : wherefore the Exgectation of 
: TFT! 
B ariſing from the poſlibility that it may ſo happen is =, * = 
x P. 

If the third caſe happens, - he gets the whole Stake 1; but the 


'n—b 


Probability of this. caſe: is —— 1 ans the operation 


of 'B-arifing from the poſlibiliey of this caſe is wa f * 1. 


From which it follows, that the whole Erpel of E wil be 


nh 1 — 
8 5 —9 e 7 7 * =. . Let this ExpeCtation be cal- 


100 
Thirdly, Suppoſe & to want one Game of being up, and B. FO 
then either B may win one Bowl at an end, in which caſe; he gets 


the Expectation Q; or two Bowls at an end, in which caſe he gets 
the: Expectation P; or three Bowls in which. caſe he gets the whole 


wp * Wherefore the Expectation of B will be found to be 
_#b ; 7... r | n—1x6 
1 22 x Q += 7 72 Pell EA 1 _ PY x TS” 
22 —2 3 © | | 5 


— 26 
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An infinite, number of theſe Theorems may be farmed in the 
ſame manner, which may be continued by inſpection, having well 
obferved how each of them is deduced from the preceding. 

I the number of Bowls were unequal; ſo that A had m Bowls, 
and B 1 Bowls ; then ſuppoſing ma ＋ nb = 5, other Theorems 
might, be found to anſwer that inequality : and if that inequality 


ſhould not be conſtant, but vary at pleafure ; other Theorems might 


alſo be found to anſwer that Variation of inequality, by following 
the fame way of arguing, And if three or more Gameſters were 
to play together under any circumſtance of Games wanting, and of 
any given proportion of Skill, their Probabilities of winning might 
be. determined in the fame. manner. er 


PROBLEM XXXVIII. | 

To find the Expectation of A, when with a Die of any 
given number of Faces, he undertakes to fling any num- 
ber of them in any given number of Caſts. 


Ky fot Os 1 SOLUTION, | 

Let p 1 be the number of all the Faces in the Die, the 
number of Caſts, F the number of Faces which he undertakes to 
fling. $5 oe * 8 
The number of Chances for the Ace to come up once or more 
in any number of Caſts 2, is p+11* — h: as has been proved 
in the Introduction. 


Lev the Dux, by thought, be expunged out of the Die, and 
thereby the number of its faces reduced to , then the number of 


Chances for the Ace to come up will at the ſame time be reduced 


to = — p—1)”, Let now the Deux be reſtored, and the number 
of Chances for the Ace to come up without the Deux, will be the 


ſame as if the Deux were expunged: But if from the number of 


Chances for the Ace to come up with or without the Deux, vis. 
from p+11” —#” be ſubtracted the number of Chances for the 
Ace to come up without the Deux, viz. g. — 5 - 1)", there will re- 
main the Number of Chances for the Ace and the Deux to come 
up once or more in the given number of Caſts, which number of 
Chances conſequently will be p + i — 2p” -+ pr— 1). 

By the ſame way. of arguing it will be. proved that the number 


of. Chances, for the Ace and Deux to come up Without the Tray 


will 


2 


0; Fri NS £17 


| * / C iſ 
"3 Thins ® 


* 
WY 


- — 
— -.- - 
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WAL be . 2 N=, and con y that the 
number of Chances for the Ave, the Deux, and N 


once or more, will will be the difference between} N — 2 1 
and m2, e e. A he h peſos WH W & WN 0 


oy r 


$4 rovec Fir 4. number of Chances, for the 
Ate, the Deux, the Tray, and the Quater to come up is P I * 
A* + 6 x p— es Ave ar Se es D the n 
tion of which is manifeſt. 

Whecrefote if all the Powers N- po, - — an o 
n- &c. with Signs deere thd negatve be writ- 
ten in order, and to thoſe Powers there be prefixed the ref; 
tive Coefficients. of a Binomial raiſed to the Power +, ex reffing 
the number of Faces required to come up; the Sum of a * 
Terms Will be the Nunterater of the n ef A, of Which 
the Denominator will be p +- " 


Ex Art 1. 


Let Six be the W of Faces in the Die, and let A under 
take in eight Caſts to fling both an Ace and a Deux, without an y 


regard to order: then his Expettation will be LEE tt 


6 


964502 4 
= — — 7 nearly. 


EXAMPLE 2. | 
Let A undertake with a common Die to fling all the Faces in 


12. Caſts, then his Expectation will be found to be 
Tool DF i FR dC wh FS ers LA ito LL —_ 10 


7 | 6*+ ä po 23 
nearly. e e | 
| EXAMPLE 3. 


If A with a Die of 36 faces undertake to fling two given 
faces in 43 Caſts; or which is the ſame thing, if with two 
common Dice he undertake in 43 Caſts to fling two Aces at 
one time, and two Sixes at another time, his Expectation will be 


n 49 
2 5605 , nearly. 


VN. The parts which compoſe theſe Expotiations are eaſily 
obtained by the help of a Table of Logarithms. 


PROBLEM 
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PROBLEM XXXIX. 


45 hello hee: teen Friale it mill be projable that A 
with a Die of any given mumber of Faces Joel tren 
any gropſed number f — 


* T nen. 


Let l 1 be dhe ne uf Fae h d Bis) 680 the dus 
ber of Faces which are to be thrown : Divide the Logarithm of 


_ the 04s pres of 2.— 1 and wed Quotient will « ex- 


1 w 
_ r 
preſs . of Trials Sen 0 waks it as probable tat ths 
propoſed faces. may be thrown ag. not. 


Dez moONSTRAPION.. 


poſe Six to be the number of Faces that are to be thrown, 
and 7: the number of Trials: then by what has been demonſtrated 
in the preceding Problem the Expectation of A vill be 


Tn N N. 8 N * 4" 


| 7 IS 
Let it be ſuppoſed that the Ferma p 1, P, 7— I, p. 2, 
Se. are in geomatria Progreſſion, (which * will very little 
err from the truth, eſpecially if the Proportion of 5 to 1, be not 


very ſmall.) Let now # be written inſtead of 2 „ and then 


the Expectation e changed. into Pi ＋ ** — — . 


7 


hy 
J 
} 
*. 
— 
— 
Ä 
[ 
5 


— 


EY 1. „ rr 77 * is Ex | 


pectation of A ought to be made equal to — , fince by Suppo- 
ſition he has : an equal Chance to win or loſe , hence will ariſe the 


—_— 


Ms . bs Sta. 0... +. =, A „ 8 3 8 * a N 20 
* 
4 AY " 2 59 be —_ *% p - d b 17 4 : LY "» bs 1 9 
- - 1. f 
- 
A N i 
Pl 
. — 17 1 
7 


1 * 7 
1 15 
a 1 


i 96 "ol 1 » f 
mee 4mm 7758 . .= from. which it 
r e * 4 * - 
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and conſequently that. is, equal u9 oe. Loggrithm of —4—- 


divided by Welse of” —.— Aud the ae Denon 
tion will hold in any other Cale.” RA 1 n * * | 


en 4 , * +” . * 0 . 
— 1 : N * N _ s 8 VI 4 9 2 A 4 % 
* nn 


8 I. 
To find in how many Trials A may with equal Chance under- 
take to throw all the Faces of aj common Die 


The ——— 0f—— TI eee eee ; the Logarithin of 
& — oF 


ae 
* 


2 5 THY Ts ; © 96175 
or 0010132 whit nas 51972 * ＋ 


From hence it may be concluded, that in 12 Caſts 4 has the > worlt 
of the Lay, and in 13 the beſt of it. | 


he”, 


_ 


- EXAMPLE: 2 


To \ find. in how many Trials A may with equal Chance with a 
Die of thirty-ſix, Faces, undertake, to throw. fix determinate Faces, 
or in how many Trials he may with a pair of common Dice un- 
dertake to throw all the Douberts.. EE | 

The n of FT : 962 17 53, and = Logarithm 
I=/— 
of FL oi — being 0.0122345 it follows that the number 


of Caſts geheilt to that effect is 2 or 79 nearly. 


But if it were the Law of the Play, that the Doublets muſt be 
thrown in a given order, and that any Doublet happening to be 
thrown out of its Turn ſhould go for nothing ; then the throwing 
of the fix Doublets would be like the throwing of the two Aces 
fix times; to produce which effect, the number of Caſts requiſite 
would be found by multiplying 35 by 5.668, as appears from the 
Table annexed to our vi> Problem, and conſequently would be 
about 198. 


N. B. The F weden = . , may be Hood to another form, 


gw 
OR 5 þ , F 
7 : ; ; 2 2 — | * 
uix. —_— , Which will facilitate the taking of its Logarithm, 
x2 — 1 
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en 


Suppoſing a regular Cylinder having a Faces marked 5 


b Faces marked 11, c Faces marked 111, d Faces marked 


iv, &c. what is the Probability that in a certain number 


of throws n, ſome of the Faces marked 1 will be thrown, 
as alſo ſome of the Faces marked 11. 


Sour fox. 
Make @ «6 + e , &c. = 5, then the Probability required 
will be expreſſed by a 5 — 2\* + 5 — 2 — þ)”, the Demonſtration 


—5— þ\” 


gr. . wu ang 
— 


— | | S | 
of which flowing naturally from the Method of arguing employed 
in the xxxviiith Problem, there can be no difficulty about it. 


| 6 EXAMPLE. 
Suppoſe it be required to find the Probability of throwing in 
8 throws the two Chances v and vr, with a pair of common Dice. 
The number of all the Chances upon two Dice being 36, where- 
of 4 belong to the Chance v, and 5 to the Chance v1; it fol- 
lows that s ought to be interpreted by 36, 4 by 4, and b by 5: 
which being done, the Probability required will be expreſſed by 


8 8 
36˙— 32 ＋ 27, which by help of a Table of Log. will be 
_ found thus : | 
365 
8 28 18 „ 
8 = I, = == 0.3897 5, 85 == 0.30170, * 0.10012, 
but 1 — 0.38975 — 0.30176 ＋ 0.10012 == 0.40861, and this 
being ſubtracted from Unity, there remains 0.59139, and therefore 
the Odds againſt throwing » and vi in 8 throws are 59139 to 


40861, that is about 13 to 9. : 
But if it be required, that ſome of the Faces marked 1, ſome 


of the Faces marked 11, and ſome of the Faces marked 111, be thrown, 
the Probability of throwing thoſe Chances in a given number of throws 
n will be expreſſed by —$5— a}! + 5 — @ —bV —$— a —b— 0" 
—— 6)" 41 — \n 
— - 0 ＋75— 4 — 

5 


Q_ And 


_— 
) 
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—_ 
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And if the Faces marked Iv are farther required to be mean, the 

Probability of it will be expreſſed bc 

- — ). TT Nr.. TFT" 
ay er. · n 

-.- 

8 Sr 


+ 5— b —g\" | 1 
Tec“ W n 
wes: th 


Now the order of the preceding Solutions being manifeſt, it will 
be eaſy by bare inſpection to continue them as far as there is occafian. 


PROBLEM XII. 


TfA obliges Bimſelf in a certain number of throws n with 
a pair of common Dice not only to throw the Chances 
and vl, but v before v1, with this reftriftion, that if 
he happens to throw v before vi, he does not indeed 
loſe his wager, but is to proceed as if nothi ing had been 
done, flill dedufing ſo many throws as have been vain 
from the number of ts which he had at firft given 
bim; ; to find the Probability of his winning. 


SOLUTION. 
Let the number of Chances which there are for throwing v be 
called a, the number of Chances for throwing vr, 4; the number 


of all the Chances upon two Dice 5s, and the number of throws 
that A takes = . This being ſuppoſed, 


10. If A throws v the firſt throw, of which the Probability is 
„ he has nothing more to do than to throw vr in 7— r times, 


of which the Probability is 1 — = —— and therefore the 


* 
Probability of throwing v the firſt time, and throwing afterwards 
JEN. 

/ 


a 
vi in 2 — 1 times is + XI nm 


2, 
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20. If A miſſes v the firſt time, and throws it the ſecond, of 
which the Probability is —.— * 2 , then he is afterwards to throw 
vi in »—2 times, of which the Probability | being | Ps . 
127 | . ' ' 8 l 

it follows that the Probability of miſſing v the firſt time, throwing 
it the ſecond, and afterwards throwing vr, will be AEZ x + 
ET . EINE. * 


1 — 


3. If A miſſes v the two firſt times, and throws it the third, 
then he is afterwards to throw v1 in 2 — 3 times, the Probability 
of all which is S , and ſo on. Now 

J. 75 T = 
all this added together conſtitutes two geometrie Progreſſions, the 
number of whoſe Terms in each is 2 — 1. ; 25 


Wherefore the Sum of the whole will be 


r _ L=4 , JN =RNT 
7 | G—b Ä 7 N 

if @ and 6 are equal, then the ſecond part will be reduced to 
— 2 — I XaXS—a\—, | 

Now for the application of this to numbers; à in the caſe propoſed 
is =4, F, 36. Let n be = 12, and the Probability re- 
quired will be found to be 0.44834, which being ſubtracted the re- 
mainder will be 0.55166, and therefore the Odds againſt A are 

55166 to 44834, that is nearly as 21 to 17. 

But if the conditions of the Play were that A in 12 times ſhould 
throw both v and v1, and that vi ſhould come up before v, the Odds 
againſt A would not be ſo great, being only 54038 to 45962, that 
is nearly as 20 to 0 | 

It would not be difficult after what we have ſaid, tho perhaps a 
little laborious, to extend theſe kinds of Solutions to any number 
of Chances given. 4. 


PROBLEM XIII. 

Any number of Chances being given, to find the Proba- 
bility of their being produced in a given order without 
any limitation of the number of times in which they are 


zo be produced. 


* 0 
— 2 


* 


Q 2 - SOL u- 
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SOLUTION. E {i 
1. Let the Chances be @ and 5, and let it be required to pr 
duce them in the order a, 5 . | 
The Probability of producing à before 6 is 22 „which being 


ſuppoſed to have happened, 5 muſt be produced of neceſſity, and 
therefore the Probability of producing the Chances @ and s in the 


given order à, 6 is 22 yy | 
2. Let the Chances given be 2, b, c, and let it be required to 


produce them in the order in which they are written, then the Pro. 
bability of producing @ before þ or c is 2 7 which being 
ſuppoſed, the Probability of producing & before c is by the pre- 


— 


ceding caſe r, after which e muſt neceſfirily be produced, 
and therefore the Probability of this caſe is — — 2 | 

a + F Se | 
3. Let the Chances be 9, b, c, d, and let it be required to pro- 
duce them in the order in which they are written, then the Probabi- 
lity of producing à before all the reſt is g / which be- 


ing ſuppoſed, the Probability of producing & before all the reft is 


IST which being ſuppoſed, the Probability of producing c 
before d 1s — Fr And therefore the Probability of the whole is 


rr Xx FITTT 3 and in the fame manner may 
theſe Theorems be continued in infinitum. | 

And therefore if it was 2 to find the Probability of throw- 
ing with a pair of common Dice the Chanees tv, v, v1, vIII, 1x, x 
before vii; let the Chances be called reſpectively 2, G, c, d, e, f, and 


m, then the Probability of throwing them in the order they are 
writ in will be | 


a b | hs | 

F * TFefFdFiFf+m * FTFo Fn * 
4 12 „ * | 

J+e+ſ+m * e+f+m * Fm * 

But as the order in which they may be thrown is not the thing 
particularly required here, except that the Chances n are to be 
thrown the laſt, ſo it is plain that there will be as many different 
parts like the preceding as the poſition of the 6 Letters a, 6, c, d, e, F 


I Wo es may 
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may be varied, which being 720 different ways, it follows that in 
order to have a compleat Solution of this Queſtion, there muſt be 
720 different parts like the preceding to be added together. 

However the Chances Iv and x, v and 1x, vi and v111 being re- 
ſpectively the ſame, thoſe 720 might be reduced to go, which be- 
ing added together, and the Sum / multiplied by 8, we ſhould have 
the Probability required. 
Still thoſe Operations would be laborious, for which reaſon it 
will -be, ſufficient to have an approximation by ſuppoſing that all 
the Chances a, 6, c, d, e, f, that is, 3, 4, 5, 5, 4, 3 are equal to the 
mean Chance 4, which will make it that the Probability required 
will be 'exprefied 7 


We. Fo neee 2 8 

6b ＋ m X 5b + m * 46 + m 1 36 + m * 26 + m . b-+ m 
. 
Sp e e eee e = 


and therefore the Odds againſt throwing the Chances 1v, v, vi, vIII, 
Ix, x before vii are about 13991 to 1024, or nearly 41 to 3. 

But the Solution might be made ſtill more exact, if inſtead of 
taking 4 for the mean Chance, we find the ſeveral Probabilities of 
throwing all the Chances before vir, and take the fixth part of the 
Sum for the mean Probability ; thus becauſe the ſeveral Probabi- 


lities of throwing all the Chances before vii are reſpectively = x 


K | ich is 392 . 
F the Sum of all which is = if 
we divide the whole by 6, the quotient will be = ** 5 


2 
z +6 
mean Chance, we ſhall find z=3—= . And therefore the Pro- 


bability of throwing all the Chances before VII, will be found to be 


nearly, and this being ſuppoſed = 


wherein 2 repreſents the 


„„ 
r == 0.065708 nearly, which 


being ſubtracted from Unity, the remainder is 0.934292, and there- 
fore the Odds againſt throwing all the Chances before vii are 934292 


to 65708, that is about 14 to 1, 


But if it was farther required not only to throw all the Chances 
before vil, but alſo to do it in a certain number of times aſſigned, 
the Problem might eaſily be ſolved by imagining a mean Chance. 


PROBLEM 


my he Do&riiWs" of Cane ws.” 


ROL E * Am e 

1 A, B, 0 trher om the followin: begabt 
5 Firft that <= bt earth of them 8 . Secondly 
hat A and B ſhall begin the Play; Thirdly, that > 

| Lufer fbail yield his. lege to the third Man, which 
it conſlomtiy to ge oberved afterwarus; Fourthly, that 
the Loſer 1 be fined à certain Sum p, which is 


zo ſerve to 5 the common Stock ; Laſtly, that 
he ſhall have the whole Sum depoſited at fe, and in- 


creaſed by the ſeveral Fines, who' ſhall firft beat the - N 


other two ſucceſſroely : Tir demanded what is the Ad- 
vantage or Diſadvantage of A ard l B, whons we ſup- 
poſe to begin the Play. 


SOLUTIONS. 


Let BA ſignify that B beats 4, and AC that A beats C, and fo 

let always the firſt Letter denote the Winner, and the ſecond the 
Loſer. 
Let us ſuppoſe that B beats A the firſt time; then let us inquire 
what the Probability is that the Set ſhall be ended in any number 
of Games, and alſo what is the Probability which each Gameſter 
has of winning the Set in that given number of Games. 

Firſt, If the Set be ended in two Games, B muſt neceſſarily be 
the winner, for by Hypothefis he wins the firſt time, which may 
be expreſſed by BA, BC. 

Secondly, If the Set be ended in three Games, C muſt be the 
winner, as appears by the following Scheme, viz. BA, CB, CA. 

Thirdly, If the Set be ended in four Games, A muſt be the win- 
ner, as 8 by the Scheme BA, CB, AC, AB. 

Fourthhy, If the Set be ended in five Games, B muſt be the 
winner, which is thus expreſſed, BA, CB, AC, BA, BC. 

Fi bh, If the Set be ended in fix Games, C muſt be the win- 
ner, as appears ſtill by the following proceſs, thus, BA, CB, AC, 
BA, CB, CA. * 


And this proceſs recurring continually in the ſame order needs 
not be proſecuted any farther. 


Now 
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No the Probability that the firſt Scheme ſhall take place is 
I 


— , in conſequence of the Suppoſition made that B beats A the 
firſt time ; it being an equal. Chance whether B beat C, or C 
bea Re „„ wp. 243 as il. ws 1 

And the Probability that the ſecond Scheme ſhall take place is | 

| wet ö IT , *s. 

TY : for the Probability of C* beating B is , and chat being * 
ſuppoſed, the Probability of his beating A will alſo be — ; where- 
fore the Probability of C' beating B and then A will be — x — 


4 * V 94 Bp 
And from the fame conſideration, the Probability that the third 
Scheme ſhall take place is : and ſo on, 

Hence it will be eaſy to compoſe a Table of the Probabilities which 
B, C, A have of winning the Set in any given number of Games; 
and alſo of their Expectations: which Expectations are the Proba- 


bilities of winning multiplied by the common Stock depoſited at 
firſt, and increaſed — by the ſeveral Fines. 


TAB LE of the Probabilities &c. 


g ; Now 


24694 age n W Ver. r 

2 — *3＋ 27 ra rern 
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| eee er r 
| ob ARS be ads Bee ones 
F 8 ny 4 F023 369, SEG 
6 TI ITS 34 | 
1 7 1225 R ——U— —— — 8 6A * 3 + 75 
|: 8 * Y ñ me c| 
4 | | | 
7 F ä n 
.. mr . . nn Rs 1 — 
1 10 | Irz x 3 + 10p 
V &c. 2 F logs aiody. $9. i: | 
. 


120 The DocrSiks 'of :CHANTES\ 


Now the ſeveral. mm of B, C, A may be ae up by 
the 8 Lemma. 


- . - ; * 4 "2 f 4 2 
41 to * 3113 


13 _— af g bits - = 


wdiothir IL ajinps ag gr loch 2 


MY $406 «. 
5 24 ** n -þ 34 EY 
For "i e e ee ebe, 


tum 1 to = 4 — 1155 
Let the BxpeRation of a be n int two Series, VIZ. 
- ad a eee He, 6 


+> = + 6 + = 155 * —— ; bee. 


1024 | 
The firſt, Series ue a Geometric Progreſſion wel 
decreaſing, its Sum by the known Rules will be found to be 


= 
The ſecond Series may be reduced to the form of the gerles in 


our Lemma, and may. be thus n 


Ex + > + -- — + 3- DT = + , &c. eee dividing 


the whole by 2 —., and lying aſide * ff term 2, we ſhall have 


the Series — A N _ + , &c. which has the ſame 


form as the Series of the Lemma, and dy be compared with it : let 
therefore 7 be made == 5, N- 3, and b.—= 8, and the Sum of the 


Series will be ＋ + 2 or * to this adding the firſt Term 2 


which had 1550 laid aſide, the new Sum will be =, „and that 


being multiplied by 2 — whereby it had been divided, the product 


will be * þ which is the Sum of the ſecond Series expreſſing the 


9 
Expectation of B: from whence it may be concluded that all the 


Expectations of B contained i in both the abovementioned Series will 
12 


be equal to 2 + =. 

And by the help of the foregoing Loma, it will be found that 
all the Expectations of C will be equal to — + == 

be 1 be alſo found thats all the ExpeRations of 4 will be equal to 

We — UM x determined the ſeveral Expectations of the Game- 
ſters upon the Sum by mem depoſited at firſt, and alſo upon the 


Fines 


% *» WW 


t 
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Fines by which the common Stock is increaſed : it now remains to 

_ eſtimate the ſeveral Riſks of their being fined ; that is to fay, the 

Sum of the Probabilities of their being fined multiplied by the re- 
ſpective Values of the Fines. 

Now after the Suppoſition made of A. being beat the firſt time, 


by which he is obliged to lay down his Fine p, B and C have an 


equal Chance of being fined aſter the - ſecond Game; which makes 


the Riſk of each to Bo | = — 25. as _—_— by the e 


Scheme. 
. 
. | 
In like manner, it will be found, that C and A have one Chance 
in four, for their bein g fined after the third Game, and conſequently 


that the Riſk of eich 1 is . according to the following Scheme. 


BA BA 
CB or CB 
AC CA 


And by the Ind Pictefs it will be found that the Riſk of B and 
C after the fourth Game is —þ. 


Hence it will be eaſy to compoſe the following Table which 
expreſſes the Riſks of each Gameſter. | 


TABLE of Nile. 


a 
r ee 
f n +2 | 4? 
4 | 32 |---=| 32 | 
L. b: 
6 1 72 5 TTY | 
Fan IIS: 
A... 165555 
ns I abc 7 =o Þ =o | 
& c.. | 


w * 


£ | Fa | 
A . | n 


— 
3 


E 


n 


—— — 


1 


— — —— — * * 2 — — 2 — 
4 4 
: b. 
* . ; g J 
4 2423 - 4 4 — » 
—_ 4 - 
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In the Column belonging to 2 if the vacant places were filled 


up, and the Terms TH . A were interpoled, the Sum of 
| the Riſks of B would' one unin geometric Pro- 
5 greſſion, the Sum of wie Terms would be APY but the Terms. | 


interpoled conſtitute a geometrie Ftogreſſion whoſe Sum is==— p : 


wherefore if from 5 there be fubrraed . there will remain Jr 
for the Sum of the 'Riſks of B. 

In yy manner it will be found ad the Sum of the Riſks of C wil 
be == =p. 


And the Sum of, the Riſks of 4, after is being fined the firſt 
time, will be =p, | 


Now if from the ſeveral ExpeQations of Gaia heed de 
ſubtracted each Man's Stake, and: alſo the Sum. of his Riſks, there 


will remain the clear Gain or Loſs of each of __ 
Wherefore, from the Expettations of B 7 + ot 


9 Subtracting firſs his Stake | Foy =>: 1 
Then the Sum of his Riſks: _. = 2 . 
There remains the clear Gain of Br — 2 . 
Likewiſe from the Expeckations of 2 = 22 * . 
Subtracting firſt. his. Stake == 1 0 
Then the Sum of his Riſks == 2 f 


— 


2 


In like manner, "RD the ExyeQations of 4— = + FR 


Subtracting, f his Stake | Fame. 1. 
| Serondly, the Sum of his Riſks = >>. 
: Laſth, the Fine p due to 
the Stock by Loſs of, P. 
the firſt Guha 
There remains the clear Gain of A —=— 2 = + 39 EV; 


. 1 * 0 a 
* oh _—Y " "IE 
— — — — — „ ” — — — 
„( * _ 


—_ 


But: 


But we had ſuppoſed, that in the beginning of the Play A was 
beaten ; whereas A had the ſame Chance to beat B, as B had to beat 
him: Wherefore dividing the Sum. of the Gains of B and A into 
two equal parts; each Part will be t- . which conſequent- 
ly muſt be reputed to be the Gain of each of them. n 


il ©, ConoLiany, nh. . 
The Gain of c being — . . , let chat be made e, 
then þ will be found to be = I therefere the Fine has the 
fame proportion to each Man's Stake as 7 has to 6, the Gameſters 
play all upon equal terms: But if the Fine bears a leſs proportion 
to the Stake than 7 to 6, C has the , diſadvantage : thus ſuppoſing 
== 1, his Loſs would be ”Y N but if it bears a greater propor- 
tion to the Stake than 7 to 6, C has the advantage. 


COROLLARY 2. 


If the common Stake were conftant, that is if there were no Fines, 
then the Probabilities of winning would be proportional to the Ex- 
pectations; wherefore ſuppoſing p=='o, the Expectations after the 


firſt Game would be — , = , * „ Whereof the firſt belongs to 
B, the ſecond to C, and the third to A, and therefore dividing the 
Sum of the Probabilities belonging to B and A into two equal 
parts, it will follow that the Probabilities of winning would be pro- 
portional to the numbers 5, 4, 5, and therefore it is five to two 
before the Play begins that either A or B win the Set, or five to 
four that one of them that ſhall be faxed upon wans it. . 


PROBLEM XIV. 
I four Gameſters play on the conditions of rhe foregoing 
Problem, and he be to be reputed the Winner who 


beats the other three ſucceſſively, what is the Advantage 
of A and B whom we ſuppoſe to begin the Play? 


R 2 Bey 80 Lu- 


124 ? 


* . 
e Mee | " 


Let it be alſo fa 


it be inquired what is the Probability 


rote, » SOLUTION. 
Let BA denote as in the preceding Problem 
AC that A beats C; and univerſally, let the- firſt 
note the Winner, and the ſecond the Loſer. 2 
ppoſed that B beats A the firſt time: 
that the Play ſhall be ended 
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. 8 4 
-  , _ * 
A * 


that H beats A, and” 
Letter always de- 


then let 


in any number of Games; as alſo what is the Probability which 


each . Gameſtet has of winn 


Games. 


_ - Firſt, If the Set be ended in 


ky # 


the winner, fince by. hypotheſis 


is expreſſed as follows: 


J 
3 


* 


— 
% 


ing the Set in. that given number of 
three Games, B muſt neceffarily be 


he beats A the firſt Game, Which. 


1 | BA. 
BC 


BD. 


| Secondly, If the Set be ended in four Games C'muſt be the winner; 


as it thus appears. 


Wiraly, If the Set be en 


BA BA 
2 | CB BC. 

3 | DC or DB 

4 | DA DA 

5 | DB DC 


> 0 — 


BA 


— 
| 


CB: 


CD. 


CA. 


ded in five Games D will 
ner; for which he has two Chances, as it a 


be the win⸗ 


ppears by the following. 


Fourthly, If the Set be ended in fix Games, A will be the win- - 


ner; and he has three Chances for it, which are thus collected. 
„ Riga 
2 | CB CB BC 


I 
2 
3 | DC CD DB 
4 | AD AC AD 
5s | AB AB AC 
6 | AC AD AB 


a 


Fifthly, 


- 
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Fifthiy If the Set be ended in ſeven Games, then B will have. 
three Chances to be the winner, and C will have two, thus; 
FATALITY ee BA BA BA BA BA 
2 | CB CB CB BC BC 

3 | DC DC CD DB DB 
AD DA AC AD DA 
BA BD BA CA CD 
BC BC BD CB CB 
mo ont fit BD BA BC CD CA | | | 

Sixthly, If the Set be divided in eight Games, then D will: 
have two Chances to be the winner, C will have three, and B alſo 
three, thus; RAT. „ | 


| BA BA BA BA BA BA BA BA 

| CB CB CB CB CB BC BC BC 

De DE DC CD CD DB DB DB* 

AD AD DA AC AC AD AD DA 

BA AB BD BA AB CA AC CD 

CB CA CB DB DA BC BA BC 

7 | CD CD CA: DC DC BD BD BA 

8 | CA. CB CD DA DB BA BC BD 

Let now the Letters by which the Winners are denoted be writ- 


ten in order, prefixing to them the numbers which expreſs their ſe- 
veral Chances for winning; in this manner. | N 


IB. 

en 

5 | 2D. 

3A 

3B ＋ 20 

30 ＋ 2D + 3B 

13D+ 24 + err 
3A+2B + 3D+3A+z2B-+2C-+3D' 


Then carrying this Table a little farther, and examining the Forma- 
tion of theſe Letters, it will appear; Fir, that the Letter B is 
always found ſo many times in any Rank, as the Letter A is found 
in the two preceding Ranks: : Secondly, that C is found ſo many times 
in any Rank as B is found in the preceding Rank, and D in the Rank 
before that. Thirdly, that D is found fo many times in any Rank, 

as C is found in the preceding, and B in the Rank before that: 


And, 
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And, Nuurthiy, that A is found ſo many times in any Nan as D 
is found in the-preveding Rank, and Vin the Rank before that; 


From all which it may be rencluder, [that the Probability which 
thy Gameſter B has of winning the Wipe number of Games, is 


— of the n whieh A has of winning it one Game ſooner, 


together with 4 of the Probability which A has of winning it 
two Games Com, 923-4 3.0189 31 
The Probability which C has of winning Ry Set in any given 


number of Games, is —- of the Probability: which, bas ct win 


ning it one Game ſooner, together with — of the Probability 


which D has of winning it two Games ſaoner. | 
The Probakingy which, D has of Winning the Set in any num- 


ber of Games is |—+ the Frobebjlep which C has of winning it one 


Same ſooner, and alfo '- * of the Probability which B has of win- 


ning it two Games ſooner. | 
The Probability which A has of winning the Set in any num- 


ber of Games is — of the 5 which D has of winning it 


one Game ſooner, and allo — of the Probability * C has of 
winning it two Games ſooner, 


Theſe things being obſerved, it will be eaſy to Saga a Table 
of the Probabilities which B, 0. D, A have of winning the Set 


in any number of Games, as alſo of their 3 which will 
be as follows: 


_ 
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Sik os 4A 

14 yy e 
| 11 | 4 þ------- RX: Ek 63d 
FT IPL EDIECEIELC 

IV|6þ 

oh i 2 

VIS 
vu} 9 
VIIIIIo 

IX [11 
X [12 
Kc. c. EIN 


The Terms whereof each Column of this Table is compoſed, 


being not eaſily ſummable by any of the known Methods, it will 


be convenient, it order to find their Sums to uſe the following 
Analyſis. 


Let B' + BY ＋ BL ＋ BY + BY + BY, &c. repreſent the reſpec- 


tive Probabilities which B has of winning the Set, in any number 
of. Games anſwering to 3, 4, 5. 6, 7, 8, &c. and let the Sum of 
theſe Probabilities in infinitum be ſuppoſed == y. 
In the ſame manner, let '+ T+ CC“ CAC, tc. 
repreſent the Probabilities which C has of winning, which ſuppoſe 


mY. | 
Let the Probabilities which D has of winning be reprefented 
by D'/-+ D” + D” + D” + D* + DV, &c. which ſuppoſe v. 
Laſtly, Let the Probabilities which A has of winning be repre- 
ſented by A + A + AZ + AZ + AY Al, &c. which ſuppoſe 


Now from the Obſervations ſet down before in the Table of 


Probabilities,” it will follow, that 
. | B 


8 
. Þ- - l 


F #& + 


„ 


+ | 
+4 
1— 
„ 
* 

4 


By 


— 


7 
Ws 


: 
&c. — 


| From which S$chome we may fedice the Equation following, 
1.= — + x: for the Sum of the Terms in the firſt Column 


is 54 to the Sum of the Terms in the other two. But the Sum 
of the Terms in the firſt Column is = y by Hypotheſis ; where- 
fore y ought to be made equal to the Sum of the Terms in the other 
two Columns. 

In order to find the Sum of the Terms of the ſecond Pans I 


urge thus, 


AA +AU A + A? + Ro &. x by Hypoth.. 
- Theref. Mok Art * + Al &c. Xx — A 


and A —A® + AT + ALTA T- A 


Then adding B'+ B” on both Sides of the laſt e we 
ſhall have 


Wee A+ —A® + t A+ SAT + A”, Ke. 
= —x— . = * 
But A o, B T \ BY = 0, as appears from the ib ah a 
| wherefore the Sum of the Terms of the ſecond Column is == — = 
3 

1 Sum of the Terms of the third Column is —— V Hypo- 


theſis ; and conſequently the dum of the Terms in the ſecond and 
third Columns is == 98 + Y „from whence it follows that the 


Equation J ms —x ** x had "Wh rightly determined. 


And 
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And by a reaſoning ag the preceding, we ſhall find 2 == —y 


+ , and alſo v== 4 22 + 20. and laſtiy x== . 


4 


No theſe four Equations being reſolved, it will be found that 


B. BY + B + BY + BY + BY, Ke, = y = 2 
C++ C++ C ＋ CA C, &. 2 = : 
DDA DA DDD, &c. = 
A + A Au AT AT A, &c. A = 


7 
149 


32 .. 
149 


149 


Hitherto we have determined the Probabilities of winning : but 
in order to find the ſeveral Expectations of the Gameſters, each 
Term of the Series expreſſing theſe Probabilities is to be AE 
by the reſpective Terms of the following Series, 


4+ 3. 4 ＋ 4%, 4+ 5b, 4+ 6, 4 + 7b, 4 + 80, &c 
The firſt part of each product being no more than a Multiplica- 
tion by 4, the Sums of all the firſt parts of thoſe Products are only 
- the Sums of the Probabilities multiplied *. 43 and conſequently are 


4%, 42, 4V, 4x, or - , 140 : =, reſpectively. 


149 149 ? 


But to find the Sums of the other parts, 
Let 38% + 4B% + 5B"p + 6B, &c. be f. 


3Cp + 4CÞþ + 58% + 6C'p, 


&c. be == ps. 


3Dp+ 4D%þ + 550% + 6D, &c. be == pr. 


3A AA + 5 0 en 


Ke be = 


Now fince 3B = = 3B 


4B = 3 4B* 
BY r= LA + 


it follows that 2 = + —q + x; for 1®, the firſt Column is 
== t by Hypot beſis. 
2% 3A + 4A" + 5 + GA + 7A7, &c. =q by Hypotheſi. 
3% AL ＋ A“ + AV + AT + A”, &c. has been found = — 


== to the value of x. 


S Where- 
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- Wherefore adding theſe two Equations together, we ſhall have 
ih. ee 5A”, +... 12 

or Ef Shs SAT + LAT + LA? . S 78 
But A o, therefore . an 

S A? + LAT + . &c. = + 
Now the Terms of this laſt Series, together with 3B'+ 4BY, 

compoſe the ſecond Column: but 3B = =. and 4B” = o, as ap- 

pears from the Table ; conſequently the Sum of the Terms of the 

ſecond Column is = - —g + x. 


By the ane Method of proceeding, it will be found hat {hq 
Sum of the Terms of the thitd Column is = + =. 1 It ve 


From whence it follows, RULED + r 1 


ort=t + 2g +5. 111 
Ana by the ne ay ebene, we ſhall find 


LIES ho; Ty + Ir + and alſo 


I 5 
eee and laſtly 


e — 7 
But for avoiding confuſion, it will be proper to reſtore 'the Va- 


lues of x, , z, v, which being done, the Equations will ſtand as 


follows. 


» 842 
— ary 


r 1 


Now the foregoing Equations being ſolved, it will be found that 


„ EE on. 
% addi >. Toa” mean 3 33”  e_ 


From which we may conclude that the ſeveral Expectations of 
B, C, D, A, &c. are reſpectively, | 
Firſt, 


f..= 
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Tr | Law. | 36 $6.4 

irs 4 x oo Hips aneh, 4 x oo Bp 

ey 37 | 2 „ 
m 4x e e fee, wet . e 
as oy of e Gameſters being found, it will be ne- 
ce to find the Riſks of their heing fined, or otherwiſe what 
Sum each of them ought juſtly. to — to have their Fines inſured. 
In order to which, let us form ſo many Schemes as are ſufficient 
to find the Law of their Proc | 


. * . 


And Fir/t, we may, obſerve, that u T 


che Suppoſition of B. 
which a is to be fined, 


beating A the. firſt Game, in conſequence o | 
ed the ſecond Game, 


B and C have one Chance each for being 
as it thus appears: 


+. I | BA BA 
5 2 CB BC | 
Secondly, that C has one Chance in foyr for being fined the third 
Game, B one Chance likewiſe, and D two; according to the fol- 
lowing Scheme. 


1 | BA BA BA BA 
2 be: CB BC BC - 
3 | DC CD DB BD 


Thirdly, that D has two Chaney in eight for being fined the 
fourth Game, that A has three, and C one according to the fol- 
lowing Scheme. $41 Save 5, 5 


BA BA BA BA BA BA 
CB CB CB CB BC BC 
De DC CD CD DB DB 
| AD DA AC CA AD DA | 


N.B. The two Combinations BA, BC, BD, AB, and BA, BC, 
BD, BA, are, omitted in this Scheme as being ſuperfluous ; their 
diſpoſition ſhewing that the Set muſt have been ended in three 
Games, and conſequently not affecting the Gameſters as to the Pro- 
bability. of their being fined the fourth Game ; yet the number of 
all the Chances muſt be reckoned as being eight; ſince the Proba- 
bility of apy one Circumſtance is but B. 

Theſe Schemes being continued, it will eaſily be perceived that 
the circumſtances under which the Gameſters find themſelves, in 
reſpect of their Riſks of being fined, ſtand related to one another 


in the ſame manner as did their Probabilities of winning; from 
S 2 which 


> GW 0D 


4 


chin Doer iiur of Cuancs. 


which conſideration a TEE of the Riſky ox —. oh be: compoſes 
as follows, . 4 


A Tanz of Rift. 
ITT T OTB 


_ Ty 41 — r 
[ 12 _— 27 e 
1 13 | I? | 3 | "=P | 


7 11 . nen 
. 4 | f TI 4 4 T4 d 
2 
TX 4 


1 5 6 =? | 57 
; & x 8 iS; 
4s 32” 22 132 
N 6 8 8 
Hat |? | i? 
þ 8 I 
Vu 18 | FP = | "I 
1 I 
Vl 9 25570 2 | [3562 


— 


Wherefore ſuppoſing B! + BY * BY 8 0 ＋ 0 4 Cu. &c. 
D' + D” + D Kc. A, A + Au, &c. to repreſent the ſeveral 
Probabilities ; and ſuppoſing that the ſeveral Sums of theſe Probabi- 
lities are W Y, x, æ, % we ſhall n the following Equa- 
tions y == — = + A; 2 = — + —=y + —v3 v==+=z 
—+ 22 „ &. Which 83 being ſolved we 
ſhall have = \ = == v X == ——= * A 

Let now every one of thoſe En rations be multiplied by 7, and 


the Products 27 17 G oy p, * p will expreſs the reſpective 


Riſks of B, C, D, A, or the Sums they might juſtly give to have 
their Fines inſured, | 

But if from the ſeveral Expectations of the Gameſters there be 
ſubtracted, Fir, the Sums by them depoſited in the beginning of 
the Play, and Secondly, the Riſks of their Fines, there will remain 
the clear Gain or Loſs of each. Wherefore - 


From 
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From the Expectations of B = + + £2, 


| 149 22201 
Subtracting his on Stake = 1 
And alſo the Sum of his Riſks - 455 P. 


= 


—— — 


2 7. 
149 7 


22201 


Bubtracting his own Stake — 1 


— 


From the Expectations of C * K + = p. 


And alſo the Sum of his Riſks = A . 
| * „ ee A 1176 
There remains his clear Gaz _m_ N 
"X23 + 1 Wan 37600 7 
From the Expectatione of D = 344 p. 
Subtracting his own Stake =. 7x 
And alſo the Sum of his Riſks == 12 . 
There remains his clear Gain ==— 2 4 — 
eg 149 22201 


Subtracting his own Stake =—= 1 


—_—_—_ 


| a. . 
From the Expectations of A = - Wh a” 77 


And alſo the Sum of his Riſks = | Tf. 

Laſtly, the Fine due to the "= 
Stock by the Loſs of the == P. 
firſt Game 0 2 5 

| | ; C 

There remains his clear Gain ==— + 82 p. 


9 


* — — 
— — * 


12 


The foregoing Calculation being made upon the Suppoſition of 


B beating A in the beginning of the Play, which Suppoſition nei- 


ther affects C nor D, it follows that the Sum of the Gains between 


B and A ought to be divided equally ; then their ſeveral Gains will 
ſtand as follows: 


Gain 


134 The Dee —— 

2708 

7 I 22207 

. 2 

; 149 22201 

— — _ 1. 24376, 2 

ieee . 149 22201 
| 1 | 2 4224 f 

* D = — _149 er of 22201 

Sum e n 
5 * 1 eee Ag l 

If _ — 5b. whichis i the Gain of A or B be made — Oz 


then p will be found = => ; from which it follows, that if 


each Man's Stake be to the Fine in the proportion of 2700 to 1937, 
2 A and are in this e d 8 loſers; unt C wins 


— which D loſes. 


"And in the like manner may vp fad what the proportion be- 
tween the Stake and the Fine ought to be, to make Cor D play 
without advantage or diſadyantage ; and alſo. what this proportion 
ought ta 20.0008 them play. with ee, Fug. 


given. ? 


NS . 


A SpeRator S might at firſt, in conſideration of * Sum 4 + i | 
paid him in hand, undertake to furniſh the four Gameſters WI 


Stakes, and pay all their Fines, 


COROLLARY 2, 


If the nraportion of Skill between the Gameſters be given, then 
their Gain or Lofs may be determined by the Method uſed in this 
and the preceding Problem. 


* 


Congiiany 8. 

If there be neyer ſo many Gameſters playing on the conditions 

of this Problem, and the proportion of Skill between them all be 

ſuppoſed to be equal, then the Probabilities of winning or of being 
fined may be determined as follows. 


Let B/, C D, E, F, A,, denote the Probabilities which B 8 
D, E, F, A have of winning the Set, or of being fined in any 
number 
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number of Games; and let the Probabilities of winning or of Seng 
fined in any n nutnber of Games leſs fs by one than the preceding, be 


denoted als E, Cl, . Ex, 55 A: and fo on, then I ſay that 


— 
„1 


4 , 
i424 £ 


New whe Law, of thoſe. relations b bein viſible, 3 it will be eaſy to 
extend it to any other number of Gameſters. 


— 


— . - 


' Corxortanry 4. 


If there be ſeveral Series ſo related to one another, that each Term 


of one Series. may have a certain given proportion to ſome one aſ- 
ſigned Term in each of the other Series, and that the order of theſe 
proportions be conſtant and uniform, then will all thoſe Series be 
exactly ſummable. 


E 0 B L EM XLV. 
Of HAZ AR b. 


To find at Hazard the Advantage of the Setter upon all 
ee of Main and Chance. 


er 
Let the whole Money played for be conſidered as a common 


Stake, upon which both the Caſter and the Setter have their ſeveral 


Expectations; z then let thoſe Expectations be determined in the fol- 
lowing manner. 


Firſt, Let it be ſuppoſed that the Main is v11 : then if the Chance 
of the Caſter be v1 or v111, it is plain that the Setter an 6 Chan- 


ces to win, and 5 to loſe, his Expectation will be — of the Stake: 


but there being 10 Chances out of 36 for the Chance to be v1, or 
VIII, 


> -2-—- r 3 I ras. . —_— . = : = 
Ez 29's < © 1 — — a> Se 6 nn - - — — - — — — —— — © 
- - — _ 2 2 ” 3 — — * — 
7 7 . — * = 2 * 8 * ä + ba, 
p - 4 < E : —_ — 2 
. 3 * 5 — : * 
2 : S — = — o — — —_ — — - — — 


. 
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v111, it follows, that the Expectation of the Setter reſulting from 
ay Naur of Acme Weng Vi , will an La an 


Secondly, If che Main being vii, 7 Chance ſhould — to be 
v of th the Expectation of the Setter would be - —= divided by 
36. 

Thirdly „If the Main being vir, the Chance ſhould «FIN to be 


Iv Or x, it follows that the 8 of the Setter would be 4 
divided by 36. 


Fourtbiy, If the Main being vii, [the Caſter mould happen to 


throw 11, 111, or X11 ; then the Setter would neceſſarily win, by the 
Law of the Game; but there being 4 Chances in 36 for throwing 


II, 111, or X11, it follows that before the Chance of the Caſter is 


thrown, the Expectation of the Setter reſulting from the Probability 
of the Caſter's Chance being 1I, III, or X11, will be 4 diyided by 
6. 
: Laſtly, If the Main being v11, the Caſter ſhould happen to throw 
vII, or x1, the Setter loſes his Expectation. 
From the Solution of the foregoing particular Caſes 'it follows, 
that the Main being vii, the Expectation If the * ng be ex- 


8 ng My 
preſſed by the following —__ VIS. 2 EE 25 —. 


which may be reduced to —— ; now this fraction being ſubtracted 
from Unity, to which the 2 Stake! is ſuppoſed equal, there will 
remain the Expectation of the Caſter, viz. ==, 


But the Probabilities of winning being —.— roportional to the 
Expectations, on Suppoſition of the Stake hh = xt, it follows that 
the P Probabilities of winning for the Setter and Caſter are reſpectively 
proportional to the two numbers 251 and 244, which properly de- 
note the Odds of winning. 

Now if we ſuppoſe each Stake to be 1, or the whole Rake to 


be 2, the Gain of the Setter will be expreſſed by the fraction robe 2 
it being the difference of the numbers expreſſing the Odds, divided 


by their Sum, which ſuppoſing each Stake to be a Guinea of 21 
Shilliogs will be about * —2 2 Ip 


By 
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By the fame Method of Proceſs, it will be found that the Main 
being vi or viii, the Gain of the Setter will be — which is 


about 54. — — 3 in a Guinea. 
It will be alſo > gow that the Main being v or Ix, the Gain of 


the Setter will be ——— — which is about 3 3 Ain a Guinea. 


COROLLARY. I. 

If each particular Gain made by the Setter, in the Caſe of an 
Main, be reſpectively multiplied by the number of Chances Which 
there are for that Main to come up, and the Sum of the Products 
be divided by the number of all thoſe Chances, the Quotient will 
expreſs the Gain of the Setter before a Main is thrown : from whence 
it follows that the Gain of the Setter, if he be reſolved to ſet upon 


_42_ _1670_ + 
3 255 , the whole to be divided by 24, which being 


reduced will be ** very near, or about 44.— — 2— Fin a Guinea, 


CoROLLARY 2. 


The Probability of no Main, is to the Probability of a Main as 
109 +2 to 109g — 2, Or as 111 to 10%. 


COROLLARY 3. 


If it be agreed between the Caſter and Setter, that the Main ſhall 
always be v11, and it be farther agreed, that the next Chance hap- 
pening to be Ames-ace, ems Caſter ſhall loſe but half his Stake, then 


the Caſter's Loſs is das tr — of his Stake, that is about =f. in a» 
Guinea. 


COROLLARY 4. 


1f it be made'a ſtanding Rule, that whatever the Main may hap- 
n to be, if the Caſter throws Ames-ace immediately after the 
Main, or in 9 words, if the Chance be Ames- ace, the Caſter 


ſhall only loſe — of his own Stake, then the Play will be brought 
ſo near an . that it will hardly be diſtinguiſhable from it; 
the Gain of the Caſter being upon the whole but —— of his own 


8 6048 
Stake, or of a farthing in a Guinea, 


1 
— | 
* | The 


2 
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The Demonſtration of this is eaſily deduced from what we have 
ſaid before, viz. that the Loſs of the Caſter is nearly I of his 
own Stake, which ſtill would have been a little nearer the Truth, if 
we had made it -A; now let us conſider what part of his own 


2016 z | ' | 
Stake ſhould be returned him in caſe he throws Ames-ace next after 


| the Main; Let z be that part, but the Probability of throwing Ames- 
4 ace next after the Main is ＋ 7 , therefore, the real Value of what 


1s returned him is *, and ſince the Play is ſuppoſed to be redu- 
ced to an Equality, then what is returned him muſt equal his Loſs ; 


| R . | X * 2 3 | 37 % nn 37 
for which reaſon, we have the Lquation =." of Z=— 
! | which being very near ＋ „it follows that * of his own. Stake 


ought to be returned him, whereby he will loſe but T part of it. 


i e LEW IPL 
To find at Hazard the Gain of the Box for any number 
of Games diviſible by 3. 


— T4 4: 


SOLUTION. 


Let a and b reſpectively repreſent the Chances for winning a Main 
or for lofing it, which is uſually called a Main and no Main; then, 

1», It is very viſible that when the four laſt Mains are baaa, 
otherwiſe that when a Main has been loſt, if the four following Mains 
are won ſucceſſively, then the Box muſt be paid. 


2, That the laſt 7 Mains being baaaaea, there is alſo. a Box to 
be paid. 


3% That the laſt 10 Mains being baaaaaaaae, the Box is to be 
paid, and fo on. | 


Now the Probability of the 4 laſt Mains being bags is = — 

| ; i 2 +6\* 
and conſequently, if the number of Mains thrown from the begin- 
ning is repreſented by u, the Gain of the Box upon this account 
will be —- SES 
But to obviate a difficulty which may perhaps ariſe concerning the 
foregoing Expreſſion which one would naturally think muſt be 


nba3 


IT it muſt be remembered that the Termination 4aag be- 
; longs 


— 


—— 


yo 0 5 — A - 
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longs to 4 Games at leaſt, and that therefore the three firſt Games 
are to be excluded from this caſe, tho they ſhall be taken notice of 
afterwards. | os OTE: 
Again the Probability of the 7 laſt Mains terminating thus baaaaas, 
will be — , but this Caſe does not belong to the 6 firſt Mains, 


. . . . n— ON 
therefore the Gain of the Box upon this account will be way 1 = 17.0 
and fo on. | 


And therefore the firſt part of the Expectation of the Box is ex- 
preſſed by the Series 


n— 3 * bas n—6 34s 'n—qx ba? * n — 12 x bp** 

ee ee. 
of which the number of Terms is 

The ſecond part of the Expectation of the Box ariſes from all 
the Mains being won ſucceſſively without any interruption of a no 
Main, and this belongs particularly to the three firſt Mains, as well 


as to all thoſe which are diviſible by 3, and therefore the ſecond 
part of the Expectation of the Box will be expreſſed by the Series 


e + = + == + =» &c. of which the 


number of Terms is — 


Thoſe who will think it worth their while to ſum up thoſe Series, 
may without much difficulty do it, if they pleaſe to conſult my Mi 
cellanea, wherein thoſe ſorts of Series, and other more compound are 
largely treated of, | 


In the mean time, I ſhall here give the Reſult of what they may 
ſee there demonſtrated. 


If the firſt Series be diſtinguiſhed into two others, the firſt poſi- 
tive, the other negative, we ſhall now have three Series, the Sums 


of which will be, ſuppoſing - 


a 
b F. 


a + 
I nb 2 141 — 23 
1 = 
43 ww „ 2 4 Xa — MIX AN 2-3 
2® 36 * I 3 15 
ag *- - 2 ESA 
0 13 * 3 
aß 
the ſum of all which will be reduced to the Expreſſion = _ 2 
„when à and 6 are in a ratio of Equality. 
49 * 2 
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| | COROLLARY 1. . 
If 2 be an infinite number, the Gain of the Box will be univer- 
ſally expreſſed by 1 x —= but when and bare in a 


ratio 'of Inequality by a, 


COROLLARY 2. 


The Gain of the Box being ſuch as has been determined for an 
infinite number of Mains, it follows that, one with another, the 
Gain of the Box for one ſingle Main ought to be eſtimated by 


b 223 


1 . | a 
2 or if a and & are equal. 


LY _ \ - 
2 — — - . — — — 
— - 


COROLLARY 3. | 
And conſequently, it follows that in ſo many Mains as are ex- 


A, — 


preſs'd by D., or in 14 Mains.if @ and 5 are equal, 


a3b | 
the Expectation of the Box is 1, calling 1 whatever is ſtipulated to 
belong to the Box, which uſually is 1 Half-Guinea. 


3 „ „ 


JE 


ON 
— -- «mus 


CoROLLARY 4. 


Now ſuppoing that 2 and 5 are reſpectively as 107 to 111, one 
Box is paid one with another in about 14.7 Mains. | 
After I had ſolved the foregoing Problem, which is about 12 years 
ago, I ſpoke of my Solution to Mr, Henry Stuart Stephens, but with- 
out communicating to him the manner of it : As he is a Gentleman 
who beſides other uncommon Qualifications has a particular Sagacity 
for reducing intricate Queſtions to ſimple ones, he brought me, a 
few days after, his Inveſtigation of the Concluſion ſet down in my 
third Corollary ; and as I have had occaſion to cite him before, in 
another Work, ſo I here renew with pleaſure the Expreffion of the 
Eſteem which I have for his extraordinary Talents: Now his Inveſ- 
tigation was as follows. | 
Let 4 and þ reſpeCtively repreſent the number of Chances for a 
Main and no Main; Let alſo 1 be the Sum which the Box muſt re- 
ceive upon Suppoſition of three Mains being won ſucceſſively; now 


the Probability of winning a Main is 2 „and the Probability of 
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winning three Mains is = and therefore the Box-keeper 
4 might. 
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might without advantage or diſadvantage to himſelf receive from 


the Caſter at a certainty, the Sum TFT x 1, which would be an 
Equivalent for the uncertain ſum 1, payable after three Mains. 

Let it therefore be agreed between them, that the Caſter ſhall pay but 
the Sum = == x 1 for his three Mains; now let us ſee what con- 


fideration the Box-keeper gives to the Caſter in return of that Sum. 
1, he allows him one Main ſure, 2*, he allows him a fecond Main 
conditionally, which is provided he wins the firſt, of which the 


Probability being 2 „it follows that the Box allows him only, 


if one may ſay ſo, the portion of a ſecond Main, and for the 


L a + 6 
ſame reafon the portion —" of a third Main, and therefore the 


.&- a aa . 
Box allows in all to the Caſter 14 — + 5" Mains, or 


3aa + 3ab 4+ bh | 7, . . a3 
— — ore if — 
and there for the Sum received , 


5 ; 
there be the allowance of EEE Mains, how many are 


allowed for the Sum 1, and the Term required will be 
_ gen, a FN p : 
ee „ or — - : and therefore in ſo 


many Mains as are denoted by the foregoing Expreſſion, the Box 
gets the Sum 1, which Expreſſion is reduced to 14 if @ and b are 


equal, 


P ROB LE M AXALVIL 


Of RAFFEFLING. 


If any number of Gameſters A, B, C, D, &c. play at 
Raffles, what is the Probability that the firſt of them 
having thrown his Chance, and before the other Chances 
are thrown, wins the Mony of the Play. 


. 


SOLUTION. , 

In order to ſolve this Problem, it is neceſſary to have a Table read 
compoſed of all the Chances which there are in three Raffles, which 
Table is the following, | 8 

| | A | 1 


1 


— 
— 


14 2 


f Points | win or loſe. wit or loſe.” 
IVY: I TIX 884735 * 1 
LIT |. IX 884726 I 9 
LII XI 884681 IO 45 
; 4a 4 f1$t {NI 206536 35 147 
MG IXI 884185 202 369 
XLIX XIV _ 883400 571 765 
XLVIII XV 881954 1336 1446 
XLVII XVI 879470 2782 2484 
XLVI XVII 875501 5266 1962 
XLV XVIII 869632 9235 
XLIV XIX 861199 15104 "7 
XLIII > or 4 XX 849706 23537 1 1493 
XLII XXI 834679 35030 15027 
XLI XXII 815392 0057 19287 
XL [XXIII 791506 69344 23886 
XXXIX XXIV 7628338 93230 28668 
XXXVIIT|] |XXV 728971 121898 33867 
XXXVII XXVI 690100 155765, 38871 
XXXVI XXVII 646929 194636 43171 
XXXV XXVIII 599472 237807 47457 
XXXIV XXIX 548865 285264 50607 
XX XIII XXX 496314 335871 52551 
— J 442368 38 8 $3946 


The Deer Fare 


1 


A raste Fer the Chances which are in three Raffs. | 
Chances to Chances to Equality of 
Chance. 


— — — — — — _— — 
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The Sum of all the munbers expreſſing the Equality of Chance 
being 442308, if that Sum be doubled it will make 884736, which 
is equal to the Cube of 96. 6 

The firſt Column contains any number of Points which A may 
be ſuppoſed to have thrown in three Raffles. | 

The ſecond Column contains the number of Chances which A 
has for winning, if his Points be above xxx1, or the number of 
Chances he has for loſing, if his Points be either xxx1 or below it. 

The third Column contains the number of Chances which A has 
for loſing if his Points be above xxx1, or for winning if they be 
either xxx1 or below it. 


The 
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The fourth Column which is the principal, and out of which the 
other two' are formed, contains the number of Chances whereby any 
number of Points from 1x to L1v can be produced in three Raffles, 
and conſequently contains the number of Chances which any of the 
Gameſters B, C, D, &c. may have for coming to an equality of 
Chance with A. wh 1 | 
The Conſtruction of the fourth Column depends chiefly on the 
number of Chances which there are for producing one fingle Raffle, 
whereof xv111 or 111 have 1 Chance 

XVII or Iv have 3 Chances 
XVI or y have 6 Chances 
XV. or vi have 4 Chances 
XIV or vii have 9 Chances 
xXxIII or V11T have 9 Chances 
XII or Ix have 7 Chances 
XI or x have 9 Chances 


# 


Which numbers of Chances being duly combined, will afford all 
the Chances of three Raffles. | 

But it will be convenient to illuſtrate this by one Inſtance ; let it 
therefore be required to find the number of Chances for producing 
x11 Points in three Raffles. 

1, It may plainly be perceived that thoſe Points may be produ- 
ced by the following ſingle Raffles 111, 111, v1, or 111, Iv, v, or 
Iv, Iv, Iv; then conſidering the firſt caſe, and knowing from the 
Table of ſingle Raffles, that the Raffles 111, 111, vi, have reſpec- 
tively 1, 1, 4 Chances to come up, it follows from the Doctrine of 
Combinations that thoſe three numbers ought to be multiplied toge- 
ther, which in the preſent caſe makes the product to be barely 4, 
but as the diſpoſition, 111, III, vi, may be varied twice; viz. b 
III, VI, III, and vl, III, III, Which will make in all three diſ- 
poſitions, it follows that the number 4 which expreſſes the Chances 
of one diſpoſition ought to be multiplied by 3, which being done, 
the product 12 muſt be ſet apart. 

2% The Diſpoſition 111, iv, v, has for its Chances the pro- 
duct of the numbers 1, 3, 6, which makes 18, but this being 
capable of 6 permutations, the number 18 ought to be multiplied 
by 6, which being done, the product 108 muſt likewiſe be ſet 
apart. | | | 

ae, The Diſpoſition Iv, 1v, Iv has for its Chances the product 
of 3, 3, 3 which makes 27; but this not being capable of any va- 
riation, we barely write 27, which mult be ſet apart. 
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4, Adding together thoſe numbers that were ſeverally ſet apart, 
the Sum will be found to be 147, which therefore expreſſes the num 
ber of Chances for producing x11 Points in three Raffles, and in 
the ſame manner may all the other numbers belonging to the Table 
of thive'Ratfics Be cytculated;>: 
This being laid down, let us ſuppoſe that A has thrown the Points 
XL in three Raffles, that there are four Gameſters beſides himſelf, 
and that under that circumſtance of A, it be required to find the 
Probability of his beating the other four. tl 
Let m univerſally repreſent the number of Chances which any 
other Gameſter has of coming to an equality with A, which number 
of Chances in this particular caſe is 23886 Let @ univerſally repreſent 
the number of Chances which A has for beating any one of his 
Adverſaries, which number of Chances is found in the Table to 
be 791506 ; Let / repreſent the number of all the Chances that 
there are in three different Raffles, which number is the Cube of 
96, by reaſon that there are no more than 96 ſingle Raffles in three 
Dice, and therefore / conſtantly ſtands for the number 884736 ; 
Let p univerſally repreſent the number of Gameſters in all which in 
this caſe will be 5, then the Probability which A has of beating the 


other four will be EX: 1 „ and therefore if each of the 


| | mp X | | | | 
Gameſters ſtake. 1, the Expectation of A upon the whole Stake 5, 


will be expreſſed by <= ind, and conſequently his Gain, or 


what he might clearly get from his Adverſaries by an equitable 
compoſition with them for the Value of his Chance, will be 
F-- 9 Tae TH e ee 
| 5 — 1. | 
Now the Logarithm of a + mz=7.9113665, log. a = 5.8984 542, 
log. m == 4.3781434, log. /== 5.9468136; and therefore log. 
a + m\ = or log. a + N 29.5 56832 5, log. af = 29.4922710, 
log. mſ/?— == 28.1653978, from which logarithms it will be conve- 
nient to reject the leaſt index 28, and treat thoſe logarithms as if they 
were reſpectively 1.5 568325, 1.4922710, 0.1653978 : But the num- 
bers belonging to the two firſt are 36.044 and 31.065, whoſe diffe- 
rence is 4.979 from the logarithm of which, viz. 0.697 1421, if 
the log. o. 1653978 be ſubtracted, there will remain the log. 
o. 53 17433, of which the correſponding number being 3.402, it 
follows that the Gain of A ought to be eſtimated by 2.402. 
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DukquaTEATzON, 

„ When A has thrown his Chance, the Probability of B. "__ 
15 a 2 Chance will be — 7 wherefore the Probability which 
A has of beating all his Adverſaries whoſe ern is Wh I, will be 
2 

Me 

2% The Probability which B has in particular of coming to an 

Equality with 4 is , which being ſuppoſed, the Probability 
which A has of beating the reſt of his Adverſaries whoſe number is 


m2, is , Which being again ſuppoſed, the Probability 


which 4 ROW: has of beating B, with whom he muſt renew the 
ry is ; Wherefore the Probability of the happening of all theſe 


1 -_ | — TY na 
= 7 x FE * becauſe C. or D 
or E, &c. might as well have come to an equality with A as B him- 
ſelf, it follows that the preceding Fraction ought to be multiplied 
by p— 1, which will make it, that the Probability which A 
has of beating all his Adverſaries except one, who comes to an 
equality with him, and then of his nn hien afterwards, will be 
2 = | 


— — 2 


B 


8 The Probability which both B and C have of coming to an 
equality with A is — , which being ſuppoſed, the Probability 
which A has of beating the reſt of his Adverſaries whoſe number is 


þ = 3, is —— , which being again ſuppoſed, the Probability 


which 4 now has of beating B and C with whom he muſt re- 
new the Play, (every one of them being now obliged to throw 


for a new Chance) is 7 ; wherefore the Probability of the hap- 


at 2 


: . 4 : . . mm af <3 1 
pening of all theſe things will be — 77 2 X * 
mma? 12 

—— ; but the number of the Adverſaries of A being pn, 
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which conſequently denotes the Probability required. 
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and the different Variations which that number can undergo by elec- 


tions made two and two being * as appears from the 
Doctrine of Combinations, it follows that the Probability which any 
two, and no more, of the Adverſaries of A have of coming to an 
Equality with him, that A ſhall beat all the reſt, and that he ſhall 
beat afterwards thoſe two that were come to an Equality, is 
— x !] BIG | 7 
— — and ſo of the reſt, 5 


I ; | | 
From hence it follows that the Probability which A has of 
ing all his. Adverſaries, will be expreſſed by the following Series, 


— — Pld 4 


c 


| 4 ts . os + | 
the Terms of whoſe Numerator are continued till ſuch time as their 
number be =p; now to thoſe who underſtand how to raiſe a Bino- 
mial to a Power given, by means of a Series, it will plainly appear 
chat the foregoing Expreſſion is equivalent to this other == SI 
7 mp x 


PROBLEM: XLVIIL | 
The ſame things being given as in the preceding Problem, 
zo find how many Gameſters there ought to be in all, to 
make the Chance of A, after he has thrown the Point 

XL, 10 be the moſt advantageos. that is poſſible. 


| SOLU TION. 

It is very eaſily perceived that the more Adverſaries A has, the 
more his Probability cf winning will decreaſe; but he has a Com- 
penſation, which is, that if he beats them all, his Gain will be 
greater than if he had had fewer Competitors, for which reafon, 
there being a balance between the Gain that he may make on 
one fide, and the decreaſe of the Probability of winning on the 
other, there 1s a certain number of Gameſters, which till it be at- 
tained, the Gain will be more prevalent. than the decreaſe: of Proba- 
bility ; but which being exceeded, the deereafe of Probability will 
prevail over the Gain, ſo that what. was advantage, till a certain time, 
may gradually turn to equality, and even to diſadvantage. This 
Problem is therefore propoſed in order to determine thoſe Circum-. 
ſtances, 5 Let 
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Let log. log. a be made g, let alſo log. ſ— log. a + N be 
made == f, which-being done, then the number of Gameèſters re- 
quiſite to make the Advantage the greateſt poſſible will be expreſſed 


by the fraction SEL, ſo that ſuppoſing as in the pre- 


ceding Problem that a = 791506, m== 23886, and conſequently 
a + m==815392, as alſo ſ== 884736, and log. {== 5.9468136 
log. a= 5.8984 542, N e 7 1434 log. a+m==5.9113665, 
then g will be = 0.0483 594, and f will be = og 5447 1. Theref. 
log. g —log. . or 349014, and log. a+ m — log. a . o 129123 


and therefore the number of Gameſters will be 17 == 10.4. 


nearly, which ſhews that the number required will be about ten or 
eleven. | | 

As the Demonſtration of this laſt Operation depends upon prin- 
ciples that are a little too remote from the Doctrine of Chances, I 
have thought fit to omit it in this place; however if the Reader will 
be pleaſed to conſult my Miiſcellanea Analytica, therein he will find 
it, pag. 223 and 224. | | 
It is proper to obſerve, that the Solutions of this laſt Problem, as 
well as that of the preceding, may be applied to an infinite variety 
of other Problems which may happen to be fo much eaſier than 
theſe, as that they. may not require Tables of Chances ready calcu- 
lated. | 


PROBLEM XLIX. 
Of Wunsx. 


If four Gameſters play at Whisk, to find the Odds that 
any two of the Partners, that are pitch d upon, have 
not the four Honours. 


SOLUTION. 


Firſt, Suppoſe thoſe two Partners to have the Deal, and the laſt 
Card which is turned up to be an Honour. . 
From the Suppoſition of theſe two Caſes, we are only to find 
what Probability the Dealers have of taking three ſet Cards in twenty- 
five, out of a Stock containing fiſty-one. To reſolve this the ſhorteſt 
way, recourſe muſt be had to the Theorem given in the Remark be- 
longing to our xixth Problem, * making the Quantities 2, 

2 c, 
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& 4p, a, reſpectively equal to the numbers 51, 25, 26, 35 3» 1 the 
Probability required will be found to be — Er or r 2 
Secondly, If the Card which is turn'd up be not an Honour," thei 


we are to find what Probability the Dealers have of taking four given 
Cards in twenty-five out of a Stock containing fifty-one, which by 


the aforeſaid Theorem | will be fond © to be 2 


e * 50 X49 * 48 
7550 


But the probability of taking the four Honours Ee to be eſti- 
mated before the laſt Card 1s S up; and there being ſixteen 
Chances in fifty-two, or four in thirteen for an Honour to turn up, 
and nine in thirteen againſt it, it follows that the Probability of the 
firſt caſe ought to be multiplied by 4; that the fraction expreſſing 
the Probability of the ſecond; ought to be multiplied by g ; and that 
the Sum of thoſe 7 1 dae to be dixided by 13, which being 


done, the Quotient — or — — nearly, will expreſs the Probabi- 


lity required. 
And by the ſame Method of cos. it will be found, that 


the Probability which the two Eldeſt have of taking four Honours i is 


5, that the Probability which the Dealers have of taking three 


Honours is 9 , and that the Probability which the Eldeſt have of 


taking three Honours is = Moreover, that the Probability that 


there are no Honours on either fide with be . 5 


Hence it may be concluded, 15, that it is 27 to 2 nearly that 
the Dealers have not the four Honours. 
That it is 23 to 1 nearly that the Eldeſt have not the four 


Honours, 
That it is 8 to 1 nearly that neither one fide nor the other have 


the four Honours. 
That it is 13 to 7 nearly that the two Dealers do not reckon, 


Honours. 
That it is 20 to 7 nearly that the two Eldeſt do not reckon 


Honours. 
And that it is 25 to 16 neatly that either one fide or the other 


do reckon Honours, or that the Honours are not equally divided. 


 CoROLLARY. 
From what we have faid, it will not be difficult to ſolve a Caſe 


at Whiſk ; viz. which fide has the beſt, of thoſe who have viz 
of the Game, or of thoſe who at the lame time have 1x. In 
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In order to ſolve this cafe, it will be neceſſary to premiſe the 
follawing Principe. es 

17, That there is but x Chance in 8192 to get vir by Triks, 
27, That there are 13 Chances in 8 192 to get vi. 

3*, That there are 78 Chances in 8 192 to get v. 
4*, That there are 286 Chances in 8 192 to get 1v. 

8e, That there are 715 Chances in 8 192 to get 111. 

6, That there are 1287 Chances in 8 192 to get 11. 

7”, That there are 1716 Chances in 8 192 to get 1. 

All this will appear evident to thoſe who can raiſe the Binomial 
4+ 6b to its thirteenth power, x 
But it muſt carefully be obſerved that the foregoing Chances ex- 
preſs the Probability of getting ſo many Points by Triks, and nei- 
ther more nor | leſs. _ | 
For if it was required, for Inſtance, to aſſign the Probability of 
getting one or more by Triks, it is plain that the Numerator of 
the Fraction expreſſing that Probability would be the Sum of all 
the Chances which have been written, viz. 4096, and conſequently 


that this Probability would be 1555 or — 


2*, That the Probability of getting two or more by Triks would be 


238 1190 
* 
— 2 — = 4 : 
3˙) That the Probability of getting three or more by Triks would 
be —22 | 
$192 *® 
a, That the Probability of getting Iv or more by Triks would 
378 | 
81 F 


5e, That the Probability of getting v or more by Triks would be 
1 | | 
8192 a 
8˙, That the Probability of getting vz er more would be 
14 | - 
8192 : * : 

7, That the Probability of getting vir would be IL 

This being laid down, I proceed thus. 

If thoſe that have viii of the Game are Dealers, their Probabi- 
ty of getting 11 by Honours is LEN 

The Probability which they have of getting them by Triks is. 
e ONT 

And therefore adding theſe two Probabilities together, the Sum 


1%. 4370508 Now 
will be Irie * 
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Not ſubtracting from this, the Probability of both circum- 
ſtances happening together, VIZ. 58 the remainder will be 
— „and this 1 their W upon the common 


Stake which we ſuppoſe to be = 1. 
But they have a 7 ther Expectation, which | is that of ns dne 


ſingle Game by Triks, which i 18 4. of <= 3 and their Pro- 


8192 


bability of not getting by Honours is 25 , and therefore their 
Probability of getting one ſingle Game by Triks - independently 


from Honours is —— but then if this happen they will be 


but equal with their Adverſaries, and therefore this Chance entitles 


them to no more than half of the common Stake, therefore taking 
the half of the foregoing fraction, it will be . and Aae 


| 082393 

12 f . | 676738 + 464607_ 41345 
the whole Expectation of the Dealers is 22575975 =" 75755 
and therefore there remains for thoſe who have 1x of the Game 


= „which will make that the Odds for the v111 againſt the 


1x will be 4141345 to 2682591, which is about 3 to 2, or ſome- 
thing more, viz. 17 to 11. 


But if thoſe who have v111 of the Game are Eldeſt, then hate 
Probability of having three of the four Honours is 36s and their 


Probability of having the four Honours is 2588. 1668 and therefore their 


Probability of getting their two Games by Honours is EL 


ER The Probability of getting them by Triks is as {oF uh, : — 
. adding theſe two Probabilities together, the Sum will be 
He, from which ſubtracting, the Probability of both circum- 
3240838 


happenin nne * | 
ces happening together, viz, — „there will remain 88250 


and this expreſſes the Expectation 2 iſing from the Proſpect ot their 
winning at once either by Honours or by Triks. 

But their Expectation ariſing from the proſpect of getting one in- 
gle Game, and then being upon an equal foot with their Adverſaries, 


is the ſame now as it was in the Suppoſition of their being Dealers, 


464607 


/. 5525078 


And 
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And therefore their Expectation upon the whole is = . 


6823936 
378545 3118491 5 
— —— , and conſequetitly there remains for the 1x, T 7754 


and 1 214 the Odds of the v111 againſt the IX are now 3705445 
to Ky 18491, which is nearly as 34 to 29. 
rom whence it follows that without conſidering whether the 


vIII are Dealers or Eldeſt, there is one time with another the Odds 
of wi to 'F OT. fwd 


ſet; 


PROBLEM k 4 
Of Prquer. 


To find at Piquet the Probability which the Dealer has 


for taking one Ace or more in three Cards, he hav- 
ing none in his Hands. 


SOLUTION. 


From the number of all the Cards which are thirty-two, ſub- 


tracting twelve which are in the Dealer's Hands, there remain twenty, 
among which are the four Aces, 


From which it follows that the number of all the Chances for 
taking any three Cards in. the bottom, is the number of Combinations 
which twenty Cards may afford being ken three 1 three; which 


by the Rule given in our xv Problem is — — or 1140. 


Fhe number of all the Chances being thus obtained. find the 
number of Chances for taking one Ace preciſely with two other 
Cards; find next the number of Chances Er taking two Aces pre- 
eiſely with any other Card; laſtly, find the number of Chances for 
taking three Aces: then theſe Chances being added together, and 
their Sum divided by the whole number of Chances, the Quotient 
will expreſs the Probability required. 


But the number of Chances for taking one Ace are 8 and the 
number of Chances for taking any two other Cards, are — „ 


2 . 
and therefore. the number of Chances for taking one Ace and two 


other Cards are + * — 480 as appears from what we have 
ſaid in the Doctrine of Combinations. 

If there remains any difficulty in knowing why the number of 
Chances for joining any two other Cards with. the Ace already taken 


18 


4: 
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%% e Doering of Cv 
is , it will be cafily retolved if we corifider that chere 


being in ow whole oy —5 4 gh and a e Cards, out f 
ther er has 12 1 there remain 
ol? 165 out A* ich . ff has a, Choic 1 45 4 eee the. nom 


ber of Chances for taking two other Cards I what we have 
termined. 


In like 480 4 it will appear that the number of Chance ir 
taking two Aces preciſely are or 6, and that the number of 


Chances for taking any other Card ite for 163 from whence 


it follows that the number of Chances for taking two Aces with an- 
other Card are 6 x 16 or 96. 


Laſtly, it appears hit the number of Chances, for taking three 


IAQ dias 
\ Wherefore the "Probability required. will be 5 N 10 be 
EY — 2, e 8 being ſubtracted from 


Or ar = 


1 the remainder will be 2 


From whence it may be - Mt that it is 29 to 28 that the 
Dealer takes one Ace or more in three Cards, he having none in his 
Hands. 2 

The preceding Solution may be contracted by nqüiring at firſt 


what the Probability, 1 is of not taking any Ace in Aires Cards, which | 
may be done thus. 


The number of Cards in which the four Aces are cotitathed be- 


ing twenty, and conſequently the number of Cards out of which 


the four Aces are excluded being ſixteen, it follows that the num- 
ber of Chances which there are 42 the taking of three Cards, among 
which no Ace ſhall be found, is the number 11 Combinations which 
fixteen Cards may afford being taken three and three, which num- 


ber of Chances by our Problem will be es to be — — — 
or 560. : | r 
But the number of all the Chances for taking any three Cards in 
twenty has been found to be 1140; from whence it follows that 


the Probability of not taking any Ace in three Cards, is —— or 
— „and therefore the Probability 2 the contrary, that is of taking 


one Ace or more in three Cards is — 7 as we had found it before. 


PROBLEM 
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PROBLEM LE 


To find at Piquet the Probability whi ch. the Eldef has 
of taking an Ace in five Cards, be havi ing no Ace in | bis 
Hands. 

SOLUTION. 


Firſt, Find the number of Chances for taking one Ace and ur 
other Cards, which will be 7280. 
Secondly, The number of Chances for taking two Aces ind three 
other Cards, which will be found to be' 3360. 
Thirdly, The number of Chances for taking three Aces and two 
other Cards, which will be found to be 40. 
Fourthly, The number of Chances for taking four Aces and any 
other Card, which will be found to be 16. 
Tah, The number of Chances for taking any five Cards in 
twenty, which will be found to be 15504. 
Loet the Sum of all the particular Chances, VIZ. 7280 + 3360 + 
480 ＋ 16, be divided by the Sum of all ou Chances, vi z. by 15504, 


and the Quotient will be —= or 325 . — 752; Which being ſubtracted 


from Unity, the remainder will be 72 , and therefore the Odds 


of the Eldeſt hand taking an Ace or more in five Cards are as 232 
to 91, or 5; to 2 nearly. 
But if the Probability of not taking an Ace in five Cards be in- 


quired into, the work will be conſiderably ſhorten'd, for * * | 
bability will be found to be expreſſed by © —.— ber 


„ 


4368 to be divided by the whole naming of Chances, vig. by I 5 504, 
or 91 by 323 Which makes it —— 4 — a8 before. 


PROBLEM LIL 


To find at Piquet the Probability which the Eldeſt bas 
of taking both an Ace and a "King in frve Cards, he 


having none in bis Hand. 


SOLUTION. 
Let the following Chances be found; vix. 
X 
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1®, For one Ace, one King, and three other Cards. 
20, For one Ace, two Kings, and two other Cards. 
3%, For one Ace, three Kings, and any other Card. 
47, Fos one Age, and fous Kings. * NN n N 
| 85 For twa Aces, one King, and two other Cards. 
o For two Aces, two Rings, and any other Card. 
7 For two Aces, and three Kings. 
8s, For three Aces, one King,. and any other Card, 
9e, For three Aces, and two Kings. 
10% For four Aces, and one n | | 
Amang theſe Caſes, there being four pairs that are alike, 'wiz.. 
the mY and fifth, the third and eighth, the fourth and tenth, the 
ſeventh and. ninth ; it follows that there are only fix Caſes to be cal- 
culated, whereof the firſt and ſixth are to be taken ſingly, but the 
ſecond, third, fourth and ſeventh to be doubled; now the Opera- 


tion is as follows. | | 
The: fr Caſe has — x— er 3520-Chances. 
4 4+ - 3 
The, ſecond, . * 12 
is 3468. | 
be third + x +> x er 192, the double of which: is 


X. — or 1584, the double of which. 


* or 4, the double of which is 8 


4. 9 2 — | . . 
or 24, the double of which is 


Now the Sum of all thoſe Chances being 7560; and the whole 
number of Chances for taking any five Cards out of 20 being 


20 . 19 . 18 . 17 - 16 . as 
— — - — or 15504, it follows that the Probability re- 


quired will be 2 — or => „and therefore the Probability of 


the contrary will be = from whence it follows that the Odds 
againſt the Eldeſt hand taking an Ace and a King are 331 to 315, 
or 21 to 20 nearly, | | 


PROBLEM 
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__ PROBLEM LL 
To find at Piguet the Probability of having twelve Cards 
dealt to, without King, Queen or Knave, which caſe 
is commonly called Cartes hes. 


SOLUTION. 

Altho' this may be derived from what has been faid in the x1xth 
Problem, yet I ſhall here preſcribe a Method which will be ſome- 
what more eaſy, and which may be followed in many other.In- 

Let us therefore imagine that the twelve Cards dealt to are taken 
up one after another, and let us conſider, 1 the Probability of the 
firſt's being a Blank; now there being 20 Blanks in the whole Pack, 


and 32 Cards in all, it is plain that the Probability of it is 73 d 
2 Let us confider the Probability of the ſecond's being a Blank, 


which by reaſon the firſt Card is accounted for, and becauſe, there 
remain now but 19 Blanks and 31 Cards in all, will be found to be 


.; and in like manner the Probability of the third Card's 


31 

being a Blank will be — , and ſo on; and therefore the 

Probability of the whole will be expreſſed by the Fraction 
T PO, 35, 4 BY T 1; ow 10 ; | 

15 . 5 * 2 ; 2 c = 5 5 a 2 ; 7 15. 5 a r the number of Mul- 

tiplication in both Numerator and Denominator being equal to twelve. 


Now that Fraction being ſhorten'd will be reduced to 5775 N or 


121 nearly, and therefore the Odds againſt Cartes Blanches are 
1791 to 1 nearly. | | 


T—— 


PROBLEM II. 
To find how many different Sets efſentially different from 


one another, one may have at Piquet before taking in. 


SOLUTION. 
Let the Suits be diſpoſed in order, and let the various diſpoſitions 
of the Cards be written underneath, together with the number of 
A 2 Chances 


- { © : a 
| * « 
- ; > : 
. 3 
U 


. 
iS 
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| Chances that each a of will afford, and the Sum of all thoſe 
| Chances will be the thing required. © 
| Let alſo the Letters D, YH, 8˖, Cc Seer repreſent Diamonds, 
8 Hearts, Spades, and Clubs, | * 
D, E, 8. C | Chances. 
2.1.0, % „% „„ 70 
2.1.0, o, . 448 
310, o, 6, 6 748 
410, 1, 3, 8 448 
lo, I, + 7= 4480 
| 650, 1, 5. 6== 12544 
7 0,2, $3, ; 5 a= 784. 
"0.10, 2, 3. 7 = 812544 
910, 2, 4, 6 4880 
10 [o, 2, 5, 5 7808 
110% 3, , 3. 87808 
ales . „ |... 219 520 
1848, 6 40 4 343000 
it e 1792 
£613; 2 28672 
ti, 1 4 vx 12 5440 
71]: I: '6 == 200704. 
ISi-1, . 2, 7m 50176 
107-1, . 2,. J 0 mm 181238 
., 2, 45: $0 878080 
at, 3. 3. 3 1404928 
221, 3, 4, 4 = 2195200 
$318, 2 „ 0am 614656 
2612, a, 3, 5 2458624 
, 3, 4. 4 3851609 
2012; 3, 3, 4 6146560 
27 3, 3» 3» 3 9834496 
. Sum 28,967,278 


Which Sum would ſeem 3 great, if Calculation did not 
prove it to be ſo. 

But it will not be inconvenient to ſhew by one Example how 
the numbers expreſſing the Chances have been found, for which 
recourſe muſt be had to our x1xth and xxth Problems, and there ex- 
amine the Method of Solution, the fame being to be obſerved in this 


place ; 


2 The DocrRINE of CHAN cs. 157 
place; let it therefore be required to aſſign the 19% caſe, which is 
for taking 1 Diamond, 2 Hearts, 3 _—_ and 6 Clabs. Then it 
will eaſily be ſeen that the variations for taking 1 Diamond are 8, 


* » * * : ; 8 * 
that the variations for taking 2 Hearts are : - == 28, and that 


8 "IM | 8. 27..65 | | 4 
the variations for taking 3 Spades are > = 56, and. that the 


variations for taking 6 Clubs are * NM And 


2246 
therefore that the number of Chances "I, the rg® caſe 1s the pro- 
duct of the ſeveral numbers 8, 28, 56, 28, which will be found 

ISS: ----. 

There is one thing worth obſerving, which is, that when the 
number of Cards of any one Suit being to be combined together, ex- 

ceed one half the number of Cards of that Suit, then it will be ſuf- 
| ficient to combine only the difference between that number and the 
whole number of Cards in the Suit, which will make the operation 
ſhorter ; thus being to combine the 8 Chabs by fix and fix, I take 
the difference between eight and ſix, which being 2, I combine the 
Cards only two and two, it being evident that as often as I take 6 
Cards of one Suit, I leave 2 behind of the ſame Suit, and that there- 
fore I cannot take them oftner fix and fix, than I can take them 
two and two. 

It may perhaps ſeem ſtrange that the number of Sets which we 
have determined, notwithſtanding its largeneſs, yet ſhould not come 
up to the number of different Combinations whereby twelve Cards 
might be taken out of thirty-two, that number being 22 5792840; 
but it ought to be conſidered, that in that number ſeveral ſets of the 


ſame import, but differing in ſuit might be taken, which would not 
introduce an eſſential difference among the Sets. 


REMARK. 


It may eaſily be perceived from the Solution of the preceding 
Problem, that the number of variations which there are in twelve 
Cards make it next to impoſſible to calculate ſome of the Probabi- 
lities relating to Piquet, ſuch as that which reſults from the priority 
of Hand, or the Probabilities of a Pic, Repic or Lurch; however 
notwithſtanding that difficulty, one may from obſervations often re- 
peated, nearly eſtimate what thoſe Probabilities are in themſelves, 
as will be proved in its place when we come to treat of the reaſon- 
able conjectures which may be deduced from Experime:ts, for which 
reaſon I will ſet down ſome Obſervations of a Gentleman who has 


4 


* 
* 
4 
? 
„ 
* 
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| great degree of Skill and Experience in that l. Game, after 
whic ch I-ſhall 4 an Wee of them. ve 


 UyyoTrnrses., | 


1*, That tis 5 to 4 that the Eldeſt hand wins a Game. 
2% That it is 2 to. 3, that the Eldeſt wins mo without lurch- 
ing than by lurching. 
3e, That it is 4 to 1, that the Youngeſt hand wins rather with- 
out lurching than wy lurching. 
But it maſt ly, be obſeryed that theſe Odds are reftrained to 
the beginning of a Game. 
\ From whence, to avoid F rations, we may ſappoſe that the Eldeſt 
has 75 Chances to win one Game, and the Youngeſt 60. 
That out of theſe 7.5 Chances of the Eldeſt, he has 50 to win 
without Lurch, and 25 with a Lurch. 
hat of the 60 Chances of the youngeſt, he has 48 to win with- 


.out a Lurch, and 12 with a Lurch. 

This being laid down, I ſhall-proceed to determine the Probabi-- 
ities of nine the Set, under all the circumſtances in which A 
and B may find themſelves. | 

1, When A and B begin, he who gets the Hand has the Odds 


.of 6478643 to 3362857 or 23 to 20 nearly that he wins the 
N 


If A has 1 Game and B none. 7 | 

Before they cut for the Hand, the Odds in favour of A are 
682459 to 309067 or 38 to 23 nearly. 

. A has the Hand, the Odds are 4627 to 1448, or 10 to 5 
nearly. 

If B has che Hand, the Odds 1 in favour of A are 5110 * to 309067, 
cr 38 to 23 nearly. 

3*, It A has 1 Game, * B 1 Game. 

He who gets the Hand has the Odds of 10039 to 8186 or 27 to 
22 nearly. 

4, If A has 2 Games and B none. 

Before they cut for the Hands the Odds are 59477 to 13423, or 
31 to 7 nearly. 

If 4 has the Hand, the Odds are 5117 to 958, or 16 to 3 
near] 

If B has the Hand, the Odds i in favour of A are 11 51 to 307, or 
25 to 7 nearly. 

If A has 2 Games and B 1. 

Before they cut for the Hand, the Odds are 92 to 43, or 15 ta 

7 nearly. It 
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If A has the Hand, the Odds are 11 to 4. x 
If B has the Hand, the Odds in favonr of A are 17 to yo. 
6˙, If A has 2 Games and B 2 Games, he who gets the Hand 
| 1 4 in his fuvour. | | 
I hope the Reader will eafily excuſe, my not giving the Demon- 
ſtration of the foregoing Calculation, it being fo eaſily deduced: 
from the Rules given before, that this would feem entirely ſuper- 


PROBLEM LY. 
Of Saving Clavsss. 


A has 2 Chances to beat B, and B has 1 Chance to beat: 
A, but there is one Chance which intitles them both to 
withdraw their own Stake, which we ſuppoſe equal to f, 
10 find the Gain of A. | 


SOLUTION, 

This Queſtion tho” eaſy in itſelf, yet is brought in to caution Be- 
ginners againſt a Miſtake which they might commit by imagining 
that the caſe, which intitles each Man to recover his own Stake, needs 
not be regarded, and that it is the ſame thing as if it did not exiſt : 
This I. mention ſo much more readily, that ſome people who have 
pretended great ſkill in theſe Speculations of Chance have them- 
ſelves fallen into that error. Now there being 4 Chances in all, 
whereof A has 2 to gain /,. tis evident that the Expecta: ion of that 


Gain is worth — J but A having 1 Chance in 4 to loſe /, the Riſk 
of that is a Loſs which muſt be eſtimated by 7 and therefore the 
abſolute Gain of A is * — 7 or * ; but ſuppoſing the ſaving 


Clauſe not conſidered, A would have 2 Chances in 3 to win 1, and 
1 Chance in 3 to loſe 1, and therefore the Expectation of his Gain 


would be worth 7 and the Riſk of his Loſs would be eſtimated 


by . which would mike his Gain to be T7 ſ — 127 = irs * 
from whence it may evidently be ſeen that the condition of drawing 
Stakes is to be conſidered; and indeed in this laſt caſe, there are the 
Odds of 2 to 1 that A beats B, whereas in the former it cannot bo 


ſaid but very improperly chat A has 2 to 1 the beſt of the n ; 
Mp 


T 
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for if A undertakes without any limitation to beat B, then he muſt 
loſe if the ſaving clauſe happens, and therefore he has but an equa- 
lity of Chance to beat or not to beat; however it may be ſaid with 
ſome propriety of Expreſſion, that it is 2 to 1 that 4 rather, beats 
B than that A beats him. 

But to make the Queſtion more en let 4 and B each depo- 
ſite the Sum /; let à repreſent the Chances which A has to beat B, 
and & the Chances which B has to beat A; let there be alſo a certain 
number m of Chances which may be called common, by the hap- 


pening of which A ſhall be entitled to take up ſuch rt of the com- 
mon Stake 2/ as may be denominated by the fraction — „and B 


ſhall be entitled to take the remainder of it. 
Then 1*, it appears that the number of all the Chances being 
a+b + m, whereof there are the number @ of them which intitle 


A to gain /; then his Gain,upon that ſcore is IT ; n 94 

2 It appears that the number of Chances whereby A may loſe, 
being 6, then his Loſs upon that account is — - — F 

3*, It appears that if the Chances m/ ſhould happen, then A would 


take up the part = of the common Stake 2/, and thereby gain 
/ or — x}, but the Probability of the happening of | 
this 1s 77 295 and theręfore his Gain ariſing from the Proba- 
bility of this circumſtance 3 * 72 — * . 
Aden all ae it appears 3 his abſolute Gain is 
orgs wy K x / + FD IX 2þ — r x I. | 
Now ſuppoſe there had been no common Chances, the Gain of 


A would have been 75 x /c 


Let it therefore be farther required to aſſign what the proportion 


of p to 7 ought to be, to make the Gain of A to be the fame in 
both caſes. 


This Wl be eaſily done by the Equation — 72 


— 5 25 — rm 
nr 
. wherein multiplying all the Terms by a + + m we 


== — 

ſhall have the new Equation a—b+ === "is, * 
25 — 11 am — bm mo 

or r ©. = 77 or 2pa — ra + 


2% — br == 174 — br, or 20 + als wn gra, and therefore 
Pat 
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os + bp ra, and + = 27-5 from which we may conclude, 


that if the two parts of the common Stake 2/ which A and B are 
reſpectively to take up, upon the happenin 75 Y the Chances , are 
reſpectively in the proportion of @ to , then the common Chance 
give no Fon to A above what he would have had if they had 
not exi 


K. 0 B L E M IVI. 
Odds of Chance, and Odds of Money compared. 


A and B playing yopether depoſit L. apiece, A has 2 
Chances ta win 1, and B 1 Chance to win ſ, whereupon 
A tells B that he will play with him upon an equality 
of Chance, if he B will ſet him 2ſ to rf, to which 
B afſents : to find whether A has any advantage or 
di N * that rei 
S KID 


SITY 


In the firſt- circumſtance, A having 2 Chances to win Wa and 1 


Chance to loſe h his Gain, as may be deduced from the Introduction, 
is 2/—ſ r — | 
In Th ſecond circumſtance, A having I Chance to win 2/; and 1 


Chance to loſe /; his Gain i - 2— 2 —1. and therefore he gets 


2 Aby that Bargain. | 
But if B, after the Bargain 8 ſhould anſwer, let us play 


upon an equality of Chance, and you ſhall ſtake but —f; and I ſhall 
ſtake /, and fo I ſhall have ſet 2 to 1, and that A ſhould aſſent, then 
he has 1 Chance to win h and I Chance to loſe —/;, and therefore 


his Gain is [=> = = —/; and. therefore he is worſe by 7; 1 7 


than he was in the firſt circumſtance. 
But if A, after this propoſal of B, anſwers; let us preſerve the quan- 


tity of the whole Say 2/, but do you ſtake =h and] ſhall ſtake —/; 


whereby the proportion of 2 to 1 will remain; z and that B aſſents, 
$3.9 Y then 
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then A has 1 Chance to win Af and 1 Chance to loſe DD * 


| Pilar e Bets Apia mn of | 
makes his Gain to be eee | 
is the ſame. as in the firſt circumſtance. 555 
And univerſally, A having a Chances to win 4 and B having 3 
Chances to win Fd if they ſhould agree afterwards to play upon an 


equality of Chance, and ſet to each other the reſpective Stakes 


2b «4 . & | * , 4 1 N 
3.1 and r /; then the Gain of A would thereby receive no al- 


. +. 4 ,» > EF a—þ ; | | 
teration, it being in both caſes 217 by 
Or THz Donar IoN or Pray. 


PRO BL E M LVII. SY 
Two Gameſters A and B whoſe proportion of hill is as a 
to b, each having a certain number of Pieces, play to- 

ether on condition that as often as A wins a Game, 
B ſball give bim one piece; and that as often as B 
| wins a Game, A fhail give him one Piece; and that 
they ceaſe not to play till ſuch time as either one or the 
other has got all the Pieces of his Adverfary : now let us 
ſuppoſe to Spectators R and 8 concerning themſebves 
about the ending of the Play, the firft of them laying 
that the Play will be ended in a certain number of 
Games which be aſſigns,” the other laying to the con- 
trary. To find the Probability that 8 has of win- 
ning bis wager. r of's 


SOLUTION. 

This Problem having ſome difficulty, and it having given me 
occaſion to inquire into the nature of ſome Series naturally reſult- 
ing from its Solution, whereby I have made ſome improvements in 
the Method of ſumming up Series, I think it neceſſary to begin with 
the fimpleſt caſes of this Problem, in order to bring the Reader by 
degrees to a general Solution of it. | | 5 


CASE 
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CASE I. 

Let 2 be the number of Pieces, which each Gameſter has; let 
alſo 2 be the number of Games about which the Wager is laid: now 
becauſe 2 is the number of Games contended for, let 2 + 3 be raiſed 
t its Square, viz. aa + 246 + bb ; then it is plain that the Term 
24h favours 8, and that the other two are againſt him, and conſe- 


quently that the Probability he has of winning is 


2 
@+6Y * 
 CoroLLany, | 


If aand b are equal, neither R or & have any Advantage or Dif- 
advantage; but if a and ô are unequal, R has the Advantage. 


EY Cass II. | 
Let 2 be the number of Pieces of each Gameſter, as before, 
but let 3 be the number of Games about which the Wager is laid: 
then 2+ 6 being raiſed to its Cube, viz. 4 + 3aab + 3466 + bs, 
it will be ſeen that the two Terms 41 and 6 are contrary to 8, they 
denoting, the number of Chances for winning three times together ; 
it will be ſeen that the other two Terms zaab and 3abb arc 
rtly for him, partly againſt him ; let therefore thoſe two Terms 
be divided into their proper parts, viz. gaab into aab -+ aba & has, 
and 3abb. into abb -+ bab + bba, and it will plainly be perceived 
that out of thoſe fix parts there are four which are favourable to &, viz. 
abs, baa, abb, bab or 2aab + 2abb; from whence it follows that 


the Probability which $ has of winning his Wager will be 
_—_— , or dividing both Numerator and Denominator by 


a+6, it will be found to be =, which is the ſame as in the 


preceding caſe ; the reaſon of which is, that the winning of a certain 
number of eyen Pieces in an odd number of Games is impoſſible, un- 
leſs jt was done in the even number of Games immediately preceding 
the odd number, no more than an odd number of Pieces can be 
won in an even number of Games, unleſs it was done in the odd 
number immediately preceding it ; but ſtill the Problem of winnigg 
an even number of Pieces in an odd number of Games is rightly 
propoſed ; for Inſtance, the Probability of winning either of one 
fide or the other, 8 pieces in 63 Games; for, provided it be done 
either before or at the Expiration of 62 Games, he who undertakes 
that it ſhall be done in 63 wins his Wager. 13 
T 8: © CASE. 
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Cass III. | 
Let 2 be the number of Pieces of each Gameſter, and 4 the num- 
ber of Games upon which the Wager is laid: let therefore 2 ＋ 4 
be raiſed to the fourth Power, which is a* + 44% + 6aabb ＋ 4abi 
+ ; which being done, it is plain that the Terms , a+ ＋E 44% 4 
4a6* + 64 are wholly againſt 5, and that the only Term Gaabb is 
artly for him, and partly againſt him, for which reaſon, let this 
Term. be divided into its parts, viz. aabb, abab, abba, baab, baba, 
bbaa, and 4 of theſe parts, viz. abab, abba, baab, baba, or 4aabb 
will be found to favour S; from which it follows that his Probabi- 
; hy $4531 A'« 42 | us 0 : 
tity of winning will be Z 
Cars IV. 
If 2 be the number of Pieces of each Gameſter, and 5 the num- 
ber of Games about which the wager is laid, the Probability which $ 
has ol winning his wager will be the ſame as in the preceding caſe, viz. 


. @+61}*-* —_ - ae Et | 3 | 
Nn verſalhy, Let 2 be the number of Pieces of each Gamefter, 
and 2 + 4 the number of Games upon which the Wager is laid; 


hk SN 1+-=d 
and the Probability which & has of winning will be = 2 
144 | 


249. 


i 4 be an even number; or FF if 4 be odd, writing 4—1 
inſtead of 4. I 


| 5 CASE V. 

If 3 be the number of Pieces of each Gameſter, and 3 + 4 the 
number of Games upon which the wager is laid, then the Probabi- 
* | ; Y | 1 - 
Dr, 


lity which & has of winning will be 


even number, or 2 if it be odd. 


Cas VL 


If the number of Pieces of each Gameſter be more than 3, the 
Expectation of S or the Probability there is that the Play will not 
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A ended 3 in a given number of Games we be determined in the 
following? manner. | 


4 Saen Rule 2 determining what- "Probability there is that the 
Play will not be determined in a given number of Games. 


Let n be the number of Pieces of each Gameſter. Let alſo 24 4d 
be the number of Games given; raiſe @ - to the Power , then 
cut off the two extream Terms, and multiply the remainder by 
ga + 2ab ＋ bb then cut off again the two Extreams, and multi- 
ply again the remainder by aa + 24 + bb, ſtill rejecting the two 

xtreams, oO o on, making as many Multiplications as there are 


Units in — 2d; let the laſt Product be the Numerator of a Fraction 


whoſe Dinoinkkatbe be @ + $N*+*, and that Fraction will expreſs 
the Probability required, or the Expectation of & upon a common 
Stake 1, ſuppoſed to be laid between R and S; till obſerving that 
if 4 be an r odd number, you write 4 — 1 in its room. 


Examerts I. 
Let 4 be the number. of Pieces of each Gameſter, and 10 the 


number of Games given: in this caſe »z==4, 2 +d= 10; where- 
fore d==6, and —J= 3. Let therefore a-+b be raiſed to the 


fourth Power, and rejeRing continually the extreams, let three Mul- 
tiplications be made by aa + 2ab + bb, Thus, 


a*|+ 4 + baabb Ae. | + 6+ 
aa ＋ 246 -+bb | 
44*%6|+ 6ba*bb + 44368 
+ 84+*bb +124*63 + 8aab* 
+ 425353 + . baab*|+ 44. 
D 
aa ＋ 2260 + bb 
14a*%|+200*B+ 144%! Fe 
+2843 +404+{+4-2843 bs 
+ 144*6+4+-2043b*|+ 14aahs 
484% + 684*0+4+-482%07 
ag + 2ab + bb 


pn EY 


484" 63 
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A 4864+ 684˙.L 484% ra bojacts 
+ 96a5b+-+1360* 9 

Lf Ren = ev x Sede 


« © 1 \ N * g 
een 5 2 Ds N . 
* ne 1 1 * * 


Whereforethe Probability that thePlay will notbeended'i in 10 Games 
+ OED he tend 


will he 2 "Th" which Expreſſion! will be reduced 
to £2, if ther be an equaiey of Skill between the On, 


now this Fradien 2 or being fabiracied from Upity, the 
remainder will be 12 „which will expreſs the Probability of the 


Play's ending in 10 Games, apd conſquemtly it is 3 5 to 29 that, if 
two equal Gameſters play - "Wn chere Ak Not be. four Stakes 
loſt on either fide, in 10 Games, // 

N. B. The foregoing operation may 1 very e contracted by 
omitting the Letters @ and 6, and reſtoring them after the laſt Mul. 


tiplication; which may be done i in this manner. Make » + —d — i 


==, and —d + I==q; then annex to the reſpective Terms re- 


ſulting from the laſt Multiplication the literal Products abi, 4.167 Ti, 
a 2, &c. 

Thus in the foregoing Example, inſtead of the firſt Multiplicand 
44 + Gaabb + 4ab*, we might have taken only 4 + 6+ 4, and 
inſtead of multiplying three times by ag +: 246 + bb, we might 
have multiplied only by 1 + 2+ 1, which would have made the 
laſt Terms to have been 164 -+ 232 + 164. Now ſinee that 
n 4 and d— 6, p will be = 6 and 9g==4, and conſequently 
the literal Products to be annexed reſpectively to the Terms 164 

+ 232 + 164 will be ,, 4105, asbe, which will make the Terms 
reſulting from the laſt Multi lication to be e + 2324. + 
1044455, as they had been 4 1 


ann II. 


Let 5 be the number of Pieces of each Gameſter, and 10 the 


number of Games given : let * the proportion of Skill between 
A and B he as 2 to 1. 


Since 7 == 5, and u ＋ d= 10, it follows that 4 5. Now d 
being an odd number muſt be ſuppoſed = 4, fo that —d=2: 
let 
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let therefore 1 ＋ 1 be raiſed to the fifth Power, and always re- 
jecting ths ene, multiply twice by 1 ＋ 2 ＋ I, 


Ae — 20＋3 54 3 5+ 20 
I+2+I _ | I+2+ _ 
Frio+Io+5 | 20[+35+ 35+ 20 
+ 10-+20-4-20-+-I0 -+-40+ 70 70-440. 
„ $-+10+10þ+5 + 20+ 35+3 [+20 
20 ＋ f 352 7 5+125+125h+75 


Now to ſupply the literal Products that are wanting, let 
2+ —4—1 be made p, and —d-+ g, and the Pro- 


ducts that are to be annexed to the et quantities will be 4757, | 
al- WT", at , af 361+3, &c. wherefore u, in this caſe, being 


=70, and == 4, then 5 will be == 6, and q==3, it follows that 
the Products to be annexed in this caſe be a, a., a, 4364, 


and conſequently the Expectation of & will be found to be 
75a6}8 + 125494 + + t 254459 2+ 754%8 


a+? 


N. B. When n is an odd bes: as it is in this caſe, the Ex- 


pectation of S will always be divifible by a+ 6. Wherefore divi- 
ding both Numerator and Denominator by @ + 6, the foregoing Ex- 
preſſion will be reduced to | 


50D, _ + 7543) * or 2 gabe x 3aa — 2ab o+ 366 


Let now @ be ae by 2, and 6 by 1, 2 the 8 


of & will become 2 4 
I 


PROBLEM LVIII. 


bility that the Ply wills ended in'a given number of 
Games. 
8 | 


Firſt, It is plain that if the Expectation of S obtained by the pre- 
ceding Problem be ſubtracted from Unity, there will remain the 
Expectation of R. 


| Secondl L 


The = things being given as in the preceding Problem, 
to fend the ExpeFtation of R, or orherwiſe the Proba 


= £ +4 — A — 4 io F4 * 
at. a as * 8 = * my * 
— * - p - 2 - — 2 7 
4 _ * U x 1 * ES * 2 2 
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- Secandiy,, Since the ExpeRtation of & decreaſes continually, as the 
number of Games increaſes, and that the Tertns we rejected in the 
former Problem being divided by 44 ＋ 226+ bare the Decremeirt 
of his Expectation ; it follows that if thoſe rejected Terms be divided 
continually by 422 + 2ab + bb or a+b)*, they will be” the” In 
crement of the Expectation of R. Wherefore the Expectation of R 
may be expreſſed by means of thoſe rejected Terms. Thus in the 
ſecond Example of the preceding Problem, the Expectation of R 

expreſſed by means of the rejected Terms will be found to be 
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ae eee + gals 0 % C 2e 1! 
s rr E 1. 


Err 
, e e 
In like manner, if 6 were the number of the Pieces of each 
Gameſter, and the number of Games were 14, it would be found 
that the Expectation of R would be -A 
+8 OM nn on =r—— 
rr 6. | 
And if 7 were the number of Pieces of each Gameſter, and the 
number of Games were 15, then the ExpeCtation of R would be 
found to be | n B* v7 
ID a. LIED Sock e Ta 154433 6374414” 
Tx 1 5 + 9 + ne +a. 
N. B. The number of Terms of theſe Series will always be 
equal to —d+ I, if d be an even number, or to —— „if it be 
Thirdly, All the Terms of theſe Series have to one another cer- 
tain Relations, which being once diſcovered, each Term of any 
Series reſulting from any caſe of this Problem, may be eaſily ge- 
nerated from the P ones. | 
Thus in the firſt of the two laſt foregoing Series, the numerical 
Coefficient belonging to the Numerator of each Term may be derived 
from the preceding, in the following manner. Let K, L, M be 
the three laſt Coefficients, and let N be the Coefficient of the next 
Term required; then it will be found that N in that Series will con- 
ſtantly be equal to 6M — 9 + 2K. Wherefore if the Term which 
would follow LL in the caſe of 16 Games given were defired ; 
then make M==429, L=110, Ka=27, and the following 
h = 6 ai; | ar Coefficient 


— 


9 
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Coefficient will be found 1638. From whence it appears that 
| — WW 


the Term i Ulf would be =. 


Like wiſe, ih the ſecond of the two foregoing Series, if the Law 
by which each Term is related to the preceding were demanded, it 
might thus be found, Let K, L, M be the Coefficients of the three 


laſt Terms, and N the Coefficient of the Term deſired. Then N 
will in that Series conſtantly be equal to 7M — 14L + 7K, or 
 M—2L +K x7. Now this Coefficient being obtained, the Term 
to which it belongs is formed immediately. — 


But if the univerſal Law by which each Coefficient is enerated 


from the preceding be demanded, it will be expreſſed as follows. 
Let n be the number of Pieces of each Gameſter : then each Co- 


efficient contains þ 
n times the laſt phys 
— x times the laſt but one 


* times the laſt but tuo 


1 —— x === x — times the laſt but three 


times the laſt but four. 
&c 


Thus, the number of Pieces of each Gameſter being 6, the firſt 


Term # would be = 6, the ſecond Term nx —- L would be q, 
the third Term n {+ x 1+ would be =2. The reſt of 


the Terms vaniſhing in this caſe. " Wherefore if K, L, M are the 
three laſt Coefficients, the Coefficient of the following Term will be 
6M — g9L + 2K. ; | 


| Faurthly, The Coefficient of any Term of theſe Series may be 


found independently from any relation they may have to the pre- 
ceding: in order to which, it is to be obſerved that each Term of 
theſe Series is proportional to the Probability of the Play's ending in 
a certain number of Games preciſely : thus in the Series which ex- 
proves the Expectation of R, when each Gameſter is ſuppoſed to 
ve 6 Pieces; vis. 
as ＋ 46 WY T bab 2 74a 1104393 hy 42' 1 4 4 


77 1 + ip © pip © oe” © oueey 


the laſt Term being multiplied by the common Multiplicator 
429044 xeTE7e 


n ſet down before the 2 * the Product - n 
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will denote the Probability of the Play's ending in 14 Games pre- 
ciſely. Wherefore if that Term were deſired which expreſſes the 
Probability of the Play's ending in 20 Games preciſelg, or in any 
number of Games denoted by n+ d, I fay that the Coefficient of 
that Term will be $3343 7 OY b 2 ke 3 1683 Mn 


4 Wee 
* — „ — — „A= — 2 , &c, continued 
1 128 SLE a. I ow N | 
to ſo many Terms as there are Units in -. 
I. ee e ee re dr FAY 
AL. , &. continued 


to ſo many Terms as there are Units in — 4 — 7. 


ine wed dT odio. " , 


to ſo many Terms as there are Units in + d— 27, - 


d— 1 nb d—22 244— nbd — F 8 
— x << x EE x, , &c. continued 


to ſo many Terms as there are Units in —d— 3. - 

Let now n+ d be ſuppoſed == 20, 1 being already ſuppoſed 
== 6, then the Coefficient demanded will be found from the general 
Rule to be 

| 19 18 17 16 15 14 


48 ; 
ek Sf i rt n 


L 4 
Wherefore the Coefficient demanded will be 23256 — 18 — 
23238, and then the Term itſelf to which this Coefficient does be- 


long, will be e , and conſequently the Probability of the. 


Play's ending in 20 Games preciſely will be 5 = — — 5 


But ſome things are to be obſerved about this formation of the 
Coefficients, which are, 


0 | 2 "tv I | 
Firſt, that whenever it happens that d, or 24 — 7, Or dan, 
or —d — zu, &c. expreſſing reſpectively the number of Multiplica- 


tors to be taken in each Line, are So, then 1 ought to be taken 
to ſupply that Line. 


Secondly, That whenever it happens that thoſe quantities d, or 
—d — , or —d — 2, or —d — 3, &c. are leſs than nothing, 
other- 
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otherwiſe that they are negative, then the Line to which they be- 
long, as well as all the following, ought to be cancelled. 


PROBLEM IX | 
Suppofing A and B to play together till ſuch time as four 


Stakes are won or loft on either fide ; what muſt be 
their proportion of Skill, otherwiſe what muſt be their 


proportion of Chances for winning any one Game aſſigned, 
to make it as probable that the Play will be ended in 
four Games as not? 


| | SOLUTION. 

The Probability of the Play's ending in four Games is by the pre- 
n a% + b4 3 
ceding Problem -===- x 1: now becauſe by Hypotheſis, it is to 
be an equal Chance whether the Play ends or ends not in four 
Games; let this Expreſſion of the Probability be made = — then 


* (hall have the Equation EZ == — which making 6, 4 2: 
1 


4 | 
I, 2 is reduced to TY ==" » Or 871 mn 4.25 — 022 — 4 
+ 1==0. Let 12zz be added on both ſides of the Equation, 
then will 24 — 423 + 622 — 42 +1 be =o, and extracting the 
Square-root on both ſides, it will be reduced to this quadratic Equa- 
tion, 28 — 22 ++ I =2\/12, of which the two Roots are 


2 == 5.274 and 2 == 7275 . Wherefore whether the Skill of 4 


be to that of B, as 5. 274 to 1, or as 1 to $274: there will be an 


Equality of Chance for the Play to be ended or not ended in four 
Games. N 


e 
Suppofing that A and B play till ſuch time as four Stakes 


are won or loft : What muſt be their proportion of 


Skill to make it a Wager of three to one, that the 
Play will be ended in four Games? 


.0 2 SOL u- 


bo —— 
iy = —_ mY — - 
2 = — — 
pa — - > ax” ” IR 4 - —_— —— - 4 — - I. 
- — ” DS — — — 8 - £4 - - — — 
. © - * 18 4 -. - - I : 4 27 * — 5 
5 4 — — — * 5 — * 1 þ = * — — — — 
a — z * 4 = * 1 */ 4 — —_— _ — 22 - - 
7 — & £” =» 4. 1 - - £ 4 4 EY ” . . \ | : = 
1 - F - CE» - — Ye — = > l — l - — - = = —— 2 
LY _ — — = - 
— wy — - - = = 
py - — - — — — 4 9 1 — FF ' — * py — 2 
* : 1 — EA „ — — . 2 1 


* 
a - 


— << 
_ — — = AS 2 = i — + . 
- WA; RY © 4 —— — — — 
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'$orvT tox. 


The probability of the Play 8 ending i in * Gaines nz from 
the number of Games 4, from the payee. of Stakes 4, and from 


the proportion of Skill, vig. of a to 5, is = © by fame Pro- 
bability rn, from the Odds of three to one, is — : Whereforo 


l — 0 & ud olg 4. @ 21 1 5 de will be 


changed into 2 => or 24 — 250-4. 18 4 I 


== 5622, and ing che Square · Root on both ſides, z2 — 62 
+ 1==2\/ 56, the Roots of which Equation will be found to be 


13.407 and 5 Wherefore if the ſkill of either be to that of 


the other as 13.407 to 1, tis a URS of thres to ee a the 
* will be ended in 4 Games. 


PROBLEM IXI. 


Suppofing that A and B play till ſuch time as four Stakes 
are won or lat; What muſs be their proportion of Skill 


to make it an equal . ager that the mw will be ended 
in fix Games 


Sener 


' The Probability of the Play's ending in fix Games, aribg from 

the given number of Games 6, from the number of Games 4, and 
a* + b+ T + 4ab 

from the proportion of {kill 4 to 6, 18 x X ir ; the ſame: 
Probability arifing from an equality of Chance, is == — , from 
whence reſults the Equation LED X REST] = — , 8 
king 6, 4 :: 1, 5 muſt be changed into the * 2% + 62® 
2133. — 202 — 1322 ＋ 62 + ] =0. 
In this Equation, the Coefficients of the Terms equally diſtant 
from the Extreams, being the fame, let it be ſuppoſed The "8 Equa-- 


tion is generated from the Multiplication of two other Equations of 
the ſame nature, viz. 22 — 2 ＋ I ==0, and 2+ + p2* + 928 + 


p + 1 = ©. Now the Equation refulting from the Multiplication 
of thoſe two will be 


207 
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25 — 92" + 124 + 2f2* +fz + 1==0. 
N ft —— oat , 52% 
* * | | ＋ 42% 7 l | | "A | 12 r 
which being compared with - the firſt Equation, we ſhall have 


S—y=6, 1 —py+ qz=— 13, 2þ — gy = — 20, from whence 


will be deduced a new Equation, viz. y* + 6yy — 16y — 32 == 0, 
of which one of the roots will be 2.9644, and this being ſubſtitu- 
ted in the Equation zz — yz + 1==0, we ſhall at laſt come to 
the Equation zz — 2.96442 + 1== oo, of which the two Roots 


will be 2.576 and 17 ; it follows therefore that if the ſkill of 


either Gameſter be to that of the other as 2.576 to 1, there will be an 
equal Chance for four Stakes to be loſt or not to be loſt, in ſix Games. 


| COROLLARY. 

If the Coefficients of the extream Terms of an Equation, and 
likewiſe the Coefficients of the other Terms equally diſtant from 
the Extreams be the ſame, that Equation will be reducible to an- 
other, in which the Dimenſions of the higheſt Term will not exceed 
half the Dimenſions of the higheſt Term in the former. 


| PROBLEM LXII. 

Suppoſing A and B whoſe proportion of skill is as a to by 
to play together till fuch time as A either wins à cer- 
tain number q of Stakes, or B /ome other number p of 
them : What is the Probability that the Play will not 
be ended in a given number of Games “ 


X SOKUT LON. 
Take the Binomial a ＋ 6; then multiply it ſo many times by it 
ſelf gs there are Units in p g — 1, always eaten after every 
Multiplication to reject thoſe Terms in which the Dimenſions: of 
the Quantity @ exceed the Dimenſions of the Quantity 5, by 9 as 
alſo thoſe Terms in which the Dimenſions of the Quantity } ex- 
ceed the Dimenſions of the Quantity a, by p; then ſhall the laſt 
Product be the Numerator of à Fraction expreſſing the Probability 
required, of which Fraction the Denominator muſt be the Bino- 
mial a +6 raiſed to that Power which is denoted by p + 4. 


EXAMPLE. 


7 bad 
— 


Fs * * * 4 * PS] 3 — 2 f 
| ; 8 
r 
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— 


1 be == 3, q== 2, and ke the given, number of Games be 
Let now the following Operation 'be made —ꝛ to the 


foregoin g Directions. 
| a-+-b 
1 4+6. 
_aal +2ab + bb 
| a+b 
"2nab + 3abb | + hs 
a +6. | 
20% | + Faabb + Jabs 
42 ＋ 6 
3 + Baabs | + gave 
a+b 
5a*bb | + . ＋ 8446+ 
7 a +6 
y 134%). + 284 þ+ | + gab. 


— 


From this Operation we may conclude, that the Probability of 


the Play's not ending in 7 Games is equal to a Nov 


if an equality of Skill be ſuppoſed between A and B, the: Expreſ- 


ſion of this Probability will be reduced to = or : Where- 


fore the Probability of the Play's ending in 7 Games will be 5 


from which it follows that it is 47 to 17 that, in ſeven Ge, 
either A wins two Stakes of B, or B wins three Stakes of A, 


PROBLEM  LXII. 


The ſame things being ſuppoſed as in the preceding Problem, 
za find the Probability of the Plays ending in a given 
number of Games. 


ge bern 


Hit, If the Probability of the Play's not ding in the given 
number of Games, which we may obtain from the preceding Pro- 
blem, be ſubtracted from Unity, there will remain the Probability 

of its ending in the ſame number of Games. PEER. 
conaly, 
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Secondly, This Probability may be expreſſed by means of the 
Terms rejected in the Operation belonging to the preceding Pro- 
blem: Thus if the number of Stakes be 3 and 2, the Probability 
of the Play's ending in 7 Games may be expreſſed as follows. 


aa 


We Re d 

FE Be IE 220 iy ae 
Suppoſing both 4 and + equal to Unity, the Sum of the firſt 

Series will be ==, and the Sum of the ſecond will be = 


* 


» 


which two Sums being added together, the aggregate * expreſſes 


the Probability that, in ſeven Games, either A ſhall win three Stakes 
of B, or B three Stakes of A. St; 4 

Thirdly, The Probability of the Play's ending in a certain num- 
ber of Games is always compoſed of a double Series, when the 
Stakes are unequal :. which double Series is reduced to a fingle one, 
in the caſe of an. Equality of Stakes. be. mat; | 
The firſt Series always expreſſes the Probability. there is that A, in 
a given number of Games, or ſooner, may win of B. the number g 
of Stakes, excluding the Probability there is that B before that time 
may have been in a circumſtance of winning the number p of 
Stakes,. both which Probabilities are not inconſiſtent together ; for 
A, in fiſteen Games for Inſtance or ſooner, may win two Stakes of 
B, though B before that time may have been in a circumſtance of 
winning three Stakes of A. > WES 

The ſecond Series always expreſſes the Probability there is that 
B, in that given number of Games, may win of A a certain num- 
ber p of Stakes, excluding. the Probability there is that A, before 
that time, may win of B the number 9g of Stakes. 

The firſt Terms of each Series may be repreſented reſpectively 
by the following Terms. g 


1 "*Y | ab © z 7 2 . aabb 4:4 +4: 9Þ5:- 436d. 
a+D? x I + a + Ne * 1. 2. 2 ＋ NV 12 1. 2. 3. 2 T 


"OY 1-9 ＋2 5 . 746.97. a*b* 
+ 1. 2.3. 4. 2 ＋ 5) 8 Kc. 


ap bas .Þ +3 . aabb r 
a+6\? * N a +6* ** 1. 2 4 ＋ N * 1. 3. 3. 4709)“ 


p. p SI . 6. % +7. 4a*%6* 
F . . 


- 
- 


Each 
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Each of theſe Series continuing in that regularity till ſuch ki Sins 
as there be a number p-of Terms taken in the firſt, and a nu 
of Terms taken in the Jeon ; after which the Law 15 492 "conn 
nuation breaks off. 
Now in order to find 3 the Sh”—_ loving in 5 eg of 
theſe Series, proceed thus; let Y ＋ q— 2 be called /; let the 
| Coefficient of the Term d:fired be T; let alſo the Coefficients of 
the preceding Terms taken in * inverted order, be 8, R, Q P, 


&c. then bran ge eee A ee. +. 


= — 22 „ „ x e &c. Thus if 5 be == 3 
ju — abe 7 will be 10 $i pum; wherefore 18 — 
=, R would in this caſe be equal to 38 — R, which ſbews 


that the Coefficient of any Term deſired would be three times the 
laſt, minus once the laſt but one. 

To apply this, let it be required to find what Probability there is 
that in fifteen Games or ſooner, either A ſhall win two Stakes of B, 
or B three Stakes of A, or which is all one, to find what Probability 
there is that the Play ſhall end in fifteen Games at fartheſt, A and 
B reſolving to play till ſuch time as A either wins three Stakes or 
B two. 

Let 2 and 3, in the two foregoing Series be ſubſtituted reſpec- 
tively in the room of and p, the three firſt Terms of the firſt Se- 


246 


ries will be, ſetting aſide the common Multiplicator, 1 + ir 
* . likewiſe the two firſt Terms of the ſecond will be 
„ 1 N . Now becauſe the Coefficient of any Term deſired in 


each Series is reſpectively three times the laſt, minus once the laſt 
but one, it follows that the next Coefficient in the ſecond Series 
will be found to be 1 3, and by the fame Rule the next to it 
34, and ſo on. In the ſame manner, the next Coefficient in 
the ſecond Series wilt be found to be 8, and the next to it 21, 
and fo on. Wherefore reſtoring the common Multiphicators the 
two Serigs will be | 
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| 5 at | | 2ab | 24 2 2 Err * 777 
br OAT e e 
— 23356 


10 


a +6 a+8) * g 


 Baabb " 212858 57279 


hz a _” 5 = 
= ea: 2 2 d e 
— 1444 774 
—— WETIHI + a +6) © . A 
If we ſuppoſe an equality of Skill between A and B, the Sum of 
the firſt Series will be 222 , the Sum of the ſecond will be 


32708 
12393 f . 31171 
F and the Aggregate of thoſe two Sums will be I 


which will expreſs the Probability of the Play's ending in fifteen Games 
or ſooner. This laſt Fraction being ſubtracted from Unity, there 


Ab- , which expreſſes the Probability of the Play's 


continuing beyond fifteen Games : Wherefore 'tis 31171 to 1597, 

or 39 to 2 nearly that one of the two equal Gameſters that ſhall be 

pitched upon, ſhall in fifteen Games at fartheſt, either win two 
Stakes of his Adverſary, or loſe three to him. 

N. B. The Index of the Denominator in the laſt Term of each 
Series, and the Index of the common Multiplicator prefixed to it 
being added together, muſt either equal the number of Games 
given, or be leſs than it by Unity. Thus in the firſt Series, the 
Index 12 of the Denominator of the laſt Term, and the Index 2 
of the common Multiplicator being added together, the Sum is 14, 
which is leſs by Unity than the number of Games given. So like- 

- wiſe in the ſecond Series, the Index 12 of the Denominator of the 
laſt Term, and the Index 3 of the common Multiplicator being 
added together, the Sum is 15, which preciſely equals the number 
of Games given. 

It is carefully to be obſerved that thoſe two Series taken together 
expreſs the Expectation of one and the fame perſon, and not of two 
different perſons ; that is properly of a Spectator, who lays a wager 
that the Play will be ended in a given number of Games. Yet in 
one caſe, they may expreſs the Expectations of two different perſons: 
for Inſtance, of the Gameſters themſelves, provided that both Series 
be continued infinitely ; for in that Caſe, the firſt Series infinitely 
continued will expreſs the Probability that the Gameſter 4 may 
ſooner win two Stakes of B, than that he may loſe three to him : 
likewiſe the ſecond Series infinitely continued will expreſs the Pro- 


Aa bability 


will remain 


bs 
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bability - that the Gameſter B may ſooner win three Stakes of 4, 
than loſe two to him. And it will be found, (when I come to 
treat of the Method of ſumming up this ſort of Series;--whoſe Terms 
have a perpetual recurrency of relation to a fixed number of prece- 
ding Terms) that the firſt Series infinitely continued is to the ſecond 
infinitely continued, in the proportion of aa x aa + 4 -+ bb to bi x 
4 ＋ ; that is in the caſe of an Equality of Skill as 3 to 2, which 
is conformable to what I have ſaid in the 1x" Problem. | . 
Fourthly, Any Term of theſe Series may be found independently 
from any of the preceding: for if a Wager be laid that A ſhall either 
win a certain number of Stakes denominated by, or that B ſhall win a 
certain number of them denominated by p, and that the number of 
Games be expreſſed by q + d; then I fy that the Coefficient of any 
Term in the firſt Series anſwering to that number of Games will be 
+ — x LE * — — x . „Kc. continued to fo 
many Multiplicators as there are Units in 4. 
— 27 * 4. —— * —— * LED , &c. continued to fo 
many Terms as there are Units -in — 4 — þ. 
+ LEY * —— * —— X —— „&c. continued to ſo 
many Terms as there are Units in —d— 5 9. 
_ — x LE * — * — — , &c. continued to ſo 
many Terms as there are Units in 4 — 25 — . N 


7. dm + 4— 1 
+ LES „ee, &c. continued to ſo 


many Terms as there are Units in 4 — 29 — 24. 
„„ — = , &c, continued to fo 
many Terms as there are Units in —d— 35 — 29. 

＋ AE * 2 — * — —ͤñ x L< — , &c, continued to ſo 


many Terms as there are Units in —d— 3p — 39. 


And fo on. | 

And the fame Law will hold for the other Series, calling p + 4 
the number of Games given, and changing 9 into p, and þ into 9, as 
alſo d into d, ſtill remembring that when di is an odd number, 4— 1 
ought to be taken in the room of it, and the like for 9. 


And 


i 
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And the ſame obſerv ation muſt be made here as was made at the 
end of the VIII“ Problem, vis. that if d, or —d—p, or 


1 —d— p—q, or —d— 2þ — q, or 4 — 2þ — 24, &c. ex- 
1 preſſing reſpectively the number of Multiplicators to be taken in 
: each Line, are == ©, then 1 ought to be taken for that Line, 

and alfo, that if a, or —d —þ, or —d —7 — . &c. are leſs 


than nothing, otherwiſe negative, then the Line to which they be- 
long as well as all the following ought to be cancelled, | 


mY 


PROBLEM LX. | -K 


FA and B, whoſe proportion of skill is ſuppoſed as a to b, 
play together : What is the Probability that one of 
them, ſuppoſe A, may in a number of Games not ex- 
ceeding a number given, win of B a certain number 0 
Stakes leaving it wholly indifferent whether B, before 
the expiration of thoſe Games, may or may not have 
been in a circumſtance of winning the ſame, or any 


other number of Stakes of A. 


SOLUTION. 


Suppoſing 7 to be the number of Stakes which A is to win of B, 
and n + d the number of Games; let a + & be raiſed to the Power 
whoſe Index is » +4; then if 4 be an odd number, take ſo many 


\ . . a 
Terms of that Power as there are Units in — ; take alſo fo 


many of the Terms next following as have been taken already, but 
prefix to them in an inverted order, the Coefficients of the precedin 
Terms, But if 4 be an even number, take ſo many Terms of the 


. . | 
ſaid Power as there are Units in —d 4- 1; then take as many of 


the Terms next fbllowing as there are Units in a, and prefix to 


them in an inverted order the Coefficients of the preceding Terms, 0 
omitting the laſt of them; and thoſe Terms taken all together will 
compole the Numerator of a Fraction expreſſing the Probability re- 


quired, the Denominator of which Fraction ought to be @ + 6 +=. 


Aa 2 | EXAMPLE 


- 
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EJAMPLE I. 


Suppoſing the number of Stakes, which A is to win, to be Three, 
and the given number of Games to be Ten; let a + þ. be raiſed to 
the Tenth power, viz. 4 + 104% + 45 + 1204's + 
2104a5þ+-þ 25249 + 2104465 + 120 ＋ 4 5aab* + lo + b**, 
Then by reaſon that »== 3, and n + d = 10, it follows that 4 is 


— = == 4. Wherefore let the Four firſt” Terms of 


—_ 7, and 


the faid Power be taken, viz. 4 + 102% + 45a%b + 1208", 
and let the four Terms next following be taken likewiſe without re- 


gard to their Coefficients, then prefix to them in an inverted order, 
the Coefficients of the preceding Terms: thus the four Terms fol- 
lowing with their new Coefficients will be 12045. + 454 + 
104465 ＋ 14%”, Then the Probability which A has of winning 
Three Stakes of B in Ten Games or ſooner, will be expreſſed by the 
following Fraction 1 NOI 
44 10a + 448 + 1204733 + 1204614 . 452 9 ＋ 104436 + 23 
which in the caſe of an Equality of Skill between A and B will be 


352 11 
reduced to Fn gle; —_ 


EXAMPLE II. 


Suppoſing the number of Stakes which A has to win to be Four, 
and the given number of Games to be Ten; let a +6 be raiſed to 
the tenth Power, and by reaſon that 7 is = 4, and n + d= 10, 


it follows that 4 is == 6, and —d + 1==4 ; Wherefore let the four 


firſt Terms of the ſaid Power be taken, viz. 4 + 104% + 45a*b 
＋ 120463 ; take alſo three of the Terms following, but prefix to 
them, in an inverted order, the Coefficients of the Terms already 
taken, omitting the laſt of them ; hence the three Terms following 
with their new Coefficients will be 4 5454+ ＋ 10 + 14455, Then 
the Probability which A has of winning four Stakes of B or ſooner, 
will be expreſſed by the following Fraction . 


20 + 10495 + 454855 — * 1204703 + 454674 -- 1045359 + 14456 > 
| ab)? 3 
which in the caſe of an equality of Skill between A and B will be 


1 29 
reduced to . 


Anotber 
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Another Sol r ION. 


Suppoſing as before that » be the number of Stakes which A is 


to win, and that the number of Games be n-+ d, the Probability 


which A has of winning will be expreſſed by the following Series 


a nab n.n ＋ 3. aa 2 24. 2 ＋5 . a%5 
in a+ , 1. 2. a+ * 1. 2.3 4 T 
5 1 6. 7 . a*þ* | p 8 | | 
+ ZE , Kc. which Series ought to be con- 


1. 2.3. 4. +6) © - 
tinued to ſo many Terms as there are Units in —d + 1; always 


obſerving to ſubſtitute d—1 in the room of d in caſe d be an odd 
number, or which is the ſame thing, taking ſo many Terms as there 


. X a 
are Units in * 0 


2 | | 
Now ſuppoſing, as in the firſt Example of the preceding Solution, 
that Three is the number of Stakes, and Ten the given number of 
Games, and alſo that there is an equality of Skill between 4 and 


* . . 1 
B, the foregoing Series will become & 1 ＋ 4 =_ o — 


11 | 
— ** 5 as before. 
5 


REMARK. 


In the firſt attempt that I had ever made towards ſolving the ge- 
neral Problem of * Duration of Play, which was in the Vear 
1708, I began with the Solution of this LXIVth Problem, well 
knowing that it might be a Foundation for what I farther wanted, 
ſince which time, by a due repetition of it, I ſolved the main 
Problem ; but as I found afterwards a nearer way to it, I barely 
publiſhed, in my firſt Eſſay on thoſe matters, what ſeemed to me 
moſt ſimple and elegant, till preſerving this Problem by me in or- 
der to be publiſhed when I ſhould think it proper. Now in the 
year 1713 Mr. Manmort printed a Solution of it in a Book by him 
publiſhed upon Chance, in which was alſo inſerted a Solution of 
the ſame by Mr. Nicolas Bernoulli; and as thoſe two Solutions ſeemed 
to me, at firſt ſight, to have ſome affinity with what I had found 
before, I conſidered them with very great attention; but the Solu- 
tion of Mr. Nicolas Bernoulli being very much crouded with Symbols, 
and the verbal Explication of them too ſcanty, I own I did not 
underſtand it thoroughly, which obliged me to conſider Mr, Mon- 
mort's Solution with very great attention: I found indeed that he 
was very plain, but to my great ſurprize I found him very erroneous ; 

ſtill 
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ſtill in my Doctrine of Chances I printed that Solution, but rectified 
and aſcribed it to Mr. Monmort, without the leaſt intimation of any 
; alterations made by me; but as I had no thanks for fo doing, I re- 
; ſume my right, and now print it as my own: but to come to the 
Solution. A bein ee od er ei eee 
Let it be propoſed to find the number of Chances there are for 
Ato win two Stakes of B, or for B to win three Stakes of A, in 
fifteen Games. a er eee | | 
The number of Chances required is expreſſed by two Branches 
of Series; all the Series of the firſt Branch taken together expreſs 
the number of Chances there are for A to win two Stakes of B, 
excluſive of the number of Chances there are for B before that time, 
to win three Stakes of A. All the Series of the ſecond Branch 
taken together expreſs the number of Chances there are for B to 
„win three Stakes of A, excluſive of the number of Chances there 
are for A before that time to win two Stakes of B. 


* 


VNV Branch of Series. 
4 5 a" *b 42152 421233 21134 42 055 420356 42857 2756 4230 42530 2431. PILL a*b"3 
+15 + 105+ 455 ＋1365 ＋ 3003 ＋ 5005+5005+3003+1365++455Þ 105 + 15 +1 
| „% ͤ˙ůmü , ͤ nf na Done, 
5 nnr. 


Second Branch of Series. | 
zus 3% B*3g* fe 3% bYa* 3% 3% 368 B5a%0 b*g%" 342 Bars 
1 +15 + 105 +455 + 1365 + 3003 + 5005 ++ 3003 + 1365 +455 + 105 fig +1 
F ys ATI P 

| +, Lp; 1+: 


The literal Quantities which are commonly annexed to the nu- 
merical ones, are here written on the top of them ; which is done, 
to the end that each Series being contained in one Line, the de- 
pendency they have upon one another, may thereby be made more 
conſpicuous, 

The firſt Series of the firſt Branch expreſſes the number of Chan- 
ces there are for A to win two Stakes of B, including the number 
of Chances there are for B before, or at the expiration of the fifteen 
Games, to be in a Circumſtance of winning three Stakes of A; 
1 number of Chances may be deduced from the Lx Ivꝶ Pro- 

lem. 

The ſecond Series of the firſt Branch is a part of the firſt, and 
expreſſes the number of Chances there are for B to win three _ 

I 0 
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of A, out of the number of Chances there are for A, in the firſt 


Series, to win two Stakes of B. It is to be obſerved about this Se. 


ries,” Firſt, that the Chances of B expreſſed by it are not reſtrained 
to happen in any order, that is, either before or after A has won two 


Stakes of B. Secondly, that the literal products belonging to it are 


the ſame with thoſe of the correſponding Terms of the firſt Series. 
Thirdly, that it begins and ends at an Interyal from the firſt and 
laſt Terms of the firſt Series equal to the number of Stakes which 


Bis to win. Fourthly, that the numbers belonging to it are the 


numbers of the firſt Series repeated in order, and continued to one 
half of its Terms; after which thoſe numbers return in an inverted 
order to the end of that Series: which is to be underſtood in caſe 
the number of its Terms ſhould happen to be even, for if it ſhould 
happen to be odd, then that order is to be continued to-the greateſt 
half, after which the return is made by omitting the laſt number. 
F;jthly, that all the Terms of it are affected with the ſign minus, 

The Third Series is part of the ſecond, and expreſſes the num- 
ber of Chances there are for A to win two Stakes of B, out of the 
number of Chances there are in the ſecond Series for B to win 
three Stakes of 4; with this difference, that it begins and ends at 
an Interval from the firſt and laſt Terms of the ſecond Series, 
equal to the number of Stakes which A, is to win; and that the 
Terms of it are all poſitive. 

It is to be obſerved, that let the number of thoſe Series be what 
it will, the Interval between the beginning of the firſt and the 
beginning of the ſecond, is to be equal to the number of Stakes which 
B is to win; and that the Interval between the beginning of the ſe- 
cond and the beginning of the third, is to be equal to the number 
of Stakes which 4 is to win; and that theſe Intervals recurr alter- 
nately in the fame order, It is to be obſerved likewiſe that all 
theſe Series are alternately poſitive and negative. 

All the Obſervations made upon the friſt Branch of Series be- 
longing alſo to the ſecond, it would be ncedleſs to ſay any thing 
more of them. } 

Now the Sum of all the Series of the firſt Branch, being added 
to the Sum of all the Series of the ſecond, the Aggregate of theſe 
Sums will be the Numerator of a Fraction expreſſing the Proba- 
bility of the Play's terminating in the given number of Games; 
of which the Denon inator is the Binomial a + 6b raiſed to a Power 
whoſe Index 1s equal to that number of Games, Thus ſuppoſing 
that in the ci. F this Problem both @ and 6 are equal to Unity, 
the Sum of ll. [fc Branch will be 18778, the Sum of 

the 
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the Series in the ſecond will be 12393, and the Aggregate of bot h 
31171; and the Fifteenth Power of 2 being 32768, it follows that 
the Probability of the Play's terminating in Fifteen Games will be 
ET , which being ſubtracted from Unity, the remainder will be 


. Ex G: | $a} 
17 0 From whence we may conclude that it is a Wager of 31171 


to 1597, that either A in Fifteen Games ſhall win two Stakes of 
B, or B win three Stakes of A: which is conformable to what was 
found in the LXIIId Problem. | 


PROBLEM LXV. 

To find what Probability there is that in a given number 
of Games A may be winner of a certain number q %f 
Stakes, and at ſome other time B may likewiſe be 
winner of the number p of Stakes, ſo that both cir- 
cumſtances may happen. a 


SOLUTION. 


Find by our 1.x1v" Problem the Probability which A has of win- 
ning, without any limitation, the number g of Stakes: find alſo 
by the LXII“ Problem the Probability which A has of winning 
that number of Stakes before B may happen to win the number 
p; then from the firſt Probability ſubtracting the ſecond, the re- 
mainder will expreſs the Probability there is that both A and B may 
be in a circumſtance of winning, but B before A. In the like man- 
ner, from the Probability which B has of winning, without limita- 
tion, ſubtracting the Probability which he has of winning before A, 
the remainder will expreſs the Probability there is that both A 
and B may be in a circumſtance of winning, but A before B. 
wherefore adding theſe two remainders together, their Sum will ex- 
preſs the Probability required, | 

Thus if it were required to find what Probability there is, that 
in Ten Games A may win Two Stakes of B, and that at ſome 
other time B may win Three: 


The firſt Series will be found to be 


raabh 14503 4244⁰4 


aa 246 
Ti 7X1 + 2＋ 7 * a+ 8\+ * 42 FS 6 ＋ 2 ＋ 0 
g The 
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The ſecond Series will be 


= _Faabb | 132¹⁰¹ 4244 1 
e IF as FEY De wo 2 


The difference of theſe Series being = Fr + = 
expreſſes the firſt part of the Probability coqited, which in the 
. Caſe of an equality of {kill between the Gomes would be re- 


duced to —— 


The third Serits is as e 


þ3 . 284863 
W ee = EF + ax 
The fourth Series is | 
35 3ab Baabb 3 


Fd: NI e apa © Teh. 
_ 


The difference of theſetwo Scriesbeing fx x r + => a 
expreſſes the ſecond part of the Probability required, which in the 
caſe of an equality of Skill would be reduced to Od . Wherefore 


the Probability required would in this caſe be —— = + — == — 


IZ 12 
Whence it follows, that it is a Wager of 495 to 17, FD 7 75 to 1 1 
near, that in Ten Games A and B will not both be in a circumſtance 
of winning, viz. A the number q and B the number p of Stakes. 
But if by the conditions of the Problem, it were left indifferent 
whether A or B ſhould win the Two Stakes or the Three, then the 
Probability required would be increaſed, and become as follows ; 


vi. n 
— > an — FR 
a+ $ * IF 


a3 + 63 —.— 74393 


T7 90 3 07 


which, in the caſe 1 an equality of Skill between the Gameſters, 
would be double to what it was before. 


_—_ PROBLEM 


The” D6oraIN® 7 en v6 


F PROBLEM. LVL. 


Te fad dy Probability there is, that in a a gi ven num⸗- 
ver of Games A may win the number q of Stakes ; 
with this farther: — ras that B during that whole 
number of Games may never have been winner ' of the 


number p WY Stakes. 2 of 
"ii 475 "3 > 21 2. . , b 5 


6 


Sor ur ION 


From che Probability which 4 has of winning without any li- 
mitation the number 9 of Stakes, ſubtract the Probability there is. 
that both A and B may be winners, dia. A of the number , and 
B of the number p of Stakes, and there wilt remain the Probability 


F 


22 


F But if the conditions of the Problem were extended to this alter- 
native, v:z. that either A ſhould win the number g of Stakes, and R 
be exchaded the winning of the number p; or that B ſhould win 
the number 5 of Stakes, and A be excluded the winning of the num- 
ber g, the Probability that either the one or the other of theſe two 
lag may ha en. Will caſily be deduced from what we have ſaid. 

-, The, Rules hitherto given 2 Pe, Solution. of Problems. relating 

to the Duration of Play are rackicable, if the number of 
_ given is but fall; but mee 4 that number is large, the Work 
will be very tedious, and ſometimes {well to that degree as to be 
in ſome manner _impracticable = to remedy v which inconveniency, F 
ſhall here give an Extract of a paper by me produced before the 
Royal Society, wherein Was contained a Method of ſolving very ex- 
peditiouſly the chief Problems relating to: that matter, by the help- 
of a Table of Sines, ef which I had before eng hint i in my Doc- 
trine of Run pag. 149, and 150. 


PROBLEM, Lxvn. 
To ſolve by a Method different from any of _ pre- 


ceding, fs Problem LI 111, when a is to b in a ratia 


of Pe 


— 
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o onie $01.10 manngeod oft Haide 1 n oe en £530% 
-v1 v4" Ned 11 0 Bi T. . Ping zien Died og me be. 
Let n be the number of Games given, and 5 the number of 
Stakes; let Q repreſent 90 degrees of a Circle whoſe Radius is 
equal to Unity; let C, D, E, 2 cc. be the Sines of the Arco 
. ee , bee. eillithe Quadrant be exhauſted 
let alſo, c, d. e, . &c, be the Co-ſines of thoſe Arcs: then if the 
difference between 7 and p be an even number, the Probability of 
the Play's not ending in the given number of Games will be repre- 
ſeated by the Series RY . 
| | Prog ng . r 
of which Series very few Terms will be ſufficient for a very near 
approximation, Buy if the difference between u and 5 pe odd, then 


* = 4 
4 o 


the Probability required will be _ Xo 8 + E - 


"JF Ih 


In working by Logarithms, you are. perpetually to ſubtrad, from . 
the Logarithm of every Term, the Product of 40 into the We 
n, in caſe the number -p be even; but in caſe it be odd, you 
are to ſubtract the Product of 10 into a 1, and if the Subtrac- - 
tion cannot be made without making the remainder negative, add 
10, 20, or 30, &c. and make ſuch proper allowances for thoſe addi- 
tions as thoſe who. are converſant with Logarithms know how to 
To apply this to ſome particular eaſes, let it be required to find 
the Probability of Twelve Stakes being not loſt in 108 Games. 
Here becauſe the difference between 108 and 12 is 96, I take 
the firſt form, thus 8 
Mende Ae , N L N. 2 13 4 
n o FRO Wed 
being reſpectively 74 — 30, 224 — 30, 377 — 30, 524 — 30, 
674 — 30, 824 — 39, 974 — 30, KC. I take only the fix firſt, 
as not exceeding o- | 
Now the Logarithm of the Co- ſine of 74 — 30 being 9.9962686, 
I multiply it by 2 -+ 1, that is in this caſe by 109, and the pro- 
duct will be 1089. 5932774, which is the Logarithm of the Nu- 
| II | IT 1 | 


C |! 
merator of the firſt Fraction —p— + 
1 From 
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From that Logarithm, I ſubtract the Logarithm of the Sine of 
74 — zo here repreſented: by C, which being 9.11 56977, the re- 
mainder will be 1080.47 5797, out of which rejecting 1080 pro- 
duct of 10 by the given number of Games 108, and taking only - 
0.477 5797 the number anſwering will be 3.00327, Which being, 
multiplied by the common Multiplicator — » that is in this caſe by 


e AH ere 
termines nearly the Probability require. 
For if we intend to make a Correction by means of the ſecond Term 

ö I | 
, we ſhall find the Logarithm of Ter to be 1076. 6692280 
to which adding 10, and afterwards ſubtracting 1680, the remain- 
der will be 6.669228, to which anſwers o. o 004669, of which 


4 4 10 


X 6%, 'part is 0,0000778, which being almoſt nothing may be 


th ich be 
bafely rejected. And whenever it happens that is a large number 
in reſpect to p, the firſt Term alone of theſe Series will exceeding 
near determine the Probability required. 1 
Let it now be required to find the Probability of 45 Stakes 
being not Toſt on either fide in 1519 Games. W 


The Aue . e Kr. being reſpeQively, 2%, 64, 10%, 


- 


Kc. 1 take, 1, the Logarithm of the Co- ſine of 24 which is 


9.99973 54, which being multiplied by n + 1, that is in this caſe 


by 1 520, the product will be 15 199. 5988080, out of which ſub- 


tracting the Logarithm of the Sine of 2% viz. 8.5428 192, the re- 


mainder will be 1519 1.05 59888, out of which rejecting 15190, 


the number anſwering will be 11.37 59, which being multiplied by 


7＋ > that is, in this caſe by = „the product will be 50 ʒ 19 

which nearly determines the Probability require. 2 5 
Now if we want a. Correction by means of the ſecond Term, 
a . . 2 | | 


| we ſhall find 1 .coczok 1, which Term being fo very 


ineonſiderable may be entirely rejeted,, and much more all the 
following. | | 


Conſidering therefore that when the Arc — is ſmall, the firſt 


Term alone is. ſufficient for a near approximation, it will not be 


amiſs to inquire what muſt be the number of Games that ſhall 
make it an equal Probability of the Play's being ended in that num- 


ber of Games; which to do, 


Suppoſe 


The DocrTarns of, CHancss- 18g, 


7 2 40 . a oo” T7 * 5 17 | F 3 T4 | F 
Suppoſe, . > = hence 4% = Ch, chen ſop- 


poſing. p à large number, . whereby the number 1 muſt be ſtill 
much larger, we may barely take for our Equation 4c" == C, then 
taking the Logarithms, we ſhall have log. 4 + n log. c = og. C 
+ log. 5. let ; the magnitude of the Arc =_ be ſuppoſed = 2 3 
now ſince the number p has been ſuppoſed very large, it follows 
that the Arc z muſt be very ſmall ; wherefore”the Sine of that Arc 
will alſo be nearly E, and its Co- ſine 1 — 22 nearly, of which 
Co- ſine the Logarithm will be — —zz nearly; we have therefore 


the Equation log. 4 — 522 == log. þ-+ log, æ; let now the Mag-. 
nitude of an Are of 90“, to a Radius equal to Unity, be = M, 
hence we ſhall have — ==2, and log. z = log. M — log. 9, 
wherefore the Equation will at laſt be changed into this, log. 4 
NM | M h 2 log. 4 —2 log. M 
= og. M, and t erefore n == N — „ bp; 
but e == 0 56 nearly, and therefore 2 == 0.7 56. 


N. B. The Logarithms here made uſe of are ſappoſed to be Hy- 
perbolic Logarithms, of which J hear a Table will ſoon be pub- 
line.. 

Mr. Monmort in the ſecond Edition of his Tract, Des jeux de 
Hazard, tells us that he found that if p denoted an odd number of 


Stakes to be won or loſt, making {2 A that then the Quan- 
tity 2//— 3/+ would denote a number of Games wherein there 
would be more than an equal Probability of the Play's being ended ; 
but at the ſame time he owns, that he has not been able to find a 
Rule like it for an even number of Stakes. 


W hereupon I ſhall obſerve, fr, that his Expreſſion may. be 
reduced to b + ＋ Which the' near the Truth in ſmall 


numbers, yet is very defective in large ones, for it may be proved that 
the number of Games found by his Expreſſion, far from being above 
what is requiſite, is really below it. Secondly, that his Rule does not 
err more in an even number of Stakes than in an odd one; but tha 
Rule being founded upon an induction gathered from the Solu jion 
ſome of the ſimpleſt caſes of this Problem, it is no wondcs chat he 
reſtrained it to the odd caſes, he happening to be miſtaken in d ter- 
KO m ning, 


2 
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won ar 


pre 1 
that twelve Stakes wo piration 
of 80 1 5 find by 4 very la Boribus e th 

: Hearts rectiſied 


of thoſe Games, whi 

have been 122 ; in which wg: 

Mr. Nicolas Bernoulli, who informed him that he had found by his. 

own Calculation that the aumber af Games CE that PUIP 1 

was above 108, and below 1193 e Nas ee 1 
foduct, wil F 


8 9 2085 5 multiplying 2% == 144. Þy . 1 
10 

Fort a Proof that his Rule fills ſhort of the Truth, let us ſuppoſe 
p 45, then / will be == 23, and 3 —- K. will be =1519, 
let us therefore find the Probability of ht Play's terminating in 
that number of Games; but We have found by this LxvIIh Pro- 
blem, that the Probability of the Play's not terminating in that 
number of Games is o. 50 559 5; and therefore the Probability of its 


terminating within them is o. 49441 3 ; which being leſs. than = „ 


ſhews 'tis not more than an equal Wager that the Play would be 
terminated in 1519 Games. 

But farther, ſet us ſee what number of Games would be neceſſary 
for the equal wager, then multiplying 202 5 ſquare of 45 by 0.7 56, 
the Product will be 1530. 9 3 ; hien ſhews ot about IFJ1 Games 
are requiſite for it. | | 


PROBLEM LXVIIL 


The fame things being given as in the proving Pro- 
blem, except that now the ratio of a to b is ſuppoſed of 
inequality, to ſolve the lame by the Sines of Arcs. 


) 


SOLUTION. 


Let u repreſent the number of Games given, þ the number of 
Stakes to be won or loſt on either ſide, let alſo A be the Semi- 


circumference of a Circle whoſe Radius is equal to Unity : let C, 


D, E, F, &c. be the Sines of the Arcs = , =, FW —_ \ &c. 


Fly 
till the Semi-circumference be hae; let "alſo c, 4, e, 7 &e. be 


the reſpective vere Sines of thoſe Arcs; let N 5 made ==L, 


= === ==, ==, 5 Dr; let c, 2r :: CC, m; 4, a :: DD, 9; 


e, 
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wir &. then the Probability of the Play not ending in 
be expreſſed by ny pff os | 


e, 27 tt 
= Games wi 


| t 
Lag . -, &C. 
— 22 + t x9 38 MN Ae 
ths Whole t6 be maliplied by K 
PT 


As there are but few Tables 'of fines wherein the Logarithms of 
the verſed Sines are to be found, it will be eaſy to remedy that in- 
conveniency, by: taking the Logarithm of the Sine of half the Arc, 

and adding to it the Logarithm of the number 4; for that Sum 
will give the Logarithm of the verſed Sine of the whole Arc. 

It Wil be caſily perceived that inſtead of referring the Arcs to the 


Diviſion of the Sendi-eiocumferenes, we might have referred them to 


the Pivahan of the Quadrant, as in the caſe of the preceding Problem. 


"PROBLEM LIXIX. 
If A, B, C, D, &c. whoſe Dexterities, or Chances for win 


ning a Gams, are reſpectively in the given ratios of 


a, b, c, d, We. play with that condition, that the firſt 
who Gall win a certain given Humber of Games ſhall 


Ze conqueror 5 and that after a certain number of 


Gamer are paſt, A wants p Games of being up; B, q 


Games; C, t Games, &c. their ſeveral Probabilities of 
Winning are required, and 1 be Probability of 
A“ winning. 
SOLU TFON, 
Altho this Problem is exactly the fame as the vH Problem, yet as 
in the Solution of the former there were fome Operations that were” 


not exempt from Trial, I ſuppoſe the preſent Solation, which is 


Mere direct, will be acceptable. Let therefore, 


1», Unity be written. 
2» Write all the Letters whereby the Dexieriies of the 8 


gers are denotod, that excepted which regards that Gameſter whoſe 


ExpeQation is inquired into. 
3*, Write all the Combinations of thoſe Letters taken tw and 


two, three and three, four and four, &. 
4 


_ « — 
—— -- = 


is 
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45 Out of thoſe Combinations reject petually thoſe which 
denote that B has got q Games, ot that Fe has —5 Games, &. 
which they reſpectively want of being up. 

S8, Moltiply all thoſe Terms by -*, the Letter a denoting the 
Dexterity of the Man whoſe ExpeRation | is inquired into, and y , 


the Index of that Power of à Which is leſs by Unity than the, num- 
ber of Games he wants of being u 


6*, Prefix to thoſe ſeveral products the numbers which denote 


the various permutations which the Letters Faun thoſe Pro- 
ducts can undergo. 


7, Add ſeverally i into Surns the producer, of the ame number of 
Dimenſions. 


8e, Let thoſe Sums Wat in order be eie divided by 


 ** , , ſt+2; &c. ſuppoling ſ==4a+ , &c. 
9*, Multiply all that which thus aroſe from the ſeveral Diviſions 


by T , and this laſt Product will expreſs the Expectation required, 
and in the ſame manner may the other Expectations be collected. 


| EXAMPLE, 
Derne 7 ==2, 3, 5, let there be written accor- 
ding to foregoing preſcription, 1, 6 +c, bb -+ be -+ cc, 


bbc + bcc + a, bbec + bes + £4, bbes + bes, 6bc+: then multiply 
all thoſe Products by i, that is, in this caſe, by a, which being 
done, prefix to the ſeveral Products the numbers expreſling their 
various permutations, dividing at the ſame time thoſe Products 


i, , , &c. that is, n this caſe, by % /*, , &c ; 
laſtly, multiply the whole by — — » then you will obtain the Ex- 
pectation of A, which will be 


@ — 2ac zabb + abc + 2ace 
| . W 7 + | 7 * FE us | 
| | | 1 2abbe + 1 2abcc + * z0abbee + 20ab + act 
W . 
422 . + = , the whole to be multiplied by 


7 . So that if a, 5, c were every of them = 1, and conſe- 


ny 2 3 the Expectation of A will be e by 


n 10 1433 
71 7 * = Es, E + E+ 2+ = > 
and by the ſame Rule, the e of B will be "found to be 


A6 , and the Expectation of C 


210 


of 
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Of the Summation of recurring Series. 
The Reader may have perceived-that the Solution of ſeveral Pro- 


blems relating to Chance depends upon the Summation of Series; I 
have, as occaſion has offered, given the Method of ſumming them 
up; but as there are others that may occur, I think it neceſſary to 
give a ſummary View of what is moſt requiſite to be known in this 
matter, deſiting the Reader to excuſe me, if I do not give the Demon- 
ſtrations, which would ſwell this Tract too much; eſpeeially con- 
ſidering that I have already given them in my M:/cellanea Ana- 
Iytica. 2 8 "mg 
i I call that a recurr;ng Series which is To conſtituted, that having 
taken at pleaſure any number of its Terms, each following Term 
ſhall be related to the fame niimber of preceding Terms, according 
to a conſtant law of Relation, ſuch as the following Series 
A B Si E F. 
I + 2x + 3x + 10x* + 34x* + 97x*, &c. 
in which the Terms being reſpectively repreſented by the Capitals 
A, B, C, D, &c. e b * n 2 f 
71 D == 3Cx — 2Bxx + Ax; 

E = 3Dx — 2Cxx + 5Bx4 

F == 3Ex — 2Dxx + 5Cxt 

&c. 

Now the Quantities 3x — 2xx ＋ 5x*, taken together and con- 
nected with their proper Signs, is what I call the Index or the Scale 
of Relation; and ſometimes the bare Coefficients 3 — 2 + 5 ate 
called the Scale of Relation, 774 


= 
* 


PRO POSITION I. 


If there be a recurring Series @ + bx + cxx + dx* + ex+*, &c. 
of which the Scale of Relation be fx — gxx ; the Sum of that 
Series continued in inſinitum will be 

a + bx 
—. . 


1— fx + gxx 


PRoPosITIoN II. 

Suppoſing that in the Series 4 ＋ bx -+ cxx ＋ dx* + ex“, &c, 
the Law of Relation be fx — gxx ＋ xs; the Sum of that Series 
continued in infinitum will be * CE 

0 a 


— — — & + 
8 — 
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Suppobog that in the Series, a + bx + cxx, &c. the Law of Re- 
lation, be fr —gux + be. — fu, the Sum of the Series will be 
phe; Int F 4 + bub cr + det. . 
— fax — fbxx — Ne 
ge gaze r= gh | 
— 


t=fa Pc —— „ 


As the a of "thoſe Sums is conſpicuous, it would be 
needleſs to carry them any farther. | 

Still it is convenient to know that the Relation being given, it 
will be eaſy to obtain the Sum by obſerving this general Rule. 

1, Take as many Terms of the Series as there are parts in the 
Scale of Relation. | * 
22, Subtract the Scale of Relation from Unity, and let the re- 
mainder be called the Differential Scale. 

3*, Multiply thoſe Terms which have been taken in the Series. 
by the Differential Scale, beginning at Unity, and ſo proceeding or- 
detly, remembering to leave out what would naturally be extended 

beyond the laſt of the Terms taken. 
Then the Product will be the Numerator of a Fraction expreſiing 
the Sum, of which the Denominator will-be the Differential Scale. 

Thus to form, the preceding Theorem, 


Multiply a + bx + cxx + de 
| by | 1=—fx + gxx—bx.. 
44 beginning from Unity, we ſhall have 
a + bx + xx + ds* 
ax — fbxx — fox* .. 
ar * —_: 
| | Bax; 
omitting the ſuperfluous Terms, and 1 will the Numerator be 
formed; but the Denominator will be the Deni Scale, vi. 
1K ge = —__ ＋ hx; 


Co ROL- 
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If the firſt Terms of the Series are not taken at oleiſurs; but be- 
gin from the 2 Term to follow the Law of W in ſo 


much that 
b ſhall be = „a * 
C == fb — ga | 
* e 


40 the Fraction expreſſing the tans of the gin will have barely. 


the firſt Term of the Series for its Numerator, 


PROPOSITION IV. 


If a Series is ſo conſtituted, as that the laſt differences of the 


Coefficients of the Terms whereof it is compoſed be all equal to no- 
thing, the Law of the Relation will be found in the Binomial 


1I—xY, n: denoting the rank of thoſe laſt Differences; thus ſup- 


poling the Series ; 
A -B . 0+ DB": ©: F G 


- — — 


I + 4x + 10 +2 20x3 + 330. 2+ 56u? ＋ 84x5, &c. 


whereof the Coefficients are, 


ee + 35 + 56 + 84 
1* differences -- 3 + 6 +10 ＋ 15 ＋ 21 + 28 


24 difference 3 ＋ 4 + 5 + 6 + 7 
31 differences I + 1 + I + Tx 
4* differences - = = = = <= = 0 L o + o 


I fay that the Relation of the Terms will be found in the Binomial 
1— x)+, which being expanded will be 1 — 4x + 6xx — 4x* + x 
and is the Differential Scale, and therefore the Scale properly ſo cal- 
led will be AX — 6xx ＋ 4X* — x+ ; thus, in the foregoing Series, 
the Term 

| G =4Fx— GExx + 4 — Cx“. 


CoROLLARY, 


The Sums of thoſe infinite Series which begin at Unity, and 
have for their Coefficients the figurate numbers of any order, are 


always expreſſible by the Fraction — „ wherein þ denotes the 


rank or order which thoſe figurative numbers obtain ; for Inſtance 
if we take the Series 


Cc 2 | air I 


* 
= 
41 pa A 2 ” d- > ” ”y "I ; = 
#48 — - - - — 
. _— — > 3 s s _—_ = — = = - 2 


——ͤ— 
— 


** 


. —— OO. 


—— 


—— — ᷓꝓ1 ÿ— 
- 


p 
0 
40 
1 
* 
* 
, 


36% . Detzel 4g" eil 


ig. xx + 1 . 139 n lit e 785, den Which is 4 geo- 
metcic Progreſſion, and whoſe, Coeffients are the numbers of, the 
fl order; -the-Sum will be . and af Wwe take the Stries 
1+ 2x + 3% +4" . N bx” + 7, Nc. whoſe Coellicicns 
compoſe the numbers of the ſecond order, the Sum will be —=— ; 
and 'again if we take the Series 1 3x + 6xx + 0 + 15x 
&c. whoſe Coefficients are the numbers of the third order, 0 


| SERRA TOE nimbers-qhe- Rum ill 27 I Scl 1993 


2 * F EY 41 * 


besten V. 
The Sum of any finite number of Terms of a recurring aries 
a r ＋ cxx + dx + ext, &. is always to be obtained. 


Thus fuppoling- the Scale af Relation to be 7 — * — M 
number of Terms whoſe Sum is required; —— £17 the 


is requ 
tuo. erms which, would: TY follow the la Ke de, 


if the Series was continued; then the Sum w. a | 
« 27 | Wai) ag} Kia + Br) 4 Tf C 
e 64:0 wþo M202 he JOE —1- tc SI: 


e LAY . "7% 

But if the Scale of Relation be fu — ger Sr wg bs, n the — 
of 2 85 and ax N yx*+2, the three Terms that 
NOD n Lee the laſt of of the giyen Terms, then the Sum will be 


. 


* CELTS, = FLY "4 . 
The continuation of which being obvious, thoſe 'Thexenis need 
not be carried any farther. 

But as there is a particular eleę ney Tor. the Sums of a finite num- 
ber of Terms in thoſe Series whoſe Coefficients are figurate num- 
ders beginning at Unity, I ſhall ſet down the Canon for thoſe Sums. 

Let n denote the number of Terms whoſe Sum is to be found, 
and p the rank or order which thoſe. e numbers obtain, then 
the Sum will be 


— ws » 


S Me | e „ nor 3 oi 
2. 2 = 2 7 | = "a m_ 1 2 1— * = SIA 2 
2 52 — +2 ex 2 e en be =” os a 


-2 « Tr I=y 1. r | 1 87 2 | 
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Thus Fee gam of twelve Terms d the Series 
1 + 93 rox + * vr "were teemanded, | that £ 


* 4 ' 
W 1 94 2 — + 12 „ 


ſy * 


Y 24 * > f * 2 : 
CIT ng. rom Fewer 
* 3 * > = 


3 9 & 2 _ + * a 1 you tha. 
* ele 6. 
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1 1 recurring Serics, any Term m be obtained whoſe : Place bs 
aflign 

K is very plain, from what we ha faid, that after having taken 
ſo many Terms of the Series as there is in- the Scale of Relation, 
the Series may be protracted till it reach the place afligned ; however 
if that place be very diſtant from the beginning of the Series, the 
chrifiniizicn of th ole Terms may ou laborious, een if there 
be many parts in the Scale. | 
But there being frequent caſes wherein that inconveniency may 
de avoided, it will be convenient to ſhew by what Rule this may be 
known, and» then to ſhew-how we are to proceed. 

The Rule will be to take the Differential Scale, and to ſuppoſe it- 
Do, then if the roots of that ſuppoſed Equation be all real, and 
vnequal, the thing may de effected as n I the Series be re- 
preſented by egy 111 

a+ Meg br + Ter, Kc. 
and 1 if fr — grr be the Scale. of Relation, anch conſequently I —f 
— grr the differential Scale, then having made 1 — fr + grr==0; 
multiply the Terms of that Scale refpectively by xx, x, 1, ſo as to 
have xx — fix + gr o, ey pr and þ be the two roots of that 


Equation, then having, made A — and B — — , and, 


ſuppoſing / to be the interval between the firſt Term and the place 
aſtigned, that Term will be Am! + By; 

- Secondly, If the Scale of Relation be fr — grr + bis, make 
t— fr + grr e o, the Terms of which Equation being 
multiplied) 3 — by x?, xx, x, 1, we ſhall have the new E- 
quation x3 —frxx + grrx — b = 0, let my p, 4 be the roots of 


that Equation, | then having made A = tba tio, 


m — * n — 7 
e ee. TY PE x br + wo 
B= T=mxps, = ba, 
And,fuppoſing as before, / to be the Interval between the wa "= 
anf the Term wha place 18 Abel. that Term will be An- 


BY + . Fo: bas 127% 0 5 | 
. OD Thirdly, 


- 
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Thirdly, If the Scale of Relation be fr — gr + br% = br + 
nlake 1 + grr — br? + Ar. o, and multiply its Terms 
reſpectively by x, , xx, x, 1, ſo as to have the new Equation 
„* fr ＋ grrx* — brix + kr* = 0, let m, p, 9, / be roots of 
that Equation, then having made 
Lu 


m—pxXm—_— xn 


B *r 
p—gxp—/xp—m | 
jm o+ /p + mp x br —ſmp xa 
8K J 

D . oe ror — * a 
5 rn. 
then, ſtill ſuppoſing / to be the Interval between the firſt Term, and 
the Term whoſe place is aſſigned, that Term will be Am + By! 
+ & + //. 1 7 9 

Altho' one may by a narrow inſpection perceive the Order of thoſe 

Theorems, it will not be amiſs to expreſs them in words at length. 


GENERAL RU LE. 


Let the Roots n, p, 9, % &c. determined as above, be called re- 
ſpectively, firſt, ſecond, third, fourth Root, &c. let there be taken as 
many Terms of the Seties beginning from the firſt, as there are 
parts in the Scale of Relation: then multiply in an inverted order, 
1, the laſt of theſe Terms by Unity; 2%, the laſt but one by 
the Sum of the Roots wanting the firſt; 3e, the laſt but two, by 
the Sum of the Products of the Roots taken two and two, exclu- 
ding that product wherein the firſt Root is concerned; 4*, the laſt 
but three, by the Sum of the Products of the Roots taken three 
and three, ſtill excluding that Product in which the firſt Root is 
concerned, and ſo on; then all the ſeveral parts which are thus ge- 
nerated by Multiplication being connected together by Signs alter- 
nately poſitive and negative, will compoſe the Numerator of that 
Fraction to which A is equal; now the Numerator of that Fraction 
to which B is equal will be formed in the ſame manner, excluding 
the ſecond Root inſtead of the firſt, and ſo on. 

As for the Denominators, they are formed in this manner: From 
the firſt Root ſubtract ſeverally all the others, and let all the remain- 
ders be multiplied together, and the Product will conſtitute the De- 
nominator of the Fraction to which A is equal; and in the ſame 
manner, from the ſecond Root ſubtracting all the others, let all the 
remainders be multiplied together, and the Product will conſtitute 


the 
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the Denominator of the Fraction to une B is equal, and fo on 
ol the reſt. + 


SH © "uy 


l th Series in which a Term is required to be aſſigned, be the 


Quotient of Unity divided by the differential Scale r — fr + grr — 
hr* + kr+, multiply the Terms of that Scale reſpectivel by K*, 

x*, x*, x, I, ſo as to make the firft Index of x 4 to the la laſt of 
r, then make the Product * r + grrxx — brix + kr+ to 


be o. Let as before , „, f; be the Roots of that Equation, 
let alſo z be the number of t ole Roots, and / the Interval between | 


the firſt Term, and the Term required, then make 
2—1 2— 1 


m—pxm—gxmſ 2 p=mxp=gxp—/ 


nd | 
———____ — — 
C= nn * D == eee Af an Bf b-96 


and the Term required will be Am! + 1 th + C4 + Dy, and the 
Sum: of the Terms will be 


Fri D 1 e 
— if bh Ann — 


It is to be obſerved, that hs Interval between the firſt Term and the 
Term required 1s always meaſured by the number of Terms want- 
ing one, ſo that having for Inſtance the Terms, a, b, c, d, e, f, 
whereof 4 is the firſt and 7 the Term required, the Interval be- 
tween à and f is 5, and the number of all the Terms 6. | 


COROLLARY 2. 


If in the recurring Series a + br + crr + dr* + era &c. where. 
of the Differential Scale is ſuppoſed to be 1 — fr + grr — hrs + 
kr+, we make x%— frx* + grrxx =» hr — 74 = 0, and that 


the Roots of that Equation be , p, f % and that it ſo happen that 


fo many Terms of the Series @ + br + cr + dr; + er, &c. as 
there are Roots, be every one of them equal to Unity, then any 


Term of the Series may be obtained thus; let be the Interval be- 


tween the firſt Term, and the Term required, make 


—  _— 


OR | —SN Ix I / 3 I —qX1—/x* I —m 
on D 1 Free 


— ͤPi— T— — - 


and the Term HS will be Am + Bp/ -+ C4 + DV. 
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If * be siven a recurring Series Whole Scale of Relation be 
fr — gr7, and out of that Series he compoſed two other Series, 
whereof the firſt ſhall contain all the Terms of the Series given 
which are poſited in an odd place, and the ſecond ſhall contain all 
the Terms that are poſited in even place; then the Scale of Relation 
in each of theſe two new Series may be obtained as follows: 
Take the differential Scale 1— fr + grr, out of which compoſe 
the Equation xx — fx + gr7 Do then making «x , expunge 
the Quantity x, whereby the Equation will become z — /7/z + 
grr Do, or 2 +grr V; and ſquaring both parts, to take 
away the Radieality, we ſhall have the new Equation zz + 2grr2 
1 grr⸗ . or 2 + — —— . o, and dividing its 

3 x 
Terms reſpedti by 22, 2, 1, we ſhall have, a new differential 
Scale for each 4 Ef the two new Series into which the Series given 
was 2 which will be 1 + 2grr + gg“; and this * _. 
— rr 
tained, it is plain from our fir/t Propoſition, that each of the two 
new Series may be ſfumim'd up. 

But if the Scale of Relation be extended to the throes Terms, 

ſuch as the Scale 7 — grr + bei, then the eren Scale for 


each of the two Series into which the Series giv be ſuppoſed 
to be divided, will be 1 -r — 2fþr+* — bre, . ereby it ap- 
+ 2grr + ggr* 7 


_ pears that eack of the two new Series may be ſummed up. 

If inſtead of dividing the Series given into two Series, we di- 
vide it into three, End, the geſt ſhall be compoſed of the 
i, 4th, th, 10th, &c. Terms; the ſecond of the 

25 ach, 8th, Iich, &c. Terms ; the third of the _ 

| 6th, th, 12th)» Kc. Terms; and that the Scale of Re- 
Auen be Amid , 7 — grr, then taking the differential Scale 
I — fr +'grr, and having out of it formed the Equation xx 
frx + grr = 0, ſuppoſe x* = &; let now x be expunged, and 
the Equation will be changed into this zz ＋ 3g + gi =o, 
| r 

of which the Trum being divided 3 22, 2, 1, we 
ſhall have a differential Scale 1 — *firi + girs, which wall ſerve 
| "RP 

for every one of the three Series inte which the Series given is di- 
vided, and therefore every one of thoſe three Series may be ſumm'd 
up, by help of the two firſt Terms of each, If 
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If the Seale of Relation be compoſed of never fo many parts, 
{till if the Series given be to be divided into three other Series; from 
the ſuppoſition of & being made == 2," will be derived a Scale of 


ned. . the er. parts into which the Series given is to be di- 


But if the Series given was to be divided into . 6, 7. Kc. 
eries given, ſuppoſe accordingly 2. , x*=2, x*==2, x" =2, 
* pt x being expunged by the common Rules of Algebra, the 

of Relation will be obtained: for Kb one Ky the FF. into 
hh RY eg is to be divided. |, 


. e VIIL_ 


wy thits be given two Series, each having a particular Scale of 
Relation, and that the correſponding Terms of both Series be added 
together, ſo as to compoſe a third Series, the differential Scale for 
this third Series will be obtained as follows. 

Let 1 —fr + grr be the differential Scale of the firſt, and 
r ur prr;/ the differential Scale of the ſecond ; let thoſe thoſe two 


Scales be multiplied together, and the Product 1 — m + m Fx r 
+2 f g bmp x rr — e len d will expreſs the 
erential Scale of the Series reſulting the addition of the 


W two. 


And the ſame Rule will hold, if one Series be 2 from 
the other. 


PROPOSITION. IX. 


If there be given two recutring Series, and that the correſpond- 
ing Terms of thoſe two Series be multiplied together, the differen- 
tial Scale of the Series reſulting from the Multiplication of the other 
two may be found as follows. 

Suppoſe 1 — fr + grr to be the differential Scale of the firſt, and 
1 — ma -+ paa the ditkerentia Scale of the ſecond, ſo that the firſt 
Series, ſhall proceed by the powers of 1, and the ſecond .by the 
powers of 2; imagine thoſe two differential Scales to be Equations 
equal to nothing, and both - and a to be indeterminate quantities; 
make ar , and now by means of the three Equations, 1 — fr 
＋ grr o, I — m@ aa = o, ar =, let both à and r be 
exppnged, and the Equation. reſulting from that were will be 


1 —fmz + Z7pz2 —— femp2* TT” os 
© + umgæx 
— 2070S 

 & or 
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noch ; 017 eee ad © 7 novig 2oin9s offs YO 
Ts lane & devi e Aber niad 1 to acittoqqiit ary © 


by aig ar in the room of 2; dd the TEmng bf "that Ea 
tion, without any regard ta their being made == 9, Bae as 


purely a fiction, will expreſs the d Frential Scale required, * ant Sin 
the fame Fer. my; Cal N 1 other” more, corp! ound! 


caſes. i 
Bat it ls very. 4 £ of the! diffetentia'S6 dei be 
the Binomial 1— @ raiſe” to ower, it will be ſufficient to. 
raiſe the other differential beds 2 to that Power, only ſubſtituting: 
ar for r, or leaving the Powers of y as they are, if 4 be reſtrained 
to Unity, and that Power of the other re Scale will oonſti- 
dun the en ebene ef 710 903 3608 305 One 


129 Fit: Noq mog 07 2! 2 


a; 
o 


wo Some 97 5 of the feet Propoſitions Frames 
We haye ſeen in our L II“ Problems, on if two. Adverkacies,.. 


whoſe proportion of Skill be as 4 to 4% pla ether till ſuch time 
as either of them wins 2 2771 fe BY A Sales ſuch as. 4 for 
inſtance, the Probability Play's not ending; in any Matt 
of Games will be deter hed by 5 

| 4235 2+ 6aabb | 4 | . | 1 8 
n 
4 20a 1 
a — * TT for 6 Games. 


for 8 Games, ty 
| My 10 Games. 


560a?: 74. 28 5600 — . . Games. 
Ts 7 ag 
ii &c. 7 f f L + nw. | 
Wherejn 3 it is evident that ty Term in each f the three Eolurung⸗ 
written above is referred to the two precedi N by a conftant Scale 
of Relation, ſo that if the Terms of the fi * 
43h ke. 48a55- 164254 560 &c, be reſpec- 


a + 
tivel iy 0 called E, F, G, H, „ K, &0. and that for ſhortneſs ſake we ſuppoſe 


I ſo on; and therefore confideripg the Sum of * three Terms 
whereby 


a1 
ang 


Column which are 


Nr, we ſhall find G = 4=F 2rrE, Hz=4rG— 2 F, 


n * W o 


0 r 


The Doc of: Craltcss, 
whereby each Probability is expreſſed as one ſingle Term, a 
noting thoſe Surg teſpectively by 8, T. U, X. &c. we ſhall 
Unziagr err, & r u = e., and ſo on; from which 
it follows that the Method uf determining the Probability of the 
Play's not ending in ny number of Gaines given, is no Tore that 
the finding of a Term in a recurring Series. 
Let it therefore be required to find the Probability of 4 Stakes not 
ing loſt in 60 Games; to anſwer this, let it be imagined that the 
Probabilities of not ending in 91654 1 Day sd Yi 
817 ah | 3 6 by Og” 8 H —— — 60 3 1 
arc e * ... . K reſpectively; 
then calling 5 n of Games given, it is evident that the 
Term K is diſtant from the Term C by an Interval . in this 
caſe 30, the odd numbers being omitted, by reaſon it is impoſſi- 
ble an even number of Stakes ſhould be won or loft exactly in an 
odd number of Games: moreover. it ae certainty that the Set 
of 4 Stakes to be won or loſt can neifher be concluded before the 
Play begins, nor when no more than 2 Games are played off, it 
follows that the two Terms C, and. D, are each 'of them equal to 
Unity; for which reaſon, if out of the Scale of Relation 47 — 277, 
ot rather out of the differential Scale 1 4r ar, we form the 
Equation, xx — 4rx + 277 =0, and that the roots of that Equa- 
tion be in and 5, and then make Az= =>, Baz ——= 


pm 
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two Terms alone * 87 ⁰⁰ will determine the Probability 
required, This being conformable to the Corollary of our vith Pro- 
poſition, it will be proper to conſult it. 


But becaufe in higher caſes, that is when the number of Stakes 
to be won or loſt is 855 it would ſometimes be infinitely labori- 
ous to extract the Roots of thoſe Equations, it will be proper to 
ſhew how thoſe Roots are actually to be found in a Table of Sines, 
of which to give one Inſtance, let it be propoſed to find the Pro- 
bability of the Play's not ending in any number of Games J, when 
the number of Stakes to be won or loſt is 6; then arguing in the 
ſame manner as in the preceding eaſe, let the Probabilities of the 


Play's not being concluded in o, 2, 4, 6, 8, 10 - -- -- [ Games 
be e « D, E, F, G, H, K 2; then 
we may conclude that the three Terms D, E, F ſtanding reſpectively 


over-againſt the number of Games o, 2, 4, are each of them equal 
to Unity, it being a certainty that the Play cannot be concluded in 
that number of Games. Wherefore having taken the Aunt 

Dd 2 | | Scale 


de- 
find 


9 
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Saale 1 = br + grr— 255; which belongs to that number of Stakes 6;; 
and formed out of it the Equation * -= ＋ gr 2 =. 
let the dots of thi that Equation be n 182 3 then! BY 
80 . — — "RB 1111: $3 . v1 5M TJ 


* - 
I 4 by 
he 1 4 | - 
—[ 17 N 1 1 — 1 114 4 1. 14 wt v 
= * 1 * ; 
— , 
"+ » | f 
„ „ 


Protatility required: will be A= 2 By > 2 ＋ Cy = 
New I ſay that the Roots m, p, q of the Equation. cate! renne 
may be derived from a Table of Sines:; for if the: Semi- cireumſe- 
rencs of a Qirele whoſe Radius is ar, ben disided into 6 equal parts, 


and we take the Co-verſed Sines of the Arcs' that ate „* 2; — | 


of the Semi-circumference ſo that the Nu merators of ate Flac. 
tions be all the odd numbers contained in 6, thoſe Co- verſed Se 
will be the Values of , p, 2, and the Rule is general and ex- 
tends to all caſes; ſtill it is obſervable that when the number of 
Stakes is odd, for Inſtance 9, dre ought to take only '— (EX * 4 7970 
2 of the enen, and reject the laſt Term ** -exs 
preſling g the whole Semi- cireumferencee. 14 
But what ought chiefly to recommend this Method Is, that ſap- 
poſing 7 to be. the greateſt, 2 Sine, the firſt Term "Hoe 


— KY.) 


Am * 4 will give a Elen approximation. to- the Probability res 
quired, e. if / be a large number in itſelf, and it * alle 
large in reſpect to the number of Stakes. 

eil theſe Rules would not be eaſily ꝑracticable by wake of the 
great number of Factors which might happen to be. both in the 
Numerator and Denominatbr to, Which A is ſuppoſed. equal, if I 
had not, from a thorow inſpection into the nature. of. the Equations 
which determine. the Values of n, 2 7 &c. deduced the OG 
Theorems. - | 
1, If n repteſents the number of Stakes to be won or loſt, 
whether that number be even or odd, then the the Numerator of thi the 


Praction to which A is equal, uz. 15 1 — D 
Kc. will always be equal to the Fraction . and in the 


ſame manner that the Namerator of the Fraction to which B is equal, 
VIS. 1 2 x 1=—/'x 11, &c. will always be e to the Fraction: 
N „and ſo onn 5 

If 7 * an even number, and that 1 be the 15 92 Sie 
eccreſponding to the Co-verled ine n; then the Düse iüatdt 1 


—_ 
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the Fradton to leh Ai is Pawel VIS. b $7 * R . nF, 


43290 14 $4 * T? — [ ; 11257 
be. will N be tidal to the Fradtion —.— and in the f ame 
manner if 5 repreſent the right Sine belonging to the Co- verſed · 


Sine p, then the Denominator of the Fraction to which B is equal, 
n g. f &c. nen, e Fraction 
; 27 np 


wy 2 110 


If n be an odd dh ah ha mbar as s before, the 135 
ine nr N to 1 55 Co-verled Sine m; then the Denomi- 


I 
— 7 | 
nator of the Fraction to which A is ds will be 5 „ and 
the Denomjnator of the Fraction to which B is equal will be 
r | | | 
PVP. 


Co ROLLAR . 


From. all Which! it follows,” that the Method of determining the 
probability of a certain number z of Stakes not being loſt in a given 
number / of Games, may be thus expreſſed, 
a” a 
Let L be ſuppoſed = yo» and r= „then that 
Probability, will-be- 


i 1 1 
? . Fe er = 7 I =o 4 / _ 
— Nr 1—7 1— 
Ar 2 4 
&c. when? n is an even number, Oo 
e ee * = FFT cen ODE Fre an 
TRIES 1 PL. „ - ip wif e 
— INTO" mn gg ns * . A* * 7 8 ** * Xs . 
e eee ee e * 
nr , 222 1 ; © | | 
CC. when n is an odd e 
2 19 lr 


But becauſe m m, p * Vp. &c. EDN ſame as m 7 Wa 
| reſpectively, it is Plain. that both caſes a are reduced to ons e the 
ſame Rule, | 


* 
*. s * . 5 o * 1 0 * 
, . — . 4 99 * q *\ 1 


It 


* 
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un wks upon this Tdundatton that I preferibed the Rule to be Teen 
-in my Lxv111* Problem, wherein I did not diſtinguiſh the odd caſes | 
from the ven 1 
But altho',the Rule there given g + GEE Ke Aikkerent from 
' what it is hers, yet at bottom there is no difference, it conäfting 
barely in this, that Whereas 27 in this place is the Radlas of the 
Cite to which he Culculstion is adapted, there lt is Unity, and 
that there the Co-verſed Sines were expreſſed by their r in 
right Sines; there was alſo this little difference, that the Denemi- 
nators 1 — , 1 — p, &c. were expreſſed by Werde of the verſed 
Sines of thofe Ares, ro which m and y are coverſedd Sines. 
Other Variations might be introduceil, uch for inſtance as 1 
ariſe from the conſideration of AVnr, HVpr, &c. being the right 


Sines of — the Complemeats to a Quadraut of the Ares originally 
taken. - | 
But to thew che 1 uſe 4p this Setits,” it will be con- 


venient to propoſe a Problem or two more relating to that Sub- 
Ject. 


PROBLEM LXXI 


M and N, whoſe proportion of Chantes to win one Game 
are reſpectively as a ta b, reſolve to play together till 
one or the other has loft 4 Stakes : two Standers by, 
R and S, concern hemſuba in the Play, R takes 2 
Ine of M, and 8 of N, and agree betwixt them, that 
Rall ſet to 8, the Sum L to the Sum G on. the firft 
Game, 2L to 2G on the ſecond, 3L to 3G on the third, 
4L to 40 on the fourth, and in caſe phy Play be not 
then concluded, 51 to 5G on the fifth, and 7 increa- 
of T jr; in Arithmetic Progreſſion the Sums 
they are to ſet to one another, as long as M and N 
; yet with 255 farther condition, that the Sums, 
* 1. by them R and 8, ſhall at the end of each Game 
be taken up by the winner, and not left upon the Table 
to be taken up at once upon the Concluſion of the Play : 
it is demanded how the Gain of R is to be ęſtimated be- 
fore the Play begins. 


So L u- 
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Let there be ſuppoſed a. time wherein the number p of Games has 
been played; then R having the number à of Chances to win the 
Sum p +1 O in the next Game; and & having the number 3 of 
Chances to win the Sum þ + 1 x L, it is plain that the Gain of 
R in that circumſtance ought to be eſtimated by the quantity 
2 +1 x — —.— 3 but this Gain being ta be eſtimated before 
the Play begins, it follows, that it ought to be eſtimated by the 
quantity +1 x a6 = multiplied by the reſpective Probability 
there is that the Play will not then be ended; and therefore the 
whole Gain of R is the Sum of the Probabilities of the 3. he not 


ending in o, 1, 2, 3, 4, 5, 0, &c. Games in infinitum, multiplied by 
che reſpective Values of the quantity 7 i — T . 5 being 
interpreted ſucceſſſvely by the Terms of the Arithmetic Progreſſion, 
o, 1, 2, 3, 4, 5, 6, &e. Now, let theſe Probabilities of the 
Play's not ending be reſpectively repreſented by A, B, C, D, E, F, 
G, I. &c. let alſo the Quantity 5 be called 8, and then 
it will follow that the Gain of R will be expreſſed by the Series 
AS + 2BS ＋ 308 + 4DS + FES + 6 FS. ＋ 768, &. but in this 
Problem, altho' the Probabilities of the Play's not ending decreaſe 
continually, yet the number of Stakes being even, the Probability 
of the Play's not ending in an odd number of Games is not leſs 
than the Probability of not ending in the even number that imme- 
diately precedes the odd; and therefore B:= A, DC, Fi—=E, 
ILG, &c. from whence it follows that the Gain of R:will be ex- 
eſſed by the product of 8 iνι e 7C+11E + 158 + 191], & c. 
ut the differential Scale for the Series A+C+ E- G, &c. is 
1 — 47 o+ 277, wherein is ſuppoſed r and the diſie- 
rential Scale for the Series 3 7 - 11+ 15 * 19, 86. is F— 
34 + Jaa —'a*, wherein @==1.. And therefore the differential 
Scale for the Series 2A ++ 7E + IEE, &c. | confiſting, ;of- the pro- 
ducts. of the Terms of one Series by the correſponding Terms of. 
the other, will be 1 — 47 +277 uh, or 1 — 87 ＋ 2077 — 1677 
4r+ 3 and therefore having written down+the four firſt Terms of the 
Series to be ſumm'd up, vi ⁊. as many Terms wanting dne as there are 
in the differential Scale, multiply them in order by the differen- 
tial Scale according to the preſcription. given in the Remark be - 
| 1 01 & onging 


2. 


C35 
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longing to our third Propoſition, and the Product will be the Nu- 
merator of the Fraftion ex Yrefling the Sum, of which Fraction the 
Denominator will be 1 — = 27 551 to make gig the x plainer, 
La follows the Operation,, 5 11 4, LOT pl ge 


ny ; K 70 ＋ nE + 156”. 5. 


42 17 87 3 Orr — 167 Tl * 0 * + o 2 


freer 


hats e — HD ant ti A 
bd bomatifts en 08 ＋ 4. G ES. ET & 
aN e Ar 71 S 140% n Tu 9) 

viii NR uc ba M e — 3 


And has is the Numerator obtained, but A'= I, it being a cer- 

that the Play cannot be ended before it is begun, and C 
is og ny i, it being. a. certainty that 4 Stakes cannot be loſt 
neither before nor at the N a of - 2-Games ;//but by the law of 
Relation of the Terms of the Series E SUP FEM 2rrA\, and G = 
47E — 2r7C, and therefore the proper Subſtitutions being made, 


the Sum of the Series will be found to be 8 into — , 


and now in the en of 8 and r ſubſtituting their . en Valves 
aG — 31. {a6 — . I | 


rare and == the Sum N wt 
| 10 + 240% + 424 + G W 21 LY a . 


WD 7 
mp expreſs the Gain of R. 


„ r P | j 


Rühn ee eee 400 1; 
If che Stake L be greater than the Stake G, in the Gat pro- 
rtion as @ is greater than 6, there can be no advantage on either 
on. 15 


Cade. 2: 


If @ and 5 are equal, the Gain of R will be 216 times the half 
difference between the Stakes G and L: thus if G ſtands for a 
Guinea of 21. and L for 204. the Gain of R will be 216 Six- 
pences, that is 5 5 2. 832. 


res) CoRoLLARY 4 
If @ be greater than 6, the Gain of R, according to that inequa- 
lity, will vary an infinite number of ways, yet not be greateſt when 
the proportion of @ to 0 is greateſt; ſo that for Inſtance, if the 


proportion of @ to 5 is 2 to 1, and G and L are equal, the * 
0 
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of R will be about 29—G; but if 2 is to 4 as 3 to 1, the Gain of 


R will be no more than about 22—G ; and if the proportion of 4 


to þ be infinitely great, which would make R win infallibly, the 
Gain of R will be only 10 G. But altho' this may ſeem at firſt a very 
ſtrange Paradox, yet the reaſon of it will eaſily be apprehended from 
this conſideration, that the greater the proportion is of à to &, ſo 
much the ſooner is the Play likely to be concluded; and therefore 
if that proportion were infinite, the Play would neceflarily be ter- 
minated in 4 Games, which would make the Gain of R to be 14+ 
2 + 3} +4 ==10, 7 | | 

But if it was required what muſt be the proportion of @ to þ which 
will afford to R the greateſt advantage poſſible, the anſwer will be 
very near 2 to 1, as may be found eafily upon Trial; and may be 
found accurately by the Method which the Geometricians call de 
Maximis & Minimis. | 


PROBLEM EXXL 


If M and N, whoſe number of Chances to win one Game 
are reſpectively as a to b, play together till four Stakes 
are won or loſt on either fide ; and that at the ſame 
time, R and S whoſe number of Chances to win one 


Game are reſpectively as c to d, play alſo together till 
froe Stakes are won or loft on either ſide; 2 is the 
Probability that the Play between M and N will be ended 
in fewer Games, than the Play between R and S. 


SOLUTION, 


The Probability of the firſt Play's being ended in any number of 
Games before the ſecond, is compounded of the Probability of the 
firſt Play's being ended in that number of Games, and of the ſe- 
cond's not being ended with the Game immediately preceding : 
from whence it follows, that the Probability of the firſt Play's end- 
ing in an indeterminate number of Games before the ſecond, is the 
Sum of all the Probabilities in infinitum of the firſt Play's ending, 
multiplied by the reſpective Probabilities of the ſecond's not being 
ended with the Game immediately preceding. by 


Ee e 


) 


oO Re 1 
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Let A, B, C, D, E, &c. repreſent the Probabilities of the firſt 
Play's ending in 4, 6, 8, 10, 12, &c. Games reſpectively; let alſo 
F, G, H, K, L, &c. repreſent, the Probabilities of the ſecond's not 
being ended in 3, 5, 7, 9, 11, &c. Games reſpectively : hence, by what 
we have laid down before, the Probability of the firſt Play's end- 
ing before the ſecond will be repreſented by the infinite Series AF 
+ BG 4+ CH + DK ++ EL, &c. Now to find the Law of Rela- 
tion in this third Series, we muſt fix the Law of Relation in the 
firſt and ſecond, which will be done by our 13x Problem, it 
being for the firſt 47 — 277, wherein 7 is ſuppoſed'== == — ; and 


 a+6 
becauſe, as we have obſerved before, the Law of Relation in thoſe . 


Series which expreſs the Probability of not ending, is the ſame - as 
the Law of Relation in the reſpective Series which expreſs the Pro- 
bability of ending; it will alſo be found by the directions given in 


our L1xth Problem, that if we ſuppoſe = = m, the Law of 


Relation for the ſecond Series will be 59m — 5mm, and therefore 
the Laws of Relation in the firſt and ſecond Series will reſpectively 
be 1 — 41 + 2rr, 1— 5m + zum. And now having . ſuppoſed 
thoſe two differential Scales as Equations o, and ſuppoſed alſo 
m ==, we ſhall find by the Rules delivered in our 1xt> Propo- 
fition, that the Scale of Relation for the third Series will be 1. — 
20S ＋ 11032 — 20023 ＋ 1002t; and therefore having taken the 
four firſt Terms of the third Series, and multiplied them by the 
differential Scale, according to the proper Limitations preſcribed in 
our 111* Propofition, we ſhall find the Sum of the third Series to 

| AF + BG ＋ CH + DK 
— 20AFGz2 — 20BGz — 20CHz 
+ 110AFzz2 -+ 11o0BG2zg 
— 200AFz3 


—_— — 


— 


I — 2083 — 1103 — 20025 -+ 10027 


Now ſuppoſing S to repreſent the fraction = , the four Tetms 


A, B, C, D will be found to be 1S ＋ 4rS + 1477S -+ 4878; but 

the four Terms F, G, H, K wherein S is not concerned will be 

found to be 1, n — 5mm, 20mm — 25m®, 75115 — 10094, and 

therefore the proper Subſtitutions being made in the Sum above 

written, we ſhall have that Sum reduced to its proper Datas ; and 

that-Sum thus reduced will exhibit the Probability required. But 

: becauſe thoſe Datas are many, it cannot be expected that * So- 
ä ution 
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lution ſhould have ſo great a degree of Simplicity as if we had re- 
ſtrained à and b to a ratio of Equality, which if we had, the Pro- 
bablility required would have been (expreſſed by the Fraction 


22'— lor þ 2d but becauſe r has been ſuppoſed 


| T1 —70z Þ 1i0zz — 2002 T T 5 

is _ it follows that r in this cafe is == = : and again, 

3 | . Tt . b e 1 

* — 
becauſe m has been ſuppoſed = = > then n is alſo == f 


for which reaſon m or & = ——, for which reaſon ſubſtituting 


— inſtead of z, the Probability required will be expreſſed by the 
Fraction —— : Now ſubtracting this Fraction from Unity, the 
remainder will be the Fraction -, and therefore the Odds of 
| ; 7 723 | 0 
the firſt Play's ending before the ſecond will be 476 to 247, or 
27 to 14 nearly. pH 795 
| Of Annuities on Lives. 

The Table publiſhed by Dr. Halley for eſtimating the Probabili- 
ties of Life being very artificially contrived, and grounded on ſuch 
Obſervations as one may reaſonably ſuppoſe have been made with 
all the exactneſs poſhble, I have annex d it to this Tra, in order 
to make uſe of it as occaſion ſhall require. 

It is diſtinguiſhed into ſeveral Columns ſhewing alternately the 
age, and the number of perſons living of that age, both which are 
written over-againſt one another. 278 | 
Suppoſe that by help of this Table we would know what the 
reſpective Probabilities are for a Man of zo to live 1, 2, 3, 4, 5, &c. 
years. Look for the number 30 in one of the Columns on Age, 
under which number you will find 31, 32, 33, 34, 35, &c. then 
over-againſt the ſaid number Jo, in the next adjacent Column on 
the right hand you find 531, under which are written 523, 515, 
507, 499, &c. each reſpectively correſponding in order to the num- 
bers written in the Column of Age; the meaning of which is, that 
out of 531 perſons living of the Age of 30, there remain but 523, 
515, 507, 499, &c. that attain the reſpective Ages of 31, 32, 33, 
34, &c. and who conſequently do from that Term of 3o live 1, 2, 
3, 4, &c. years reſpectively, 

Now in order to eſtabliſh a computation for finding the Value of 
an Annuity on a Lite of a given Age, let the general quantities A, 
B, C, D, E, F, &c. repreſent reſpectively the perſons living at the 

Age given, and the ſubſequent years. 


Ee 2 Now 


f 


Pd 
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Now kit is very obvious that there being A perſons of the Age 


given, and one gear aft B perſons remaining, that the Probability 
which the perſon of the given Age has to continue in Life, for 


one year at leaſt, is meaſured by the Fraction , and that the 


| | 2 
Probability which it has to continue in Life for two years at leaſt 


is meaſured by the Fraction = „and ſo on; and that therefore if 


Money bore no Intereſt, it would be ſufficient to multiply thoſe Pro- 


babilities by the Sum to be received Annually, which we-ſuppoſe here 
to be = 1, and the Sum of the Products would expreſs the preſent 
Value of the Annuity. But as Money bears intereſt, let F repreſent 
the Amount of 1: joined with its Intereſt at the year's end, then 
it is well known that the preſent Values of the Sums to be received 


Annually would be reſpectively — ; — C _ , =_ „ &c. And 
therefore multiplying actually thoſe Sums by the Probabilities of. ob- 


taining them, we ſhall have the Value of the Annuity expreſſed by 
the Series 


A B 8 D E F 8 
—+z= + FF] +7F +'F+7F +7, &. 


which muſt be continued to the end of the Tables. | 
But let us ſuppoſe, that inſtead of an Annuity upon a Life whoſe 
Age is given, there ſhould be the Expectation of a Sum (which we 
may call 1) payable once for all whenever it happens that the Life 
ceaſes within a limited time, It is plain that the Probability of the 


Life's ceaſing after one year is 2 „and that the Probability 


A 
La. $4 s . B' ec 
of its continuing one year and dropping the next will be X 


B 3 
, and that again the Probability of its continuing 


two years and dropping the third will be — „and ſo on; and 


that therefore the Value of the Expectation founded on the Contin- 
gency of the Life's failing within a limited time would be 

: A—B B—C -C—D D —E _E—P 

—— > 75+ rr ie. 


Let us now ſuppoſe for inſtance, that the Party on whoſe Life this 


or barely — 


Expectation depends is 10 years of Age, and that the Age limited as a 


Condition of obtaining the Sum 1, is 21; hence it is plain that the 
difference between 21 and 10 being 11, we ought to limit ourſelves to 
11 Terms of the foregoing Series, and then conſulting Dr. Halley's 
Table we ſhall find the numbers A, B, C, D, E, &c. to be 1 

tively 
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_ tively 661,653, 646,640,634, &c. and that therefore A — B, BC, 
C—D, DE, E — F, &c. will reſpectively be 8, 7, 6, 6, 6, &c. 


_ that conſequently the preſent Value of the * will be 


| 6 6 6 
en * Bree W Im * 6611+ * 66175 * err * 66177 


6 1 6 2 2B2N 
= 56178 9 66179 12 65517 7 * * 66177 y 


Let us farther ſuppoſe that this Expectation | 0.011 5260 — 
is not given, but {: St to a Purchaſer who in- | 0.00960 54 — 
tends to make 5 per Cent. of his Money, then | 0.0078412 — 
r ſtands for 1.0 ' and therefore the Sum which o. 0074678 — 
the Purchaſers ought 1 in juſtice to pay for their | 0.0071122 — 
Expectation, is the Sum a the numbers here | 0.006773 5 — 


annexed, which is about —, and therefore if | 9-2964510 — 


the Sum, called 1 before, ſtands for an Eftate 2 8 — 
whoſe preſent real Value is 20 years purchaſe, | _ 585 
the Adventurer ought to pay no oy for the 


0.0053072 — 11 
conſideration of his Chance than 2 year's 8.579 60599 
Purchaſe. | | 


Il do not defign here to calculate other i intervening Chances which 
might defeat this Expectation, ſuch as that of an Heir-Male which 
might live to the Age of 21 ; for there being not any Table of Ob- 


SO CON os Es a 


ſervations concerning a Man's marrying and getting an Heir-Male 


between 16 and 21, what I could add on this Subject would be 
barely conjectural, which would not be of a piece with the other 
arts of this Tract ; however it is eaſy to conceive that this muſt 
conſiderably diminiſh the Value of the Expectation. 


PROBLEM LXXII. 


Suppoſt ng the Probabilities of Life to decreaſe in Arith- 


metic Progreſſion, when confidered from a Term given, 
to find the Value of an Ai! on a l of a given 
Age. 

SOLUTION, 


Let P repreſent the Value of an Annuity certain of 1 * as many 
ears as are intercepted between the Age given, and the extremity 
of old Age, ſuppoſed at 86, and let that Interval of Life be called 7, 
then the Value of an Annuity upon ſuch a Life would . be expreſſed 


by 


0.0055726 — 10 


* 
| 

be 
' : 
1 0 

U 

% © 
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: 


= 
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by . of , ſuppofing, as we have done before, that y ſtands for 
the Amount of the Principal and Intereſt of 1 L. in one year. 
Thus ſuppoſing an Age of 50, and that the Intereſt of Money 
be eſtimated at 4 per Cent. then 7 will ſtand for 36, and r for 1.04, 
for which reaſon looking into our Table of 4 per Cent. we ſhall 
find that an Annuity cettain for 36 years is 17.9083, which being 
multiplied by , that is by 1.04, the product will be 18.624632 ; 
and this being divided by u, that is by 36, the quotient will be 
| g. 725 Then this being ſubtracted from Unity, and the remain- 
der 6.482649 being divided br 7 — 1, that is by 0.04, the Quotient 
wilt be found 12.0661, which is very little more than 12 years pur- 
chaſe for the Value of an Annuity on a Life of 50. as 

But for the fake of thoſe who are not fo well verſed in decimal 
Fractions, it will be properer to expreſs our Rule as follows : 

- Multiply the Annuity certain as found in our Tables by the 
Amount of 100£+ joined with its Intereſt in one year, that is in 
this caſe by 104, and let the Product be divided by 100, then let 
the Quotient be ſubtracted from 25, which ſhews how many years 
Purchaſe a perpetuity of 1004+ is worth, and the remainder will 
ſhew how many years purchaſe the Annuity upon the Age given 
is worth in ready Money. | | 


PROBLEM LXXII. 

Suppoſing a fictitious Life whoſe number of Chances to con- 
tinue yearly be conflantly equal to a, and the number 
of Chances to fail conſtantly equal to b, fo that the 
Odds of its continuing during the Space of any one 

wear, be to its failing in that ſame Interval of time 
conſtantly as a to b; to find the Value of an Annuity 
por fuch a Lite. | | 


SOLUTION. I 
Let 1 be the Annuity, r the Amount of 1 I. joined to its intereſt 
in one year, make @ + þ == /. 1111 
It is plain from what bas been ſaid already, that the preſent Value 
of the firſt year's rent is _ , of the ſecond =, of the third = . 
and fo on'; which Terms conſtituting a Geanettc Progreſſion, the 
| SUM 
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Sum of them all will be —— ; thus if 2 repreſented 21, and 6 


. Fans * 
repreſented 1, then / aul ſtand for 223; ſuppoſing alſo that 7 
191.05, then, the Denominator — 4 would be 23.1 — 31 of 
2. 1, and dividing the Numerator 21 by the Denominator 2. 1, the 
Quotient will be 10, which ſhews that the Life would be worth 10 
years purchaſe. 1 


| COROLLARY I. | 
An Annuity upon a fictitious Life being given, the Probability of 
its continuing one year is alſo given; for let the Value of it be M, 


a | | a Mr 
then —— M, therefore 7 = tr © 


COROLLARY 2. 


If a Life whoſe value as deduced from the Tables of Obſervation, 
or from our Problem Lxx111, be worth 10 years purchaſe, then 
ſach a Life is equivalent to a fictitious Life whoſe Chances for con- 
tinuing one year are to the Chances of its failing in that year as 
21 to 1. | 

COROLLARY 3. 


Wherefore having calculated a Life from the Tables of Obſer- 
vations, or from our Lxx11* Problem, we may transfer the Value 
of that Life to that of a fickitious Life, and find the number of 
Chances it would have to continue or to fail yearly. 


COROLLARY 4. 


And the Combination of two or more real Lives will be very 
near the ſame as the Combination of ſo many correſponding f&1- 
tious Lives; and therefore an Annuity granted upon ſo many cor- 
reſponding ſictitious Lives, and the Values of the Reverſions granted 
upon the real Lives will be very near the ſame, as thoſe granted 
upon the f&:tious Lives. 155 8 

But before we proceed any farther, it will be convenient to ob- 
ſerve, that in Children the probability of Life increaſes inſtead of 
decreaſing; and that therefore thoſe that have a mind to uſe the 
Rule given in our Lxx1119 Problem for finding of an Annuity upon: 
the Lives of Children of 1, 2, 3, 4, 5, 6, 7, 8, 9 years of Age, ought 
to calculate them as if they were of the reſpective ages of 39, 31, 


24, 20, 17, 14, 12, 11, 10. 
: ths PROBLEM 


| 
"++ 8 
4 
» * 
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41 | P R OB L E M LXXIV. 12 
The Values of two fingle fictitious Lives being given, to 


- find the Value of an Annuity granted for the time 
of their joint continuance. , e 


o wildedorT gd) - nate e en, | | | 
Loet the Values be reſpectively M and P, 7 the rate of Intereſt ; 
then * Value of an Annuity upon the two joint Lives will be 
pe N IS 33451 $35 | : 
M-+1ixr +1 — MPr * | 
1 5 DEMONSTRATION. 
Let & and y repreſent the r * Probabilities of the Lives 
continuing one year together, then xy will expreſs the probabi- 
lity of their joint continuance for that year; and x*y* the probabi- 
lity of their joint continuance for 2 years; and x3y* the proba- 
bility of their joint continuance for 3 years, and ſo on: Where- 
fore the Value of an Annuity for all the Time will be expreſſible by 
the following geometric Progreſſion, vis. f 
FE 32 1 — . e. whoſe Sum 18 2 ; but 


M +1 
for the ſame reaſon y == 5 „and therefore the Value of the 
MPr 


ewe joint Lives * If IX PTI—- MPr * 


PROBLEM LXXV. 


The Values of two fingle Lives being given, to find the 
Value of an Annuity upon the longeſt of them ; that 
is to continue ſo long as either of them is in being. 


by the firſt Corollary of the Lxx111* Propoſition x = 


, and 


SOLUTION. 


From the ſum of the Values of the ſingle Lives, ſubtract the 
Value of the two joint Lives found by the preceding Problem, the 
remainder will be the Value of the Annuity required. 


Dx MON- 


- : R 18 ae N ET 
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It will be ſufficient to ſhew what will be the Value of the firſt 
"Year, fince the Values of all the ſubſequent Years is found in the 
lame een 255 5 e e 2753 112 NA BBRs - 

Let therefore x and y be the reſpective Probabilities of the Lives 
continuing one year together, then 1 —x, and 1—y are the re- 
ſpective Probabilities of their dropping in that Year, and conſequent- 
ly the product of 1 — x by 1 , v2, 1— - -+ xy is the Pro- 
bability of their both dropping in that Year ; and this being ſub- 
tracted from Unity, the remainder x 4 y — xy will expreſs the Pro- 
bability that either one or the other, or both out-live the Year, which 
5 1s ſufficient for the Purchaſer of the Annuity to: eftabliſh his right 
Y of receiving the firſt Year's Rent, whoſe preſent Value is therefore 


And therefore one may fee at ſight that the Expectation of the 
other Years being founded on the fame Principle, the Value of an 
Annuity upon the longeft of two Lives will be the Sum of the Va- 
lues of the ſingle Lives, wanting the Value of the joint Lives. | 


r 
The Values of three fingle Lives being given, to find the 
Value of an Annuity upon their joint Lives. 


SOLUTION, 


Let x, y, 2 reſpectively repreſent the Probabilities of the Lives 
continuing one Year, then the Probabilities of their continuing all 
three together for one Year will be xyz, and the Probability of their 
continuing together for two Years is xx, and ſo on; and there- 
fore the Value of an Annuity upon the three joint Lives will be 


5 222 x3z}i23 * 4 424 . . 
2 — + —— + , &c. which conſtitutes a Gco- 
r | . | 


metric Progreſſion whoſe Sum is : now in the room of x, 


, Z, | writing their reſpective Values, —. : Li of . — „the 


Sum of the three joint Lives will be expreſſed by 


I MPQrr ? ſuppoſing, as we have done in the 


preceding Problem, that M. P. Q repreſent reſpectively the Values 
of Annulties upon each ſingle Life. 
| ES PROBLEM 
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PROBLEM LXXVII. | 
The Values of three fingle Lives being given, to find 
the Value of an Antmity upon. the longeſ# of them. 


— SOLUTION, Sia | 
Let x, y, 2 repreſent the reſpective Probabilities of the Life's 
continuing one Fear; then the product of 1 — x, by 1 —y, and 
of that again by 1 — 2, that is, 1 — x + xy — n will expreſs. 
the probability of their all-failing the firſt Year, and this being ſub-. 
trated from Unity, the remainder will expreſs the Probability that 
either they will all ſubſiſt one Year, or at leaſt that they will not 
all fail in the Vear: Which being the foundation of receiving the 
firſt Year's Rent, and the, other Years following the ſame law, we: 
may draw. this Concluſion, that if from the Sum of the Values of 
the ſingle Lives, we ſubtract the Sum of the Values of the joint Lives; 
taken two and two, and to the remainder add the Value of the three 
joint Lives, we ſhall have the Value of the Annuity upon the longeſt .. 
of the three joint Lives. ; 8 a . 


BR RO BL EM LXXVIIE: 
To fend the V. alue of one Life after another. 


By the Value of one Life after another, L mean what a Man. 
mult pay in preſent Money to purchaſe. the Expectation of an An- 
nuity for his Life after the failing of another, with this reſtriction, 
that if the ExpeCtant dies before the preſent poſſeſſor, no conſidera- 
tion is to be given to the Heirs of the ſaid Expectant. : 


| | -» - SOLUTION:.. | 
Since the Expectation of the Purchaſer is grounded on the failing 
of the Life in poſſeſſion, and of the continuation of his own Life, 
it follows, that if we ſuppoſe x and y to be the reſpective Proba- 
bilities of the Lives. continuing one Year, then 1 —xxy or y — xy 
will expreſs the Probability of the firſt Life's dropping in the Year, 
and of the ſecond's out-living the Year ; from whence we way 
| aw 
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draw this conſequence, that if from the preſent value of the Ex- 
pectant's Life, be ſubtracted the value of the two joint Lives, there 
will remain the value of the Expectation. NA 
This may be made plain another way; for ſuppoſe I were the 
Purchaſer, I might begin to pay the Proprietor of the Annuity the 
full value of my Life, but then I would expect back the value of 
the two joint Lives of the preſent poſſeſſor, and myſelf, fince I am 


to receive nothing whilſt we are both living. To this may be 


added, that ſuppoſing the Proprietor is to be paid for the longeſt 
of the two Lives of the preſent poſſeſſor and myſelf, my Share of 


the Purchaſe ought to be only that part of it which would remain if 


the Life of the -preſent poſſeſſor was deducted out of it, which will 
give the ſame concluſion as before. u | 
But if the Expectant were to have the Reverſion abſolute for him 
and his Heirs after the deceaſe of the preſent poſſeſſor, it is plain that 
there being nothing interpoſed between his preſent circumſtances, 
and the poſſeſſion of the Eſtate, but the Life of the preſent poſſeſ- 
ſor, then from the value of the perpetuity ought barely to be ſub- 
tracted the Life of the poſſeſſor, and a remainder will be the 
value of the Expectation. 


PROBLEM LXXIX. 
To find the Value of one Life after two. 


SOLUTION. 


From the value of the longeſt of the three Lives, ſubtra& the 
value of the longeſt of the two firſt Lives, there will remain the 
value of the Expectation of the third Life. 

But if the Expectation be about the abſolute Reverſion, then from 
the perpetuity ſubtract the value of the longeſt of the two firſt Lives, 
and there will remain the value of the third. 

And the fame Rule may be extended to as many Lives as may be 
aſſigned. : ; 

Altho' the Rules hitherto given are ſufficient in practice, yet 
conſidering that in the caſe of Annuities paid in Money, Cuſtom 
has made it that the laſt Payment is ſunk if the Purchaſer dies 


but one' day before it is due ; whereas in the caſe of Land e e 
e Eſtate 


the laſt Payment is always made by an actual poſſeſſion of t 


to the laſt extremity of Life; I have therefore contrived ſome 
i "WEL Theorems 


U 


U 
III. 
LE TT 


5 24 
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5 Theorems which anſwer. this laſt; caſe. a little more exactly than, 


is done by the preceding Rules; and are as follows: 


157 Suppoſe an Annuit . the joint Lives. of. 4 and B be 
ee 

Let M and P be the 2 — of the Lives, and d thei in- 
tereſt of 1 L. for one Vear, then the preſent value of the two joint 


Lives will * a INF. but, 1 — Lives are #9 90 the +. 


going W will be reduced to r | 
2, If the een e upon the DD 


B, C be required ; 


Let M, P, Q be the reſpective values of the Lives, then the value 


ef the three joint Lives will be. A b arc - but if 


the Lives be all equal, the value will be —Sar + 


"35, If the value of an Annuity upon the four joint Lives of 4. 
B. C, D be required; 
Let M, P., Q 8 be the reſpeCtive values of the Lives, then the 


value of the four joint Lives will be mo, —_ — . 
but 1 all the, Lives be 1 * Expreſion will be 
4—3 iT 


And as 1. Proceſs. i 18 . > from inſ pechon, 15 that all the 
Queſtions that have been under cbnfidenatt5n depend u upon the va- 
rious Combinations of le Lives, I think it would be a needleſs 
repetition to propoſe the ſolving any more. caſes of the like na- 
ture, 

Bat to comprehend in a ſhort Space the chief Rules which re- 
late to Annuities upon Lives, it will be convenient to have ſome 
particular Notation whereby thoſe Rules may be expreſſed. 

Let therefore M, P, Q. S, &c. repreſent the fingle Lives of 


any number of perſoite . B, C, D, &c. let MP, NG MS, PQ, FS, | 


Qs reſpeRively repreſent the joint Lives of two of them; let 
MPQ , MPS, MQsS, PQS, reſpectively repreſent. the j joint Lives of 
three of them, and ſo. on. Then 

P — PM will repreſent the value of the Life of B after the 
Life of A. 

MPF will be the value of an Annuity wh is to 
continue ſo long as A and B are in ena 


r uced to 


7 


the th Lives of A and . 
But if C expects the Reverſion for ever, other wiſe * perpetuity 
after thoſe two Lives of A and B, then ſubtract MP PN 


Fri the perpetuity, the value of which is — „and the remain- 
r will expreſs the thing required. 


1 the Value of an Annuity which is to continue ſo long as 


1 0 are in being, will be expreſſed by M— MP E MPQ_ 


+P —MQ_ 
+Q—PQ_ 
And if this be bidet: from the perpetuity which is —— 


the remainder will expreſs the value of the Reverſion after the Wie 
Lives of A, B, C. 


If D expects an Annuity for his Life only, after the three Lives 


of A, B, C are extinct, the value of that Expectation will be 
8 — MS + MPS — MPQS 
— ÞS + — 3s 
—QS + PQS 


But the value of an Annuity to continue as slong as the four Lives 
of 4, B, C, D are in being, will be expreſſed as follows : 


155 if there was a fifth Life to e the Reverſion after the 
longeſt of the foregoing Lives, the preceding value is to be ſub- 


tracted from the perpetuity, and the remainder will be the thing 
3 
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_— QM -+ QMP will bg the value of the Life of C, after 
5 . | 
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PROBLEM LXXX. 


7 A, B, C, agree amon , ft them ſelves to buy an ey 
0 be by them equally divided 25 ſt they live together, 
then to 2 divided equally Between the two next Sur- 
vivors, then to belong entirely to the laſt Survivor, for 
his- Life, to find what each of them ought to contri- 
bute award. the Purchaſe. 


*$0LUTTION, 
Alis to 8 M— -F + IFG. 
— — N tz 
B is to. contribute a Sum which is to be formed after the Model 
of the preceding, which . will be Pp.— — PM —PMQ, 


* 


And the ſame may be fd | of the Sum which C is to contri- 
bute, which will be T —QM-+ —QUP. 


— 2 
But if there were 4 Lives concerned A, B, C, D agreeing upon 
the fame conditions as above; then A is to contribute a Sum, which 


will be expreſſed by M — —MP + —MFQ — MFG. 


— —MQ+ MPS 


— —MS + N 
And the contributions of B, C, D are to bs regulated upon the 
Model of the preceding. 
But altho' I have already given notice of the Signification of the 
Expreſſions MP, MPQ,, &c. I deſire once more that they may 
be underſtood to denote the values of joint Lives, and not a Mul- 


tiplication of M by P, or of M by P and by Q for Inſtance MP 


is barely an abbreviation to denote what has hook expreſſed in the 
"- - Ev 


Problem Lx1v by ID I and fo of the reſt, 
PROBLEM 
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PROBLEM LXXXI. 
Ariy number of Lives being given, to find their Proba- 
nnn 2, i... ... PWR 


| 3 SOLUTION. | 4 

Let A, B, C, D, &c. be the Lives, whereof A is ſuppoſed to be 
= youngeſt, B the next to it, C the next, &c. and fo the laſt the 
oldeſt. _ Kan | | 

Let u, p, 9, % t, &c. be the reſpective Intervals intercepted be- 


tween the Ages of thoſe Lives, and the extremity of old Age, ſup- 


poſed at 86. Then the Probabilities of any one of thoſe Lives ſurvi- 
ving all the reſt, will be expreſſed as follows: 5 


J 
for A1 — 13 27 7277 = 
B i „ 0 * a 
| * 2 6np 1225 2onpgſ 

"A EY n 
N 5 ä 3p 122 201 
D 3 
4"þ9 20.5 
3 1 
„ ＋ 


Here ſome few things may be. obſerved: 


1e, That the Probability of the youngeſt Life ſurviving all the 
reſt, always begins with Unity, and that it is expreſſed by ſo many 
Terms as there are Lives concerned, 

2% That the Probabilities, of the other Lives ſurviving all the 
reſt, are always expreſſed each by one Term leſs than the pre- 
ceding,, 5 

3% That each firſt Ferm of thoſe whereby each Probability is ex- 
preſſed, is always the Sum of all the other Terms ſtanding above 
It. | | 


4*, That the numbers 2, 6, 12, 20, 3c, &c. made ufe of in the 
Denominators of the Fractions, are generated by the Multiplication .. 


of the following numbers 1 x 2, 2 x 3, 3 * 4, 4X 5. 


PROBLEM. LXXXII. 
Any number of Lives being given, to find the Probability 
of the Order of their Survivorſhip. | 


SOL U- 


cc — 
- — _ - "= —. = = — — 
2 5 => = — — 
— — = - 
—— AA — — 1 7 > * - =z = 


— 


— — 5.0 


—U — 
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Sappoſe the ae 44 to be thoſe of A. B, C, and that 
it be required to aſſign the Probability of Suryivorſhip, as limited 
to the order in which they are written, - ſo that-z ſhall be the laſt 
Survivor, B the next, and C the firſt whoſe” Life ſhall fail. 

From the Probability of B. ſurviving C ſubtract the Probabili oy 
of his ſurviving both C and A, and the remainder. will expreſs the 


Probability required. 
N 1 the Probability of B farviving 0 Has bind: found = 


I — ** „ and his Probability of ſurviving both. C and A has been 


likewiſe found 10 be- — — e Probability 


7 ? 
required will be expreſſed by Foc” 7 5 - + 


To fave the Reader ſome trouble, I have 355 the follow- 
ing Table ſhewing the. Order of three Lies. 


Probabilities of the Order of Survivorſhhs. 


A. B. G - 2 —L+ 4 
A C, B | 2 
3, A. C- r 
, G #T | 2 — 8 
C, A, B + 
CB, 4 85 S 


The Sum of all which is Unity, it being certain that one of 


thoſe 6 Orders muſt happen. 
One thing deſerves to be taken notice of, n is, that when 


n, p, q are all equal, each Probability is exactly — , which ought 


to be a confirmation that our Calculation is right. 

I might here proceed to the Order of four Lives; but beſides 
that there is very ſeldom occafion to go ſo far, it would be tedi- 
ous to examine 24 Combinations which this would neceſſarily require, 
and therefore I abſtain from that conſideration, at leaft for the 


preſent. 


3 ' Of 


4 = 1 
25 i a+ 
<2 
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Of Sucekss VE Lives. 


PROBLEM LXXXIII. 
If A enjoys an Annuity for his Life, and at his Deceaſe 


has the Nomination of a Succeſſor who is likewiſe to 
enjoy the Annuity for his Life; to find the Value of 
the two ſucceſſive Lives. 


SOLUTION. 


Let the value of the Lives conſidered in themſelves without any 
reſpect to time be M and P; let @ be the Intereſt of 1 L. for one 
3 then the value of the two ſucceſſive Lives will be M＋P 
— Mp. 

But if the Succeſſor was himſelf at his Deceaſe to have the No- 
mination of a Life Q, then the value of the three ſucceſſive Lives 
would be M + P +Q— 4x MP + MQ + PQ+4ddx M PO. 

And if this new Succeflor was to have the Nomination of a 
Life 8, then the value of the four ſucceſſive Lives would be 


M+P-+Q+5$S—dxMP-+ MQ + Mit + FQ + ÞS + QS 
++ dd x MPQ + MPS + MPS -+ FO — KO. 

But if thoſe Lives are equal, let » be the number of them, 
then the value of them all will be 

And if the number of thoſe Lives were infinite, then 1 — AM) ” 
would be nothing, for dM will always be a fraction, and conſequent- 
ly being ſubtracted from Unity, there will remain a Fraction, and 
this fraction being raiſed to an infinite power. will entirely be de- 


ſtroyed; and fo nothing being ſubtracted from Unity, the Value of 
all the ſucceſſive Lives will be = which is the value of the Per- 


4 » 
petuity, as It ought to be, for there being upon the Eſtate an infi- 
nite number of ſucceſſive Lives, the Proprietor loſes the Rever- 
ſion. | 
But it is to be obſerved, that the Expreſſions MP, or MPQ, &c, 
denote barely products in this place, and not joint Lives, 


6 g Sore 
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28 Some Uſeful Cautions. 

One of the moſt frequent occaſions of Error in managing Pro- 
blems of Chance, being to allow more or fewer Chances than really 
there are ; but more eſpecially in the firſt Caſe, for the fault lies com- 
monly that way, I have in my Introduction taken great care to ſettle 
the Rules of proceeding cautiquſly in this matter; however it will net 
be amiſs to point out more particularly the danger of being miſtaken. 

: Suppoſe therefore I have this Queſtion propoſed ; There afe two 
Parcels of three Cards, the firſt containing King, Queen, and Knave 
of Hearts, the ſecond the King, Queen, and Knave of Diamonds, 
and that I were promiſed the Sum 8, in caſe that in taking a Card 
out of each Parcel, I ſhould take out either the King of Hearts, or 
the King of Diamonds, and that it were required: I ſhould deter- 
mine the value of my Expectation. ' Lo ole of 

If I reaſon in this manner; the Probability of taking out the King 


of Hearts is Ha , therefore 29 is my due upon that account ; the 
Probability of taking out the King of Diamonds js. alſo Ty , and 
- therefore that part of my ExpeQation is = as the other was, and 


226 


conſequently my whole Expectation is * This. would not be a le- 


gitimate way of reaſoning, for I was not. promiſed that in cafe I 
ſhould take out both Kings, I ſhould have the Sum 2/, but barely 


the Sum / therefore we ' mult argue thus; the Probability of. taking 
out the King of Hearts is ＋ , the probability of miſſing the King 
of Diamonds. 18 ＋ , and therefore the probability of taking out the 
King of Hearts, and miſſing the King of Diamonds is — x T = —> 


| big 
for which reaſon that part of my Expectation which ariſes. from the 
probability of taking out the King of Hearts, and miſſing the King 


of Diamonds is TY J; for the ſame reaſon that part of my Expectation 
which ariſes from the probability of taking the King of Diamonds and 


miſſing the King of Hearts is 1 but I ought not to be deprived of the 
Chance of taking out the two Kings of which the probability is TY . 
and therefore the value of that Chance is 15 5 for which reaſon, the 
value of my whole Expectation is =; —— = be => = = which is 
leſs by * than 7 | But 


— 
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But ſuppoſe I were promiſed to have -2/ given me in caſe I took 


out both Kings, then this laſt Expectation would be * which 
would make the whole value of my Expectation to be op þ + 
ſo e. = =, x 

One may perceive by this ſingle inſtance, that when two Events 
are ' ſuch, that on the happening of either of them I am to have a 
Sam /, the probability of that Chance ought to be eſtimated by the 
Sum of the Probabilities of the happening of each, wanting the 
probability of their both happening, 

But not to argue from particulars to generals, Let x be the pro- 
bability of the happening of the firſt, and y the probability of the 
happening of the fecond, then x x 1 — or x — xy will repreſent 
the probability of the happening of the. firſt and failing of the ſe- 
cond, and yx 1 - or y— xy will repreſent the probability of the 
happening of the ſecond and failing of the firſt, but xy repreſents 
the happening of both ; and ee * — xy + y — xy + xy or 
x + „ xy will repreſent the probability of the happening of 
either, 25 

This concluſion may be confirmed thus; 1 — x being the pro- 
bability of the firſt's failing, and 1 — 5 the probability of the ſe- 
ccnd's failing, then the Product i — x x 1 —7 or 1—x—y + xy 
will repreſent the probability of their both failing; and this being 
ſubtracted from Unity, the remainder, viz. x -+ y — xy will repre- 
ſent the probability of their not both failing, that is of the happen- 
ing of either. 

And if there be three Events concerned, of Which the Probabili— 
ties of happening are reſpectively x, y, z, then multiplving 1 — x 
by 1 — and that again by i: — 2, and ſubtracting the Product from 
Unity, the remainder will expreſs the probability of the happening of 
one at leaſt of them, which conſequently will be x + y + 3 — »y 
— XZ — ＋ h; and this may be purſued as far as one pleaſes, 

A difficulty almoſt of the ſame nature as that which I have ex- 
plained is contained in the two following Queſtions : the firſt is 
this 4 | 
A Man throwing a Die fix times is promiſed the Sum / every 
time he throws the Ace, to find the value of his Expectation. 

The ſecond is this; a Man is promiſed the Sum / if at any time 
in fix trials he throws the Ace, to find the value of his Expecta- 


tion, 


G g 2 In 


as it was found before. 


— 
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In the firſt Queſtion every throw independently from any other 
is entitled to an Expectation of the Sum /, which makes the value 
of the Expectation to be +/+ 7 /ſ+ +/+ {/+ = + 
, but in the ſecond, none but the firſt throw is indepen- 


dent, for the ſecond has no right but in caſe the firſt has failed, 
nor has the third any right but in caſe the two firſt have failed, and 
ſo on; and therefore the value of the Expectation being the Sum ex- 
pected, multiplied'by the Sum of the Probabilities of the Ace's be- 
ing thrown at any time, excluſive of the Probabilities of its having 


been thrown before will be 2 + 2 + =—ſ+ = + 


| 216 1296 
829 Fiir R. 


We may alſo proceed thus; the probability of the Ace's being 
miſſed fix times together is + x + x © x 3%. e 
and therefore the probability of its not being miſſed fix times, that 


is of its happening ſome time or other in 6 throws is 1 — 15025 


, and conſequently the value of the Expectation is 31091 
- 212.5 wODCW: 3-7-6 BF P 46656 


PROBLEM LXXXIV. 
To find the Value of a perpetual Advowſon. 


1*, I ſuppoſe that upon a vacancy the Right of Preſentation, in 
caſe the fame were ſaleable by Law, would be worth 5 years Pur- 
chaſe, not including the Right of perpetual recurrency, after the 
demiſe of every Incumbent. mn 

2%, That one time with another, the Incumbent ſtays 20 years 
upon the Living. | 

3*, And that therefore, if the Patron could then alienate his Right 
for ever, the Purchaſer would thereby get a Perpetuity, of which 
the Revenue, viz. 5 years Purchaſe would return to him every 20 

(ars. 
| 4, This being premiſed, let d be the Intereſt of 11. for one year; 
let P be the value of an Annuity of 1 to continue 20 years, then 
the value of the perpetual Advowſon in that fititious circumſtance 


of time wculd be —— a 


3* 
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', But if a Purchaſer buys the Right of Patronage whilſt there 
is an Incumbent upon the premiſes, which is always the caſe, let 
M be the value of the Life of the Incumbent eſtimated in years 


Purchaſe, then the value aforeſaid will be diminiſhed and become 
1 —dM X 5 3 : | . 8 1 0 x 
Ex 


8 EXAMPLES. + 

If there be an Incumbent of 50 years of Age upon the Living, 
and that Intereſt of Money be eſtimated at five per Cent. then look 
in our third Table for the value of a Life of 50, and there you 
will find 10.347 ; let this be multiplied by 0.05, the product will 
be o. 5 1735; let this be ſubtracted from Unity, the remainder will 
be 0.48265, and this being multiplied by 5, the product will be 
2.41 32 5, which muſt be reſerved, Look now in our ſecond Table 
for the value of an Annuity certain to continue 20 years, you 
will find 12.6422 which being multiplied by 0.05, the Product 
will be 0.63211, which muſt be alſo reſerved : Divide now the 
firſt number reſerved by the ſecond, and the Quotient which is 3.817, 


that is a little more than 3 will be the value of the perpetual 


Advowſon eſtimated in years Purchaſe. 
By the fame Rule, if the Incumbent be 60 years of Age, the 


value will be 4. 59 1 nearly 7 x 

If the Incumbent be 70 years of Age, the value will be 5.626, 
which is little more than . 

If the Incumbent be 40, the value will be 3.231, which is a little 
more than 3— | 

If the Incumbent be 3o, the value will be 2.789, which is little 
more than 2— . | 


Now whether the Time which the Incumbents, one with an- 
other, are ſuppoſed to ſtay upon their Livings be 20 years or more, 
whether Intereſt of Money be high or low, the Rules delivered in 

this Book will extricate the Inquiſitive from their difficulties. 


* * 1 
_ „ 9 — *, - as 4 * % 2 4 
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PROBLEM LXXXV. Ps 
Suppoſing that every Copybold Tenant pays to the Lord of 
the Manor a Fine 1 on admittance, and that every 
Succeſſor does the lite; to find the value of the Copy- 
hold computed from the Time of a Fine being paid, 
independently from the Fine that may happen to be 
given an Alienation. OO 


wt 44 x 
* s *k © - * 27 # * 9 
4 . 4 
48 * «= | ' "hq 1 „ Merten 7 , ee: 21 7 
0 * 1 þ - : "4 F YL 
ww 1 f — . a ok. 4 , , 4 — - 4 * 14 1 1 — CZ 117 14 l 
* 7 > . * wy. 
be Ot a GoOpYHOLD. | 
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s Y — = - 1 # 
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70 


% eld on | 
I ſuppoſe the Life of the preſent Tenant to be worth M years 
purchaſe, and that the Life of every one of his Succeflors will be 
of equal value when he comes to poſſeſſion, let 4 repreſent the In. 
tereft of 3 L in one year, then the preſent value of the next Fine 


to be received will be 1 Mx and the preſent value of all the 
Fines that may be received to eternity will be _ x ſm [, 


EXAMPLE, 


Let M be worth 12 years Purchaſe, Intereſt of Money at per 
Cent. and the Fine to be paid 2 years purchaſe, then would be 
0.6; and this being ſubtracted from 1, the remainder will be 0.4, 


which being multiplied by 2 == /; the product will be 0.8 or £4 


: . . 5 
of one year's purchaſe, and that is the preſent value of the Fine to 
be received on admittance of the next Succeſſor, 


Again, dM being == 0.6, m will be c 1.666, &c, or 1-5 » 
and this being multiplied by 2 == * the product will be 3 mi ; from 


which ſubtracting 2, the remainder will be only 1 years pur- 


chaſe; ſo that after the payment of one Fine all the future pay- 
ments of Fines will not be equal to the firſt, at leaſt in this caſe, 
As to the Accidents of Alienation, which may be of ſome con- 
ſideration, they cannot be the Subject of our Enquiries, and there. 
fore I ſhall forbear to mention them, 


DR MO Ns 
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DEMONSTRATION. 


M being the preſent value of a Life, we may conſider it as being 
equivalent to an Annuity certain to continue x years: now It is 
well known that the preſent value of an Annuity certain of 1 L. to 


„ 7 
continue 7 years is = ———— ,whereforelet this be ſuppoſed = M 


hence out of that Equation we ſhall find that — = 1—Mr M, 


but MY, is the preſent value of the Sum / to be received n years 


hence; and therefore the preſent value of the Fine / to be received 
after the Demiſe of the Life is I — Mr + M x /: but if we 
fuppoſe 7 — 1 ==, then the foregoing Expreſſion will be changed 
into 1 — dM x * | 

Again, a Sum / to be paid to eternity at the Intervals of u years 


is worth in preſent Money ——— x/; but we have found that 


© | 1 
— = 1— dM, and therefore mm = ———, and "—1= 
Ih L \ MM 


I ' 1—4&4M 88: 
— hence — —I= —5 from which It 


_ = x f== N, , - as we had 
etermine 99% | 


PROBLEM LXXXVI. 

A and B playing together, and having an equal number 
of Chances ta win one Game, engage to a Spectator 8 
that after an even number of Games n is over, the 
winner fhall give him as many Pieces as he wins 
Games over and above one half the number of Games 


played, it is demanded how the Expe&ation of S is 
to be determined. 


* 


| | SOLU TION, 
Let E denote the middle Term of the Binomial @ + raiſed 


to the Power u, then EY: will expreſs the number of Pieces 


whieh the SpeCtator has a right to expect. 


Thus 


| 
| 
| 
| 
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'Thus ſuppoſing that A and B were to play 6 Games, then rai. 
ſing a + 5 to the 6th Power, all the following Terms will be found 
in it, viz. 4 ＋ 64% +1 52*6bb + 20g + 1 5aab++ Gabi + bs, _ 
But becauſe the Chances which A and B have to win one Game 
have been ſuppoſed equal, then @ and 5 may both be made == 1, 
which will make it that the middle Term I will be 20; there- 
fore this number being multiplied by —-, that is in this caſe 
by 3, the Product will be 60, which being divided by 2» or 26, 


that is by 64, the Quotient will be - or 185 f and therefore the 
Expectation of S is as good to him as if he had — of a Piece 


given him, and for that Sum he might transfer his Right to an- 


other. 

It will be eaſy by Trial to be ſatisfied of the Truth of this Con- 
cluſion, for reſuming the 6 Power of @ + 6, and conſidering the 
firſt Term as, which ſhews the number of Chances for A to win 
6 times; in which caſe & would have 3 Pieces given him, then the 
Expectation of & ariſing from that proſpect is — 2 , that s —5 ; 
conſidering next the Term 64% which denotes the number of 
Chances for A to win 5 times and loſing once, whereby he would 


| get two Games above 3, and conſequently 8 get 2 Pieces, then the 


Expectation of S ariſing from that proſpect would be = or 
12 ; laſtly conſidering the third Term 4446 which ſhews the num- 
ber of Chances for A to get 4 Games out of 6, and conſequently 


for $ to get 1 Piece, * Expectation of & arifing from that pro- 
ſpect would be — or . the fourth Term 204%: would 
afford nothing to &, it denoting the number of Chances for A to 
win no more than 3 Games; and therefore that part of the Ex- 


pectation of S, which is founded on the Engagement of A 10 


him, would be i= —.— = 17 but he expects as much from 


B, and therefore his whole Expectation is 8 == — as had been 
before determined. 5 | 

And in the fame manner, if A and B were to play 12 Games, 
the Expectation of & would be _ , Which indeed is greater than 


in the preceding caſe, but leſs than in the proportion of the num- 
ber of Games 7 Ay his Expectation in this caſe being to the for- 
mer as 5544 to 3840, which is very little more than in the propor- 

| tion 
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tion of 3 to 2, but very far from the proportion of 12 to 6, or 2 
tO 1. | 1 ' | 
And if we ſuppoſe {till a greater number of Games to be played 
between A and B, the Expectation of 8 would ſtill increaſe, but in 
a leſs proportion than before; for inſtance, if A and B were to play 
100 Games, the Expectation of & would be 3.9795 ; if 200, 5.6338; 
if 300, 6.9041; if 400, 7.9738 ; if 500, 8.9161; if 700, 800,!goo, 
10.552, 11.280, 11.965 reſpectively, ſo that in 100 Games the Ex- 
pectation of $ would be in reſpe& to that number of Games about 


* , and in goo Games that Expectation would not be above 


Now how to find the middle Terms of thoſe high Powers will be 
ſhewn afterwards. | : 


CoROLLARY. 


From the foregoing conſiderations, it follows, that if after taking 
a great number of Experiments, it ſhould have been obſerved that 
the happenings or failings of an Event have been very near in a ratio 
of Equality, it may ſafely be concluded, that the Probabilities of its. 
happening or failing at any one time aſſigned are very near equal. 


PROBLEM LXXXVIL 


A and B playing together, and having a different num- 
ber of Chances to win one Game, which number of 
Chances I ſuppoſe to be reſpectively as a to b, engage 
themſelves to a Spectator 8, that after a certain num- 


ber of Games is over, A ſhall give him as many Pieces 


. | a 
as he wins Games, over and above = and B as 


many as he wins Games, over and above the number 


n, to find the Expe&ation of 8. 


a+06 


HOLPTION © 


Let E be that Term of the Binomial @ -+ b raiſed to the Power 7, 
in which the Indices of the Powers of à and & ſhall be in the ſame ratio 
to one another as à is to ö; let alſo p and c denote reſpectively thoſe 
Indices, then will the Expectation of & from A and B together be 
E or E, from either of them in particular. 


n ö u * 4 tet 9 | 
[195 . Hh Thus 
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Thus ſuppoſing the number of Games u to be 6, and that the 
ratio of à to b is as 2 to 1; then that Term E of the Binomial @ + 6 
raiſed to its öh Power, wherein the Indices have the ſame ratio to 
one another as 2 to 1, is 1 5, and therefore p 4, and q = 2; 
and becauſe, @, 5, p, 9, n are reſpectively 2, 1, 4, 2, 6, the 
Expectation g E will be in this particular caſe ——x 240, 
or —_ =2 — nearly. i 

But ſuppoſing that A and F reſolve to play 12 Games, then that 
Term of the Binomial @ + & raiſed to its 12 Power, wherein the 
Indices p and 9g have the ſame ratio as 2 to 1, is 49 5a®%+; then be- 
cauſe the Quantities a, 6, P, 9, u, are reſpectively 2, I, 8, 4, 12, the 
Expectation of $ will be = or Ar- nearly. 

And again, if A and B ſill lay a greater number of Games, the 
Expectation of 8 will parys y increaſe, but in a leſs. proportion 
than of the number of Games played. er 


Ae 1. „Ae: SS 


. 
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From this it follows, that if after taking a. great number of Expe- 
riments, it ſhould be perceived that the happenings and failings have 
been nearly in a certain proportion,, ſuch as of 2 to 1, it may ſafely 
decimals that the Probabilities of happening. or failing at any 
ane time aſſigned will be very near in that proportion, and that the 
greater the number of Experiments has been, ſo much nearer the 
Truth will the conjectures be that are derived from them. 
But ſuppoſe it ſhould be ſaid, that notwithſtanding the reaſonable- 
neſs of building Conjectures upon Obſervations, ſtill conſidering the 
great Power af Chance, Events might at long run fall out in a dif- 
terent proportion from the real Bent which they have to happen 
one way or the other ; and that ſuppoſing for Inſtance that an Event 
might as eaſily happen as not happen, whether after three thouſand: 
Experiments it may nat be poſſible it ſhould. have happened two thou- 
ſand times and failed a thouſand, and that therefore the Odds againſt 
fo great a variation from Equality ſhould be. aſſigned, whereby the 
Mind would be the better diſpoſed in the Concluſions derived from. 
the Experiments: | 
In anſwer to this, FIl take the liberty to fay, that this is the 
hardeſt Problem that can be propofed on the Subject of Chance, 
for which reaſon I have reſerved it for the laſt, but I hope to be 
forgiven if my Solutibn- is not fitted to the capacity of all Readers; 
however I ſhall derive from it ſome Concluſions that may. be of uſe 
| tO. 
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to every body: in ordet thereto, I ſhall here tranſlate a Paper of 
8 mine which was. printed November 12, 1733, and communicated 
E to ſomg Friends, but never yet made public, reſerving to myſelf the 
1 right of enlarging my own Thoughts, as occaſion ſhall require, 

* Novemb. 12. 1733. 

* 


A Method of approximating the Sum of the Terms 

of the Binomial a+ bu expanded into a Series, 

. From whence are deduced ſome practical Rules 
to eftimate the Degree of Aſent which is to be 


given to Experiments. 
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LTH O' the Solution of Problems of Chance oftea require 
that ſeveral Terms of the Binomial a T N- be added to- 
gether, nevertheleſs in very high Powers the thing appears 
ſo laborious, and of ſo great a difficulty, that few people have un- 
dertaken that Taſk ; for beſides James and Nicolas Bernoulli, two 
great Mathematicians, I know of no body that has attempted it ; 
in which, tho' they have ſhewn very great ſkill, and have the praiſe 
which is due to their Induſtry, yet ſome things were farther re- 
quired ; for what they have done is not ſo much an Approximation 
as the determining very wide limits, within which they demonſtrated 
that the Sum of the Terms was contained. Now the Method which 
they have followed has been briefly deſcribed in my Miſcellanea Ana- 
Iytica, which the Reader may conſult if he pleaſes, unleſs they ra- 
ther chuſe, which perhaps would be the beſt, to conſult what they 
themſelves have writ upon that Subject: for my part, what made 


me apply myſelf to that Inquiry was not out of opinion that 1 
ſhould excel others, in which however I might have been forgiven ; 


but what I did was in compliance to the deſire of a ver thy 

Gentleman, and good Mathematician, who ra od le 65 it : 

I now add ſome new thoughts to the former ; but in order to make 

their connexion the clearer, it is neceſſary for me to reſume ſome few 
things that have been delivered by me a pretty while ago. 

I. It is now a dozen years or more fince I had found what fol- 

lows; If the Binomial 1 -+ 1 be raiſed to a very high Power de- 

| | F | nocd 
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noted by u, the ratio which the middle Term has to the Sum of 


all the Terms, that is, to 2*, may be expreſſed by the Fraction 


- 


. ˙ . K 
perbolic Logarithm is —— — — + = — —=— » &c. but be- 
cauſe the Quantity = or 1——) is very nearly given when 
„ is a high Power, which is not difficult to prove, it follows 
that, in an infinite Power, that Quantity will be abſolutely given, 
and repreſent the number of which the Hyperbolic Logarithm is 
— 1 from whence it follows, that if B denotes the Number of 
which the Hyperbolic Logarithm is — 1 + 2 — 1 + = 
- &c. the Expreſſion above- written will become _ = 

or barely — „and that therefore if we change the Signs of that 
Series, and now ſuppoſe that B repreſents the Number of which the 


. - . I I I I 
Hyperbolic Logarithm 2 — + 7. n+ ec; &c. 


that Expreſſion will be changed. into = . 
When I firſt began that inquiry, I contented myſelf to determine 
at large the Value of B, which was done by the addition of ſome 


Terms of the above- written Series; but as I perceiv'd that it con- 


verged but ſlowly, and ſeeing at the ſame time that what I had done 
anſwered my purpoſe tolerably well, I defiſted from proceeding far- 
ther, till my worthy and learned. Friend qu eee Stirling, who 
had applied himſelf after me to that inquiry, found that the-Quan- 
tity B did denote the Square-root of the Circumference of a Circle 
whoſe Radius is Unity, ſo that if that Circumference be called c, 


the Ratio of the middle Term to the Sum of all. the Terms will 


* 


be expreſſed by ——-. | | 

But altho' it be not neceſſary to know what relation the number 
B may have to the Circumference of the Circle, provided its value 
be attained, either by purſuing the Logarithmic Series beſore men- 
tioned, or any. other way; yet I own with pleaſure: that this diſ- 
covery, beſides that it has ſaved trouble, has ſpread. a ſingular Ele- 
gancy on the Solution. | FLY 

II. I alfo found that the Logarithm of the Ratio which the middle 


be denoted by a very near. approxima- 
EY _ tion, 


»- 
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tion; (ſuppoſing m = —n) by the Quantities # + 1— . „log 


m +l —1 + 1 — / +— x log. 222222 2m x log. m , log. 
m / 1 . 1 
: CoRoLLARY TI. 
This being admitted, I conclude, that if m or n be a Quantity 


infinitely great, then the Logarithm of the Ratio, which a Term 
Aae from the middle by the Interval 7, has to the middle Term, is 


W 
77 * 


4 


Coo ARX 2. 
The Number, which anſwers to the Hyperbolic Logarithm 


2/l . 
I 24. 44 8/6 1613 32/10 64012 
5 — — 2414 12048 7206 ? a 


it follows; that the Sum of the Terms intercepted between the 
Middle, and that whoſe diſtance from it is denoted by /, will be 


- ag 2/3 413 8/77 - 1619- \ 3217 
_vnc 4000 bg I X 32 + 2 * 6 * 75 24 * 9 rn . 


Let now / be ſuppoſed = Vn, then the ſaid Sum will be ex- 
preſſed by the Series | 


8 4 2/3 5 E 1 1. 
ear e 


Moreover, if / be interpreted by — „then the Series will become 

8 [ 1 I 3 1 1 5 
e 1 6-4 2X5X8 OX 7 x To F732 120111 64? &c. 
which converges ſo faſt, that by help of no more than ſeven or 
eight Terms, the Sum required may be carried to ſix or ſeven places 


of Decimals: Now that Sum will be found to be o. 4278 12, inde- 


pendently from the common Multiplicator — , and therefore. to 


the Tabular Logarithm of 0.427812, which is 9.6312 529, adding 
the Logarithm of . vis. 9. 90 19400, the Sum will be 19.533 1929, 
to which anſwers. the number o. 341344. 


LEMMA. 


If an Event be ſo dependent on Chance, as that the Probabilities of 


its happening or failing be equal, and that a certain given 3 
Po 
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times, nor more rarely than un — 4 times, may be found as fol- 
Let L and L he two Terms equally diſtant on both ſides of 

the middle Term of the Binomial II expanded, by an Inter- 
val equal to J; let alſo / be the Sum of the Terms included between 
L and L together with the Extreams, then the Probability required 
will be rightly expreſſed by the Eradtian , which being founded 
on the common Prineiples of the Doctrine of Chances, requires. no 


Demonſtration in this place. | * 


| COROLLARY 3. —_ Sands 

And therefore, if it was poſlible to take an infinite number of 
Experiments, the Probability that an Event which has an equal 
number of Chances to happen or fail, ſhall neither appear more 
frequently than 1 + — n times, nor more rarely than n a 

Nn times, will be expreſs'd by the double Sum of the number 
exhibited in the ſecond Corollary, that is, by 0.682688, and con- 
ſequently the Probability of the contrary, which is that of hap- 
pening more frequently or more rarely than in the proportion above 
aſſigned will be 0.317312, thoſe two Probabilities together com- 
pleating Unity, which is the meaſure of Certainty : Now the Ratio 
of thoſe Probabilities is in ſinall Terms 28 to 13 very near, 


CoROLLARY 4. 


But altho' the taking an infinite number of Experiments be not 
practicable, yet the preceding Concluſions may very well be applied 
to finite numbers, provided they be great, for Inſtance, if 3600 Ex- 


periments be taken, make 7 == 3600, hence n will be = 1800, 
and Vn == 30, then the Probability of the Event's neither 
appearing oftner than 1830 times, nor more rarely than 1770, 


will be 0.682688. 
CoRoL- 


8 
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? COROLLARY 5. 


And therefore we may lay this down for a fundamental Maxim, 
that in high Powers, the Ratio, which the Sum of the Terms in- 
cluded between two Extreams diſtant on both fides from the middle 


Term by an Interval equal to Vn, bears to the Sum of all 
the Terms, will be rightly expreſs d by the Decimal 0.682688, that 
is — TN | | . 
Still, it is not to be imagin'd that there is any neceſſity that the 
number ſhould be immenſely great; for ſuppoſing it not to reach 
beyond the goo? Power, nay not even beyond the 100", the Rule 


here given will be tolerably accurate, which I have had confirmed 
by Trials. 


But it is worth while to obſerve, that ſuch a ſmall part as is — n 
in reſpect to , and ſo much the leſs in reſpect to z as 7 increaſes, does 
very ſoon give the Probability —— or the Odds of 28 to 133 from 


whence we may naturally be led to enquire, what are the Bounds 
within which the proportion of Equality is contained; I anſwer, 
that theſe Bounds will be ſet at ſuch a diſtance from the middle 


Term, as will be expreſſed by Van very near; ſo in the caſe 


above mentioned, wherein was ſuppoſed == 3600, 7 au will 
be about 21.2 nearly, which in reſpect to 3600, is not above 
2069 th part: ſo that it is an equal Chance nearly, or rather ſome- 
thing more, that in 3600 Experiments, in each of which an Event 


may as well happen as fail, the Exceſs of the happenings or fail- 
ings above 1800 times will be no more than about 21. 


| * COROLLARY 6, 

If ! be interpreted by Vu, the Series. will not converge ſo faſt 
as it did in the former caſt when J was interpreted by Vn, for 
Here no leſs than 12 or 13 Terms of the Series will afford a to- 
lerable approximation, and it would ſtill require more Terms, ac- 
cording as / bears a greater proportion to Vn, for which reaſon I 


make uſe in this caſe of the Artifice of Mechanic Quadratures, fiſt 
invented by Sir Jaac Newton, and fince proſecuted by Mr. Cotes, 


Mr. James Stirling, myſelf, and perhaps others; it conſiſts in de- 


termining 
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termining the Area of a Curve nearly, from knowing a certain num- 
ber of its Ordinates A, B, C, D, E, FE, &c. placed at equal Intervals, 


the more Ordinates there ate, the more exact will the Quadrature 
be; but here I confine myſelf to four, as being ſufficient for my 


purpoſe : let us therefore ſuppoſe that the four Ordinates are A, B, 
C p. and that the Piſtance between the firſt and laſt is denoted by 


J then the Area contained between the firſt and the laſt will be 


1. * A uh 3*5BT> x1]; now let us take the Diſtances On, 


| + Vn, + Vn, rn, n Vn, Vn, of which every one 
exceeds the preceding by g Vn, and of which the laſt i Vn; 
of theſe let. us take the four la, viz. Vn, Vn, Vn, + Vn, 
then taking their Squares, doubling each of them, dividing them 
all by, n, and prefixing to them all the Sign —, we ſhall have 
— — „ — 3 = — — which muſt be look'd upon as Hy- 
perbolic Logarithms, of which conſequently the correſponding num- 
bers, viz. 0.60653, 0.41111, 0.24935, 0.13534 Will ſtand for the four 
Ordinates A, B, C, D. Now having interpreted / by Nn, the 
Area will be found to be = 0.170203 x Vn, the double of which 
being multiplied by — , the product will be 0.27160 ; let there- 
fore this be added to the Area found before, that is, to 0.682688, 
and the Sum 0.95428 will ſhew, what after a number of Trials 
denoted by , the Probability will be of the Event's neither hap- 
pening oftner than n- Vn times, nor more rarely than—#—,\/ 7, 


and therefore the Probability of the contrary will be 0.04 572, which 
ſhews that the Odds of the Event's neither happening oftner nor 
more rarely than within the Limits aſſigned are 21 to 1 nearly. 

And by the ſame way of reaſoning, it will be found that the 


Probability of the Events neither appearing oftner —n + =\/ n, 


nor more rarely than —7 — Vn will be 0,99874, which will 
make it that the Odds in this cafe will be 369 to 1 nearly. 

To apply this to particular 7 it will be neceſſary to 
eſtimate the frequency of an Event's happening or failing by the 
Square- root of the number which denotes how many Experiments 
have been, or are deſigned to be taken; and this Square-root, ac- 
cording as it has been already hinted at in the fourth Corollary, will be 
as it Were the Modulus by which we are to regulate our Eſtimation; 
| — 
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and therefore ſuppoſe the number of Experiments to be taken is 
3600, and that it were required to, aſſign the Probability of the 
Event's neither happening oftner than 28 5o times, nor more rarely than 
1750, which two numbers may be varied at pleaſure, provided they 
be equally diſtant from the middle Sum 1800, then make the half 
difference between the two numbers 18 50 and 1750, that is, in this 


Y caſe, o n; now having ſuppoſed 3600 = n, then Vn will 
2 be == 60, which will make it that 50 will be == 60% and conſe- 
9 quently / == _ == 5 ; and therefore if we take the proportion, 


which in an infinite power, the double Sum of the Terms cor- 
reſponding to the Interval — n, bears to the Sum of all the 
Terms, we ſhall have the Probability required exceeding near, 


LEMMA 2. 


In any Power a-+6)* expanded, the greateſt Term is that in 
which the Indices of the Powers of a and 6, have the ſame propor- 
tion to one another as the yer: themſelves @ and 6; thus ta- 
king the 10th Power of a + 6, which is 4 ++ 104% + 4540 + 
1204763 + 21045%6+ + 2 524 + 2104466 + 12033 + 458 
+ 1046” + e; and ſuppoſing that the proportion of @ to b is as 
3 to 2, then the Term 2 103 will be the greateſt, by reaſon that 
the Indices of the Powers of à and h, which are in that Term, are 
in the proportion of 3 to 2; but ſuppoſing the proportion of à to 6 
had been as 4 to 1, then the Term 4545 had been the greateſt, 


LEMMA 3. 

If an Event ſo depends on Chance, as that the Probabilities of its 
happening or failing be in any aſſigned proportion, ſuch as may be 
ſuppoſed of à to &, and a certain number of Experiments be de- 
ſigned to be taken, in order to obſerve how often the Event will happen 
or fail; then the Probability that it ſhall neither happen more fre- 


quently than ſo many times as are denoted by —_— + /, nor 


more rarely than ſo many times as are denoted by = — 7, 


3 
will be found as follows : 
Let L and R be equally diſtant by the Interval / from the greateſt 
Term; let alſo 8 be the Sum of the Terms included between L and 


R, together with thoſe Extreams, then the Probability required will 
8 , 


be rightly exprefled by "Fs 
I 1 „ 
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CoROLL ARX 8. 


The Ratio which, in an infinite Power denoted by u, the greateſt 
Term bears to the Sum of all the reſt, will be rightly expreſſed by 


the Fraction —— „wherein c denotes, as before, the Circumfe- 
rence of a Circle for a Radius equal to Unity. 


| COROLLARY g. 

If, in an infinite Power, any Term be diſtant from the Greateſt by 
the Interval 4 then the Hyperbolic Logarithm of the Ratio which 
that Term bears to the Greateſt will be expreſſed by the Fraction 


—2 BY xl; provided the Ratio of / to # be not a finite Ratio, 


but ſuch a one as may be conceived between any 2 number 
and Vn, ſo that / be expreſſible by p/n, in which caſe the two. 
'Terms L and R. will be equal. | 


| COROLLARY 10. 

If the Probabilities of happening and failing be in any given Ratio 
of unequality,. the Problems relating to- the Sum of the Terms of 
the Binomial a + I will be folved with the fame facility as thoſe 
in which the Probabilities of happening and failing are in a Ratio 
of Equality. | | ME 

From what has been faid, it follows, that Chance very little di- 
ſturbs the Events which in their natural Inſtitution were A to 
happen or fail, according to ſome determinate Law ; for if in order 
to help our conception, we imagine a round piece of Metal, with 
two poliſhed oppoſite faces, differing in nothing but their colour, 
whereof one may be ſuppoſed to be white, and the other black ; 
it is plain that we may fay, that this piece may with equal facility 
exhibit a white or black face, and we may even ſuppoſe that it was 
framed with that particular view of ſhewing ſometimes one face, ſome-- 
times the other, and that conſequently if it be toſſed up Chance ſhall. 
decide the appearance; but we have ſeen in our Lxxxv11't Problem, 
that altho' Chance may produce an inequality of appearance, and 
itil] a greater inequality according to the length of time in which it 
may exert itſelf, ſtill the appearances, either one way or the other, 
will perpetually tend to a proportion of Equality ; but befides we 
have ſeen in the preſent Problem, that in a great number of Experi- 
ments, ſuch as 3600, it would be the Odds of above 2 to 1, that 
one of the Faces, ſuppoſe the white, ſhall not appear more 9 

an 
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than 1830 times, nor more rarely than 1770, or in other Terms, 
that it ſhall not be above or under the perfect Equality by more than 


—— part of the whole number of appearances ; and by the fame 


120 

Rule, that if the number of Trials had been 14400 inſtead of 3600, 
then {till it would be above the Odds of 2 to 1, that the appearances 
either one way or other would not deviate from perfect Equality 


by more than 2085 part of the whole, but in 1000000 Trials it 
would be the Odds of above 2 to 1, that the deviation from perfect 
Equality would not be more than by ——- part of the whole. But 


2000 
the Odds would increaſe at a prodigious rate, if inſtead of taking 
ſuch narrow limits on both fides the Term of Equality, as are re- 


preſented by n, we double thoſe Limits or triple them; for in 


the farſt caſe the Odds would become 21 to 1, and in the ſecond 
369 to 1, and ſtill be vaſtly greater if we were to quadruple them, 
and at laſt be infinitely great ; and yet whether we double, t:iple or 
quadruple them, Cc. the Extenſion of thoſe Limits will bear but an 
inconſiderable proportion to the whole, and none at all, if the whole 
be infinite, of which the reaſon will eafily be perceived by Mathema- 
ticians, who know, that the Square-root of any Power bears ſo much 
a leſs proportion to that Power, as the Index of it is great. 

And what we have ſaid is alſo applicable to a Ratio of Inequality, 
as appears from our gth Corollary... And thus in all cafes it will be 
found, that altho' Chance produces irregularities, ſtill the Odds will 
be infinitely great, that in proceſs of Time, thoſe Irregtilarities will 
bear no proportion to the recurrency of that Order which naturally 


reſults from original Deſign. 


When I was juſt concluding this Work, the following Problem was 
mentioned to me as very difficult, for which reaſon TI have conſtaered i! 
with a particular attention, 


PROBLEM LXXXVIII. 


To find the Probability of throwins a Chance aſſigned a 


given number of times withous intermiſſion, in any 


given number of Trials. ; 


SOLUTION. 
Let the Probability of throwing the Chance in any one Trial ic 
repreſented by 7 „ and the Probability of the contrary by — — : 
11 2 Suppoſe 
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Suppoſe 2 to repreſent the number of Trials given, and p the num- 
ber of times that the Chance is to come up without intermiſſion ; 


then ſuppoſing _ == x, take the quotient of Unity divided by 


whole by = , or by === and that Product will expreſs 


the Probability required, 


wo his EXAMPLE I. | | 

Let it be required to throw the Chance aſſigned three times toge- 
ther, in 10 trials, when @ and 6 are in a ratio of Equality, otherwiſe 
when each of them is equal to Unity ; then having divided x by 
1 —x — xx — x*, the Quotient continued to ſo many Terms as 
there are Units in » — p + 1, that is, in this caſt, to 10— 3 ＋ x 
==8, will be 1 + x ＋ 2xx + A + 7x* + 13%? + 24x* + 44x”, 
Where x being interpreted by —5—- ,. that. is in this caſe by — 

: : 22 . 22 

the Series will become T1 + — E - 
24 
64 


ing multiplied by —— 6 that is, in this caſe by —_ „the Product 


. of which the Sum is > — =, and this be. 


128 128 


will be ＋ » and therefore tis ſomething more than an equal 


Chance, that the Chance aſſigned will be thrown three times to- 
gether ſome time in 10 Trials, the Odds for it being 65 to 63. 
N. B. The continuation of the Terms of thoſe Series is very eaſy ; 
- for in the caſe of the preſent Problem, the Coefficient of any Term 
is the Sum of 3 of the preceding, and in all cafes, tis the Sum of 
ſo many of the preceding Coefficients as are. denoted by the num- 
ber p. 520 
Bot if, in the foregoing Example, the ratio of a to & was of unequa- 
ty, ſuch as, for inſtance 2 to 1, then according to the preſcription 
given before, divide Unity by 1 -* — 2xx — 4x?, and the Quo- 
tient will be 1-+ x + 3xx + 9x3 + 198* + 49x* + 123x%+ 297x", 
in which the quantity x, which has univerſally been ſuppoſed 


— — — „will, in this caſe be = = ; Wherefore in the preceding 


Series 


Series having interpreted x by = , we ſhall find the Sum of 8 of 


its Terms will be = 32 — +, and this being multiplied by 


2187 37+ 2 


b 

5 
the Probability required, ſo that there are the Odds of 592 to 137, 
that the Chance aſſigned will. happen three times together in 10 
Trials or before, and only the Odds of 41 to 40 that it does not 
happen three times together in 5. 

After having given the general Rule, it is proper to conſider of 
Expedients to make the Calculation more eaſy ; but before we pro- 


which in this caſe is — the Product 1 will expreſs 


ceed, it is proper to take a new caſe of this Problem: Suppoſe there 


fore it be required to find the Probability of throwing the Chance 
aſſigned 4 times together in 21 Trials. And firſt let us ſuppoſe the 
Chance aſſigned to be of Equality, then we ſhould begin to divide 


Unity by 1 — * — xx — x3 — &.; but if we conſider that the Terms 
x + xx + x* + x+ are in geometric Progreſſion, and that the Sum 


* 


of that Progreſſion is 


1 — 2x + x5 


and conſequently — — ay will be equivalent to the Quotient 
of Unity divided by 1 — * — xx — x3 — K., and therefore b 
that expedient, the moſt' complex caſe of this Problem will be 
reduced to the contemplation of a Trinomial; let us therefore 
begin to take ſo many Terms of the Series reſulting from the 
Diviſion of Unity by the Trinomial 1 — 2x ＋ x* as there are Units 
in »—p—+1, that is in 21—4 ＋ 1, or 18, and thoſe Terms will 
be 1+ 2x + 4x* + 8x* + 16x+ + 31x* + GOK + 116x" 
+ 224x* + 432x? + 833x*® + 1606x"* + 3096x** + 5968x*3 


+ 11494x*+ + 22155x%* + 42704x*5 ＋ 823 12x 7. Now al-- 


though thoſe Terms may ſeem at firſt ſight to be acquired by 
very great labour, yet if we confider what has been explained be- 
fore concerning the nature of a recurring Series, we ſhall find that 
each Coefficient of the Series is generated from the double of the laſt, 


ſubtracting once the Coefficient of that Term which ſtands 5 places 


from the laſt incluſive ; fo that for inſtance if we wanted one Term 
more, conſidering that the laſt Coefficient. is 823 12, and that the 
Coefficient of that Term which ſtands five places from the laſt in- 
cluſive is 5968, then the Coefficient required will be twice 82412, 


wanting 


— „then ſubtracting that from 1, the 


remainder ————— will be equivalent to 1 — x —xx— x3 —x+, 


— 
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wanting once 5968, which will make it 1 586 56, fo that the Term 
following the laſt will be 1 586 56s. | 
But to make this more conſpicuous, if we take the Binomial 
2x — x*, and raiſe it ſucceſſively to the Powers, whoſe Indices are 
o, 1, 2, 3, 4, 5, 6, Sc. and add all thoſe powers together, and write 
againſt one another all the Terms which have the fame power of 
x, we ſhall have a very clear view of the quofient of 1 divided by 
1-—2x-+x*, Now it will ſtand thus, ſuppoſing that à ſtands for 2. 


„ 1 : 

＋ ax 
n 

＋ 4 x5 

+ a*x4 

= = — _— 

o- 8x — a 

1 = Be 

a — a 1 

＋ G9 X9 aca > wa | 

+ a — Oafx"'? + xk“ 

_ ELLE 74% x*" —— 3ax** 

a Ni — 847 x12 * baax'* 


+ 4*3X"3 — g4*%X"3 + I043x*3 

+ G3 4x74 w— I049 X74 + I,a*x*t 

+ a — IIa + 2 IA — fxr 

＋ a α s — lar + 28˙⁰]ↄ s — Aae 
Ea — Ia + 3G — Io * 


When the Terms have been diſpoſed in that manner, it will be 
caſy to ſum them up by the help of a Theorem which may be 
ſeen pag. 196. Now @ being S 2, and x == — , every one 
of the Terms of the firſt Column will be equal to 1, and there- 
fore the Sum of the firſt Column is ſo many Units as there are 
Terms, which Sum conſequently will be 18; but the Terms of 


the ſecond Column being reduced to their proper Value, will con- 
ſtitute the Series | | 


I oY 3 4 5 6 7 8 
A ST +Iro 

9 6 11 12 13 . YT 
＋ + - + = + "7 * I of which the Sum will be 3 5 


3 32 | 
: the 
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the Terms of the third Column will conſtitute the Series io 


| 3 6 10 1 5 21 28 36 
9 1024 0 1024 9 1024 = 1024 Te 1024 « 1024 128 1024 


2 


of which the Sum is N ; the Terms of the fourth Column 


added together are , and therefore the Sum of all Terms 


32768 
91 TT! PRPERRe ...; .. 
may be expreſſed by 18 — = + Ty 32768 — 32758 


But this Sum ought to be multiplied by 1 — x, that is, by 
1— — = — , which will make the Product to be _— . 
Nevertheleſs, this Multiplication by 1 — x, takes off too much 


from the true Sum, by one half of the loweſt Term of each 


Column, therefore that half muſt be added to the foregoing Sum; 


now all the loweſt Terms of each Column put together will be 
Fred the half 7710 


"7 35897 1024 32708." _ 22508 
ought to be added to the Sum 5 , Which will make the true 


Sum to be = „ but this is farther to be multiplied by 


5 p 9 « * . 
25 „which by reaſon that à and 6 are in a ratio of equality 
L 


will be reduced to x” = — , and therefore the Sum 355 
ought to be divided by 16, which will make it to be - ge- 


and this laſt Fraction will denote the Probability of producing the 
Chance aſſigned 4 times ſucceſſively ſome time in 21 Trials, the 
Odds againſt it being 527513 to 521063, which is about 82 to 
81. | 

But what is remarkable in this Problem is this, that the oftner 
the Chance aſſigned is to be produced ſucceſſively, the fewer Columns 


will be neceſſary to be uſed to have a ſufficient Approximation, and in 
all high caſes, it will be ſufficient to uſe only the firſt and ſecond, 


or three at moſt, whereof the firſt, is a geometric Progreſſion, of 
which a very great number of Terms will be as eaſily ſummed up, 
as a very ſmall number; and the ſecond Column by what we have 


ſaid concerning the nature of a recurring Series, as caſily as the firſt, 


and in ſhort all the Columns, 
But now 'tis time to conſider the caſe wherein à to b has a 
ratio of inequality ; we had faid before that in this caſe we ought 


to divide Unity by 1 — x — axx — ga — G x4 - - = = - a 3 


* 


— 


* — — 
_— — CO RR 
” — — —— = 


"— ——— 


— —— 


— ——— 


- oo 


— — — — —— 


Q . 


=== == 


——— 


AE 


— — 
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but all the Terms after the firſt which is 1, conſtitute a geometric 

Progreſſion, of which the firſt is x, and the laſt af”, and therefore 

the Sum of that Progreſſion is HE : „and this being ſub- 

trated from Unity, the remainder will be 1 — ax + a , and 
| | 3 


* —— 


| | 1 —ax 

therefore Unity being divided by the Series above-written will be 

1 — ax „and if a +1 be ſuppoſed = m, this Fraction 
1 — ax ＋ N | P 


— X 


will be Fete r and therefore if we raiſe ſucceſſively 
mx — . to the ſeveral Powers denoted by o, 1, 2, 3, 4, 5, 6, 
&c. and rank all thoſe Powers in ſeveral Columns, and write 
againſt one another all the Terms that have the fame power of x, 
we {hall be able to ſum up every Column extended to the num- 
ber of terms denoted by n — p + 1, which being done, the whole 
muſt be multiplied by 1 — ax, and to the Sum is to be added the 
Sum of the loweſt Term of each Column multiplied by ax. 


A particular Friend having defired of me that to the preceding Pro- 
blems I would add one more, I have thought fit to comply with his 
dire; the Problem was this, Sr 400 | 


PROBLEM LXXXIX. 


There are any number of Gameſters, who in their Turns, 
which are decided by Lots, turn a Cube, having 4 of 
its Faces marked T, P, D, A, the other two Faces which 
are oppoſite have each a little Knob or Pivet, about 
which the Cube is made to turn ; the Gameſters each 
lay down a Sum agreed upon, the firſi begins to turn 
zhe Cube ; now if the Face T be brought up, he ſweeps 
all the Money upon the Board, and then the Play begins 
.anew ; if any other Face is brought up, he yields his 
place to the next Man, but with this difference, that if 
.the Face P comes up, he, the firſ} Man, puts down as 


much 
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much Money as there was upon the Board; if the Pace 
D comes up, be neither takes up any Money nor lays 


down amy; if the; Face A comes up, be takes up half 


. of the Money > eu Board'; when every Man has 
played in his Turn upon the ſame conditions as above, 
Ebere is à recurrency of Order, whereby the Board may 
ber very much enlarged, viz. if it ſo happen that the 
Face T is intermitted during many Trials, now the 
| Queſtion is this ; when @ Gameſter comes to his Turn, 
-  ſuppoſong him afraid of laying down as much Money as 
there is already, which may be confiderable, how muſt 
he compound for his Eupectation with a Spectator wil- 
ling to take his place. 
4 MI . - — SOLUTION, 


Let us ſuppoſe for a little while that the number of Gameſters is 
infinite, and that what is upon the Board is the Sum then, 
there being 1 Chance in 4 for the Face T to come up, it follows 


that the Expectation of the firſt Man, upon that ſcore, is — 


2% There being 1 Chance in 4 for the Face P to come up, whereby 
he would neceſſarily loſe /, (by reaſon that the number of Game- 
ſters having been ſuppoſed infinite, his Chance of playing would never 
return again) it follows that his Loſs upon that account ought to 


be eſtimated by '— [. zo. There being 1 Chance in 4 for the Face 
D to come up, whereby he would neither win or loſe any thing, 
we may proceed to the next Chance, 4*. There being 1 Chance 
in 4 for the Face A to come up, which intitles him to take up 
—/, his Expectation, upon that account, is =; or ſuppoſing 


8 , his Expectation is — ; now out of the four caſes above- 


mentioned the firſt and ſecond do deſtroy one another, the third nei- 
ther contributes to Gain or Loſs, and therefore the clear Gain of 
the firſt Man is upon account of the fourth Caſe; let it therefore be 
agreed among the Adventurers, that the firſt Man fhall not try his 


Chance, but that he ſhall take the Sum —/ out of the common Stake 


½ and that he ſhall yield his Turn to the next Man: but before! 
K k proceed 
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proceed any farther, it is ta prevent an Ohy that may 
| be made acainſt what | 1 above, vig. that the Face D 
happening to come up, the Adventurer in that caſe would toſs no- 
thing, ' becauſe it mig de Fai that the number of Gameſters being 
infinite, he would — laſe the Stake he has: lid dawn at 


firſt ; but the Anſwer is. 3 2 ac ſineg the number of particular 
Stakes is. iofinite, and that the Sum of all the Stakes is ſuppoſed 


only equal to /i it follows that each partieular Stake is nothing in 
compariſon. to the common Stake {and therefore that common 


Stake may he lock d upon as à preſents made ta the Adventurers. 
Now to proeced ; I ay that the Sum , having been taken * of 
the common Stake / the remaining Stake will be u * 
ſuppoſing „r: but by reaſon that the firſt Man was allowed 
= part of the common Stake, ſo anght- the next Man be allowed 


= part of the preſent Stake . which will make it that the 


Expekiatlon of the ſecond Man will be 2. Again, the Expec- 
"tion: of the ſecond Man being to the Expectation of the firſt as 
— to 1, the po gene of the third muſt be to the Expectation of 


& ſecond alſo as — to.1, from whence i it follows. that the Expec- 
tation of the third Man will be . and the Expectation of the 
fourth —ſ; and fo on 3 3 which may fitly be repreſented by the Series 


. > 3, 4 & 85 
J into + = + 2 + „ 2 . Now the 


3 of chat infioite Series, which is a Geometric Progreſſion, is 
but 4 having been ſuppoſed = n— 1, then n —d==1, 


and eie the Sum of all the Expectations is only /; as it ought 
to be. 

Now let us ſuppoſe that inſtead: of an infinite number of Game- 
ſters, there are only two; then in this caſe we may imagine that 
the firſt Man has the firſt, third, fifth, ſeventh Terms of that Se- 
ties, and all thoſe other Terms in infinitum which belong to the 
ed places, and that the ſecond Man has all the Terms which be- 
long to the even places 3. 3 wherefora the En pectation of the firſt Man 


is 14 into 1＋ = + * ZE” ＋ Kc. men. 
tion 


* d 
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tion of the ſecond is into 1 + — + = + + 2 „. 
and therefore the Ratio of their Expectations is as L to L, or | 
2 0 | | . 70 7 TB. | 
as 1 to =, that is as 1 to n — 1, or as 8 to 7; and therefore the _ 
ExpeRation of the firſt Man is 21. and the Expectation of the | 
ſecond Man is 5 and therefore if a Spectator has a mind to 


þ take the place of the firſt Man, he ought to give him f 
3 But if the number of Gameſters be three, take a third propor- 
tional to 1 and d, which will be =, and therefore the three Ex- 
pectations will be reſpectively proportional to n, d, - » or to un, | 
dn, ad, and therefore the Expectation of the firſt Man is — * 2 7 
which in this caſe is = = 
Uni verſally, Let p be the number of Adventurers, then the Sum for 
which the ExpeCtation of the firſt Man may be transferred to an- | 
„ N us 
other is 2 ö | ö | 
Upon perufing fome of my printed Sheets, I perceived that I might | 
ip al) mah. a fot more upon what I have {aid concerning LI — ON 
which has determined me to add what follows, | | 
PROBLEM XC. 
Suppofing three equal Lives of any Age given, for In- 
Pance 30, and that upon the failing of any one of | 
them, that Life fhall be immediately reimplaced, and 


T then receive a certain Sum { agreed upon, and that | 
zo perpetuity, for me and my Heirs ; what is the pre- | 
ſent Value of that Expectatiom, and at what Intervals 7 

of time, one with another, may it happen that 1 


ſhall receive the ſaid Sum. 
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In order to folve this Problem, it is neceffary to calculate, 19, 
the Value of one Life, 2*, the Value of the longeſt of two, 3e, the 
Value of the longeſt of three 5 Sow, oppo: lanes of Money 
at 5 per Cent. I find that an Annuity upon a Life of 30 is worth 
13 years Purcliaſe, upon two Lives 16.37, and upon three Lives 
17.75, conſequently the Reyerſion is, worth 2.2 5 years Purchaſe, 
and the difference between three Lives and two is 1.38 ; this be- 
ing laid down, it is very plain that upen the failing of a Life, I 
ought. to receive 1.38, but what I then receive, and what I or my 
Heirs ſhall receive from time to time is a Compenſation for the 

Reverſion 2.25 which I have alienated, and therefore the diffe- 
rence between three Lives and two, has the ſame proportion to 
the Value of the Reverſion, as any other Sum / agreed to be re- 

ceived on that Contingency, to the preſent Value of it; thus ſup- 
poſing the Sum / to be 500 C. I ſay by a Rule of three, N 

_ 1.38, 2.25 :: Ff00lL, 815.21, and this fourth Term would ex- 
preſs the preſent Value of all the 500 L. that I or my Heirs ſhall 
receive to all eternity, n 

In order to find the Intervals of time between the Payments; 
let the number of years expreſſing each Interval be repreſented by 
7, let the difference between three Lives and two be called 4, the 
Value of the Reverſion , and let the Sum / be ſuppoſed == 7. 
Now it is well known that a Perpetuity of 1 L. payable at thofe 


Intervals of time is worth in ready Money — „Where 7 ex- 


preſſes the Sum 17. joined to the Intereſt which it produces in 
one Year; but we have ſeen that the preſent Value of it, is 


"7; - 3 
. 


{ — <= © vs 


I W | 6. 3 Þ 
| Lay and therefore —_R7 from whence it is inferred that 


— — — — 


— ® +2 . *_. but 8 d being = 3.63, its Logarithm 


is 0.5 599066, and m being = 2.25, its Logarithm is o. 190%), 
and the difference between thoſe two Logarithms being o. 1702040, 
let this be divided by log. 7, which is in this cafe by the Logarithm 
of 1.05, viz. o. 02 11893, and the Quotient will be 9.83, which 
is little leſs than 10. years. © But if I rather chuſe to ſtay till two 
of the Lives are vacant before I renew, what I- ought in. juſtice 
to receive upon their Renewal, may be determined from the fare 
principle, and alſo the Intervals of Time between which the Re- 


newal of two Lives will be made, and the fame may be ſaid 
| tor 
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But if it be required to aſſign what number of Games are ne- 
ceſſary, in all caſes, to make it an equal Chance whether or not 
5 Games will be won without intermiſſion, it may be done by 


approximation, thus; let _ . ſuppoſed == g, and let 


* — 7 = be ſuppoſel r, then tle number | 
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HE TIntrodufion, containing the firſt Rudiments of the Doc- 
trine of Chances, exemplified with a very great variety of 
Caſes, whereby the Precepts to be delivered afterwards will be more 
eaſily underſtood. From Pag. 1, to 30. | 
Tuo Problems tending to ſhew, in what caſes Analyfs is to be 
in reſolving Problems of Chance. From Pag. 31, to 32. 

The Method of finding the number of Trials requiſite to make 
it an equal Chance, that an Event will happen once, twice, three 
times, or oftner, when the Odds againſt its happening at any one 
particular Trial are known, From Pag. 32, to 43. In which is alſo 
included the Demonſtration. of a Theorem for finding the number 
of Chances, whereby any — number of Points may be thrown 
with any given number of Dicſſee. : 

The winning of a Battle of ſo many Stakes. From Pag. 44, 
to 47. . | 
7 Problem, ſhewing the Advantage or Diſadvantage of playing 
unequal Stakes, ſuch as what is called playing Gold to Silver. From 
Pag. 48, to 49. 9 

Preparatory Problems for the Games of Baſſette and Pharaon, on 
which occaſion Sir Jaac Newton's Differential Method is particularly 
cxplained. From Pag. 49, to 57. 

Baſſette. From Pag. 57, to 65. 
Pharaon. From Pag. 65, to 70. | 
Permutations and Combination. From Pag. 70, to 76, 

Lotteries, From Pag. 77, to 83. 

Quadrille. From Pag. 83, to 90. 

Gain per Cent. at the Games of Baſſette and Phbaraon. From 


Pag. 91, to 93. 
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The D of us ug one's ſelf to play on certain Con- 
ditions, From Pag. 93, 

Solution of ſome Ruit Febrn _ Permutatinn. From 
Pag. 95, to 13. 

Bowling. From Pag. 103, o 109. 

Problems about caſting any number of Faces with a Die con- 
taining any given number of them. From Pag. 109, to 117. 

Playing a Poule at three. From Pag. 118, to 123. 

Playing a Poule at four. From Pag. 123, to 135. 

Hazard, and how to reduce it to an Equality in the beſt manner 
poſſible. From Pag. 135, to 138. 

* of the Box. From Pag. ws 40 141. 

affiing. From Pag. 141, to 147. 
Wk From Pag. 147, to 15 1. 
Piguet. From Pag. 151, to 159 

Saving Clauſes, From Pag. 1 59, to 161. 

Odds of Chance, and Odds of Money compared. From Pe 164, 
to 162. 

Duration of Play, conGftingof, various Problems. From Pag. . 
to 211. In which is contained a long Detail: of what I call the 
8 of recurring Series. From Pag. 193, to 21 T. | | 

Annuities on Lives. From 211, to 225. up OE, 
Some uſeful Caution. From Pag. 226, to 228. 

Of a Perpetual Aduotſam. From Pag. 228, to 229. 

Of a Capybold. From Pag. 230, to 231. 

Two Problems tending to eſtabliſ what Degree of * ought 
to be given to Experiments. From Pag.-231, to- 235. 

The fame Subject farther proſecuted. From Pag. 235, to 243. 


Occaſional Problems. 
The Probability of throwing a Chance many times without in- 


termiſſion. From Pag. 243, to 248. 


Solution of a- Problem about the Advantage or Diſadvantage of 
Situation in reſpect to Turns of Play. From Page 248, to 251. 

Addition to what had been writ concerning LING. From Fag. 
251, to 253. 

Tables uſeful to calculate the Values of Lives, From Pag. 253, 
to 255. 


Supplement to a Problem concerning the throwing of a Chance 


many times without inter miſſioan. From Pag. 255, to 2 * 


— 


To 


To THE READER. 


The Reader is deſired to the few Corrections already mentioned in 
| the Errata, to add. the following : 


Pag. 84. Lin. 12. inſtead of A read B. 

Pag. 8 5. Lin. 2. from the Bottom, inſtead of 23 x 7 x 3 read 
29 7 x 3. | | 

Pag. 90. Lin. 14. dele one ſmall Clubs. 

Pag. 138. Lin. 20. inſtead of four read three, 

Pag. 149. Lin. 3. from the Bottom, inſtead of 1195 read 1190. 


Pag. 1 50. Lin. 2. from the Bottom, inſtead of, is the ſame, read 
is not the ſame. 


Ibid. laſt Line, inſtead of viz. B92 read, but $2997. 
7 2 . 23930 6223936 
Pag. 151. Lin. 1. inſtead of 464607, read 528957. 


Tbid. Lin. 2. inſtead of 3709445 read 3769795. 
Ibid. Lin. 2. and 3. inſtead of 3118491 read 3054141. 
Pag. 171. Lin. 18. inſtead of o, read '== 1222. 


Pag. 218. dele the word joint. 


In the Advertiſement, Pag. xiii. Lin, 22, inſtead of Regularity, 
read Recurrency, 
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